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PREFACE. 


n — 


Tae propositions contained in the following 
compilation are either obvious deductions from 
those of Euclid, or such as exhibit some remark- 
able properties of lines, angles, or figures, which 
are not to be found in Euclid's work; or, lastly, 
they are the geometrical solutions of many well- 
known problems in the different branches of Na- 
tural Philosophy. But although the propositions, 
which have here been collected for the use of the 
academical student, are of these three kinds, it 
has not been thought advisable to class them ac- 
cording to that threefold division. Designed as 
a supplement to the Elements of Euclid, those, 
which constitute the first Part, have been disposed 
according to Euclid's arrangement. And not only 
have the propositions contained in the first book 
been made to depend upon the first book of the 
Elements, and so on; but the propositions in each 
separate book will be found, also, to follow the 
order of the propositions of the corresponding book 
of Euclid. There is no necessity, therefore, for 
the student to wait until he has gone through 
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Euclid's Elements, before he enters upon the pe- 
rusal of the first Part of this Supplement. It will, 
perhaps, be more to his advantage to read the 
. original work and this, which is principally intended 
to supply its deficiencies, together; especially if he 
has the assistance of a tutor, who will point out to 
him those theorems and problems which may be 
considered as best deserving his attention. ‘Some 
regard has, indeed, been paid to the probability of 
such a plan being thought worthy of adoption, in 
the distribution of the matter of this present pub- 
lication. An endeavour has been made to offer 
Something to the notice of the reader, after almost 
every one of the most important propositions,. in 
each of the books of Euclid’s Elements: so that, 
supposing him not to advance beyond the first 
book, or beyond the first four books, of Euclid, 
a field, more or less contracted, is still open to his 
research, for the exploring of which he. will find 
himself already sufficiently furnished with previous 
knowledge. With this view, especially, many of the 
following propositions, which might undoubtedly have 
been demonstrated more concisely, if they had been 
put after Euclid’s fifth book, have had a place as- 
signed to them nearer to the beginning. For thus 
is the Jearner shewn how extensive an application 
may be made of some of the simplest elements of 
Geometry; and thus is a scope afforded to the study 
of those, who cannot, at first, encounter, without 
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reluctance, the somewhat abstruse reasonings, 
upon which the ancients, with so much acuteness 
and solidity of judgment, have founded the doc- 
trine of proportionality. 

In order to facilitate the execution of the plan | 
here recommended, an index has been constructed, 
by means of which the Geometry of the first 
Part of this Supplement may be incorporated, as- 
it were, with that of Euclid, and the reading of 
both the treatises may be made to go on to- 
gether. — i 

In the. Second Part, which has been added to 
this edition, the arrangement has not been made 
to follow that of Euclid. This part may, there- 
fore, be considered as a separate collection of 
geometrical propositions, promiscuous in its com- 
position, but yet admitting of a certain. degree 
of classification, which the reader will find adopted 
in it. Its last two Books relate to subjects, 
which are almost wholly omitted in the greater 
number of treatises on Geometry, but which are 
not deficient in interest. 

A general Index to the whole work has, also, 
been annexed to this second edition, exhibiting 
the enunciations of all its Propositions, apart 
from their proofs; in order that the student may 
use it, not as a mere table of contents only, 
but as manual problems; not having recourse to 
the printed demonstrations, until he has exercised 
his own ingenuity in discovering solutions. 
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In the. demonstrations of the propositions re- 
course has been had to symbols. But these sym- 
bols are merely the representatives of certain 
words and phrases, which may be substituted for 
them at pleasure, so as to render the language 
employed strictly conformable to that of ancient 
Geometry. The consequent diminution of the bulk 
of the whole book is the least advantage which 
results from this use of symbols. For the demon- 
strations . themselves. are sooner read and more 
easily comprehended by means of these -useful 
abbreviations; which will, in a short time, be- 
come familiar to the reader, if he is not before- 
hand perfectly well acquainted with them. 

It appeared to be unnecessary to print the 
formal and logical conclusion which belongs to 
every geometrical demonstration, and which con- 
sists in repeating the enunciation of the propo- 
sition which was to be proved, and in asserting 
that it has been proved. This last step, is, 
therefore, left for the reader in all cases 
mentally to supply. And if some omissions of a 
weightier kind, and some errors, be discoverable 
in the following pages, it is hoped that they will 
be found neither too great, nor too many to be 
forgiven, if the general plan of the work meet 
with the approbation of those who are competent 
to decide upon it. 


p icarage- House, 
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AN EXPLANATION 


OF THE SYMBOLS EMPLOYED IN THIS TREATISE, 
AS ABBREVIATIONS. . 
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=- denotes is equal to or equal to. 


Zs 


ts greater than. 


is less than. 


together with. 


.. diminished by. 


angle. 

angles. 

a straight line, of which the points 
denoted by A and B are the ex- 
tremities. 


. circular arch, of which the points 


denoted by A and B are the ex-. 
tremities. ; 

a square, having AB for one of its 
sides. 


. a rectangle, of which AB and CD 


are adjacent sides. 

the double, &c. of AB. 
a triangle. 

triangles. 

a parallelogram. 
parallelograms. 

the ratio of À to B. 


. the ratio of A to B is equivalent to 


the ratio of C to D. 
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‘Prop. I. 


l. Prostem. A err plane rectilineal angle 
being divided into any number of equal angles, to 
divide the -half of it into the same number of 
angles, all equal to one another. 


Bisect (E.* ix. 1.) the given angle: And, first, if 
it be divided into an odd number of equal parts, it is 
evident that the middle part is thereby bisected. 
Bisect, therefore, each of the remaining equal parts, 
on either side of that middle part, and the half of the 

In this and the following references, the letter E is used to 
indicate Euclid’s Elements; the letter S, in like manner, refers to 
this Supplement; the former of the subsequent numbers points 


out the Proposition, and the latter the Book, intended to be 
quoted. - | 
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given angle will, manifestly, be divided into as many 
equal parts as the given angle itself. 

Again, if the given angle be divided into an even 
number of equal parts, it is plain that the straight line 
which bisects it, will have the half of that number of 
equal parts, on each side of it. Bisect, therefore, 
each of the equal parts, on either side of that line; 
and the half of the given angle will thereby be di- 
vided, as before, into as many equal parts as the 
given angle itself. 


. Prop, Ii. 


2. Prosiem. From the vertex of a given scalene 
triangle, to draw, to the base, a straight line which 
shall exceed the less of the two sides, as much as tt 
is ttself exceeded by the greater. 


Let ABC be the given scalene triangle, and let 
AB be greater than AC: It is required to draw, 


A. 


F G C 


from the vertex A, to the base BC, a straight line 
which shall exceed AC, as much as it is exceeded by 
AB. 

From AR cut off (E. ur. 1.) AD = AC; bisect 
(E. x. 1.) DB ith E; from the centre A, at the 
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distance AE, describe (E. 11. Post.) the circle EF 
cutting BC in F; and join (E. 1. Post.) 4, F: 
Then is AF the straight line which was to be drawn. 

For, (E. xv. Def. 1.) AF = AE; and (constr.) 
AD=AC; .«. AF—- ACZ AE- AD= DE. 

Also, ÀB- AE = BE; i.e. AB—AF=BE: and 
(constr.) BE = s 

| AF — AC= AB — AF. 


Pror. III. 

3. Prosiem. Ina straight line given in position, 
but indefinite in length, to find a point, which shall 
be equidistant from each of two given points, either 
on contrary sides, or both on the same side of the 
given line, and in the same plane with it; but not 
situated in a perpendicular to it. 


Let XY be an indefinite straight line, and 4, 
B, two points without it; not situated in a per- 
pendiculer to XY: It is required to find a point in 
XY that shall be equidistant from 4 and B. 

First, let 4, B be both on the same side of XY: 


Join 4, B; bisect (E. x. 1.) 4B in C; from C draw 
(E. xl. 1.) CD perpendicular to AB, meeting XY 
in D. The point D is equidistant from Æ, B. 

B 2 
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For, join 4, D and B, D. Then, since (constr.) 
AC = BC, and CD is common to the two as ACD, 
BCD, and that (constr. and E. x. Def. 1.) 4 ACD 
=4 BCD; -. (E. w. 1.) AD = BD; i.e. D is 
equidistant from 4 and B. 

But, if the two given points, 4 and B, are on 
contrary sides of XY, let them be joined, as before, 
and let the straight line which joins them be bisected. - 

Then, if the point of bisection be in XY, that, 
which was required, has been done, But, if that 
point be not in X Y, draw from it, as before, a per- 
pendicular to 4B, and it may be shown, as in the 
first case, that the point, in which the perpendicular 
meets XY, is that which was required to be found. 

4. Con. 1. By the help of this problem, it is 
manifest that a circle may be described, which shall 
have its centre in a given straight line, and which 
shall pass through two given points without that line. 
- 5. Con. 2. It is evident from the demonstration, 
that any point in an indefinite straight line DZ, 
which bisects the given finite straight line 4B, at 
right angles, is equidistant from the extremities 4 
and B, of that given finite line: And, any point 
which is not in that indefinite line DZ, is not equi- 
distant from the two extremities 4 and B of the 
given finite line. 

For, let P be any point, not in' DZ, which bisects 
AB at right angles in C; and, if it be possible, let 
P be equidistant from 4 and B: Join P, A and 
P, C and P, B; and since (hyp.) AC=CB, and 
CP is common to the two 4s ACP, BCP, and that 
(&yp) PA = PB; . (E. vul. 1. the < ACP= 
< BCP, and ~. (E. x. Def. 1.).the < ACP is a right 
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angle; but (hyp.) the < ACD is a right angle; 
therefore the ^ ACP is equal to the < ACD, the 
less to the greater, which is impossible; therefore 
the point P is not equidistant from 4 and B. 


6. Con. 3. Hence, an indefinite number of cir- 
cles may be described all of them passing through 
two given points: And if any number of circles 
pass, all of them, through the same two given points, 
their centres are all in the straight line that bisects 
at right angles - straight line joining the two given 
points. 

7. Con.4. Hence, also, a circle may be de- 
scribed which shall pass through two given points, 
and which shall have its semi-diameter equal to any 
given finite straight line, that exceeds the half of the 
straight line joining the two given points. 

For, let 4, B bethetwo given points; andjoin 4, B; 
and let CD he drawn bisecting 4B at right angles ; 
from 4, as a centre, at a distance equal to the given 
finite straight line, describe a circle, and let it cut 
CD in D; therefore, (Cor. 2.) D is equidistant 
from A and B; and therefore a circle described 
from D, as a centre, at the distance DA, which 
(constr. E. xv. Def. I.) is equal to the given semi» 
diameter, will pass through B. 


Prop. IV. 


8. 'T'uEoREM. If the three sides of a given triangle 
be bisected, the perpendiculars drawn to the sides, 
From the three several bisections, shall all meet in 
the same point: And that point is equidistant from 
the three angular points of the given triangle. 
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Let ABC be a triangle, of which the three 
sides AB, AC, and CB are bisected in the points 


D, E and F, respectively: The perpendiculars 
drawn to the several sides from D, E, F, shall all 
meet in a point that is equidistant from 4, B and C. 
For, draw (E. x1. 1.) DG perpendicular to 4B, 
and EG perpendicular to AC, and let them meet in 
G: Join G, F. Then, (constr. and Sect. iii. 1. 
Cor.2.) .. BG = A, and AG=CG; ... CG= BG. 
Again, since (hyp.) BF = CF (constr.) and FG 
is common to the two as BFG, CFG, and that 
BG = CG; therefore the  BFG = + CFG (E. vin. 1); 
i.e. (E. x. Def. 1.) GF is perpendicular to BC: 
And there cannot (E. x. Def. 1.) be drawn from F 
more than one straight line perpendicular tö BC. It 
is plain, therefore, that the perpendiculars drawn to 
the sides, from D, E and F, all meet in the same 
point G: And, since it has been shown that 4G = 
BG = CG, the point G is equidistant from A, B 
and C. | 
Prop. V. 


9. PROBLEM. To find a point, in a given plane, 
which shall be equidistant from three given points 
in the plane, that are not all in the same straight 


linc. 
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Let 4, B, C, (See Fig. p. 6.) be three points, 
not all of them in the same straight line: It is re- 
quired to find a point, that shall be — from 
A, B and C. 

Join A, B, and B, C, and C, 4; bisect (E. x. 1.) 
AB in D, and AC in E; draw (E. XI. 1.) from N 
and E, DG perpendicular to AB, and EG perpen- 
dicular to AC, and let them meet in G. 

Then, (Sect. iii. 1. Cor. 2.) the point G is equi- 
distant from 4, B, aud C. 

10. Cor. By the help of this problem a cirde 
may be described about a given triangle; or eo'gs 
that it$ circumference shall pass through any three 
given points that are not in the same straight ine. 


Pnor. VI. 


11. TuEonEM. There cannot be drawn more than 
two equal straight lines, to another straight line, 
from a given point without it. 

Let 44 be a point, without the straight line BC: 
There cannot be drawn more than two equal straight 
lines, from A to BC. 


For, if it be possible, let 4B= 4G — 4C; there- 
* 
„ E 


! G C sd 
fore (E. v. 1. Z2 ACB =+ AGC: Also 4 ACB= 
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£ ABC; . 2 AGC= z ABC ; i. e. the exterior is 
equal to the interior opposite angle, when the side 
BG, ofthe 4 AGB, is produced: which (E. xvi. 1.) 
is absurd. 

12. Cor. A eircle cannot cut a straight line in 
more points than two. 


Prop. VII. 


18. THeorem. The perpendicular let fall from the 
obtuse angle of an obtuse-angled triangle, or from 
any. angle of an acute-angled: triangle, upon the 
opposite side, falls within that side: But the per- 
pendicular drawn to either of the sides containing 
the obtuse angle of an obtuse-angled triangle, 
from the angle opposite, falls without that side. 


Let ABC be an obtuse-angled triangle, obtuse- 


C G . B F D 

angled at B, and let 4BD be an acute-angled tri- 
angle: The perpendicular drawn from B to AC falls 
within 4C; the perpendicular drawn from any other 
4 A. of the a ABC, to the opposite side BC, falls 
without BC; and the perpendicular from any 2 4, 
of the ^ ABD, to the opposite side BD, falls within 
BD. 

For, first, if it be possible, let 4G, drawn (E. xir. 
1.) from A perpendicular to BD, meet DB, pro- 
duced, in G: Then, since (Ayp.) the 2 ABD is 
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acute, the < ABD is (E. xin. 1.) obtuse; and 
(constr.) the < AGB is a right angle: Wherefore 
the two s ABG, AGB of the ^ ABG are not less 
than two right angles; which (E. xvir. 1.) is absurd. 
Therefore, the perpendicular drawn from 4 on BD 
cannot fall without BD. And, in the same manner, 
it may be shewn, that the perpendicular drawn from 
B on the opposite side AC, of the obtuse-angled 
A ABC, cannot fall without ÆC, and also that the 
perpendicular drawn from 4, on the opposite side 
BC, of that triangle, cannot fall within BC. 


Prop. VIII. 


14. Turorem. If a straight line, meeting two 
other straight lines, makes the two interior angles 
on the same side of it not less than two right angles, 
these lines shall never meet on that side, if pro- 
duced ever so far. 


For, if it be possible, let two straight lines meet; 
which make, with another straight line, the two 
interior angles, on the same side, not less than 
two right angles: Then it is plain, that the three 
straight lines will thus include a triangle, two angles 
of which are not less than two right angles; which 
(E. xvii. 1,) is absurd. Wherefore, the two straight 
lines cannot meet, on that side of the straight line, . 
on which they make the two interior angles not less 
than two right angles. 


15. Cor. Two straight lines, which are both 


perpendicular to the same straight line, are parallel 
to each other. 
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Prop. IX. 


16. 'THronEM. The three sides of a triangle 
taken together, exceed the double of any one side, 
and are less than the double of any two sides. 


For, since (E. xx. 1.) any two sides of a triangle 
are greater than the third, if the third side be added 
both to those two and to itself; it is evident thet the 
three sides are, together, greater than the double of. 
the third. 

Again, since (E. xx. 1.) any side of a triangle is 
less than the other two, if the other two be added 
both to that side, and to themselves, it is evident, 
that the three sides are, together, less than the 
double of the other two. 


Pnor. X. 


17. Tueorem. Any side of a triangle is greater 
than the difference between the other two sides. 


If, the triangle be equilateral, or isosceles, the 
proposition is manifestly true. But let it be a scalene 
triangle: Then, since (E. xx. 1.) any two sides of 
the triangle are greater than the third, if either of 
those- two be taken from that third side, it is plain 
that thé remaining side is greater than the difference 
of the Olier two. 


Pror. XI. 


18. TurOoREM. Any one side of a rectilineal figure 
ts less than the aggregate of the remaining sides. 
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Let ABCD be a rectilineel figure: Any one 
x 


B C 
side, as BC, is less than the aggregate of the 
remaining sides. 

For, first, let the figure be quadrilateral ; and join 
B, D: Then (E. xx. 1.) BD--DC- BC; and, 
BA+AD>BD; -. BA+AD+DC>BD+DC; 
much more, then, is B4+4D+ DC>BC. 

And the proposition may, in the same manner, 
be proved to be true, when the figure has more than 
four sides. 

Prop. XII. 

19. Theorem. The two sides of a triangle are 
together, greater than the double of the straight 
line which joins the vertex and the bisection of the 
base. 

Let ABC be a triangle, and let 4D be the 


straight line joining the vertex 4, and the bisec- 
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tion, D, of the base BC: AB+AC>2AD. Pro- 
duce AD to E, and cut off (E. im. 1.) DE AD; 
also, join B, E. | 

Then since (kyp.) BD = BC, and (constr.) 
AD= DE, the two sides BD, DE, of the a BDE, 
are equal to the two sides AD, DC of the AADC; 
and (E. xv. 1.) the BDE ADC; . (E. iv. 
1. BE=AC. But (E. xx. 1.) AB-- BE» AE; but 
AC has been proved to be equal to BE, and AE is 
(constr.) the double of 4D; . 4B+ 4C»2 AD. 


Prop. XIII. 


20. 'THEonEM. The (wo sides of a triangle are, 
together, greater than the double of the straight line 
drawn from the vertex to the base, bisecting the 
vertical angle. 


A. 


B D F C 


Let ABC be a triangle, and let AD be drawn 
from the vertex A, to the base BC, bisecting the 
vertical z BAC: Then, AB + AC>2AD. 

If the triangle be isosceles, the straight line 
which bisects the vertical angle is (E. 1v. 1.) per- 
pendicular to the base; and since (E. xvn. 1. and 
E. xix. I.) each of the equal sides is greater than the 
perpendicular, the proposition, is, in this case, mani- 
festly true. 
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.But, let ABC be a scalene triangle, and let the 
side 4B be less than 4C: Then, of the segments 
into which 4D, bisecting the < BAC, divides the 
. base BC, BD, which is adjacent to the less side 
AB, is the less. 

For, from AC, the greater, cut off (E. mr. 4.) 
AE= AB, the less, and join D, E; and because 
BA, AD are equal to EA, AD, and (hyp.) the 
4 BAD = z EAD; ~. (E. iv. 1. BD=DE, and 
2BDA=2EDA; but (E.xv1.1.) 2 DEC>zADE; 
. 2 DEC z ADB; and (E.xv1.1.) 2 ADB>z ACD; 
much more then is 2 DEC» CEC D; ~. (E. x1x. 1.) 
Des DE; but it has been shewn that DE- DB; 
^. DC» DB. From DC, the greater cut off (E. m. 
1.) DF=DB; and join 4, F: Then (E. xvi. 1.) 
the AFC 2 ABC ; and because (hyp.) 4C» AB, 
^: (E. xvm. 1.) 24BC» 2 ACB; much more then is 
|. 2AFC»- , ACF; .. (E. xix. 1. AC>AF: But 

(S. xii. 1. and constr.) 4B+AF>2 4D; much more 

then is 4B+ AC>2 AD. 
21. Cor. From the demonstration it is manifest, 
that of the segments into which the straight line 
bisecting the vertical angle of a scalene triangle, 
divides the base, that which is adjacent to the less 
side, is the less. 


Prop. XIV. 


22. Tazonem. If a trapezium and a: triangle 
stand upon the same base, and on the same side of 
ik, and the one figure fall within the other, that 
which has the greater surface shall have the greater 


perimeter. 
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Let the trapezium ÆBCF (Sée Fig. p. 11.) fall 
within the a DBC; let, also, the 4 DBC fall within 
the trapezium ABCD; and let all the figures stand 
on the same base BC: The perimeter of the ADBC 
is greater than the perimeter of EBCF, and less 
than the perimeter of ABCD. 

First, let E and F be in the sides DB and DC 
of the A DBC, and let the vertex D ef the a DBC 
coincide with the 2 Æ or the 2 D of the trapezium 
ABCD. 

Then, -since (E. 1 1x. 1.) DE + DF>EF, add to. 
both, EB, BC, and CF; . DE+BB+DF+FC 
T BC>EF+ FC + CB+ BE; i. e. the perimeter of 
the ADBC >the perimeter of EBCF. 

Again, since (E. xx. 1.) BA4-- 4D» BD, add to 
both -DC and CB; . BA+4AD+DC+CB>BD 
+ DC+ CB; i.e. the perimeter of the trapezium 
ABCD the perimeter of the A DBC. 

And, if E or F fall within the a DBC, and the 
vertex of the triangle do not coincide with either of 
the 48 A or D, of the trapezium, it may, in the 
same manner, be proved, that the proposition is 
trde, a fortiori. 


Prop. XV. 


23. PROBLEM. One of the angles at the base of 
a triangle, the base itself, and the aggregate of the 
two remaming sides, being given, to construct the 
triangle. 


Let K be the given angle, 4B the given base 
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of the triangle, and H the aggregate of the two 


SN 


C 
H 


A 


remaining sides: It is 0 0 to construct the tri- 
angle. 

At the point A, in AB, make (E. xxii. I.) the 
BAC H., and make (E. m. 1.) 4C— H; join 
C, B; and at the point B, in CB, make (E. XXIII. I.) 
the <CBD=2ACB: Then is DAB the triangle 
which was to be constructed. 

For, since (constr.) < DCB= 2 DBC, .. (E. vi. 1.) 
BD= DC; add to both DA; .. BD+DA=CD+ DA; 
i. e. BD+ DA=CA; and (constr) CA = H; . 
BD + DA= H; and the 24 was made equal to the 
given HK: It is manifest, therefore, that DAB is 
the triangle which was to be constructed. 


Pror. XVI. 


94. Tneorem. If two right-angled triangles have 
the three angles of the one equal to the three angles 
of the other, each to each, and if a side of the one 
be equal to the perpendicular let fall from the right 
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angle upon the hypotenuse of the other, then shall 
a side of this latter triangle be equal to the hy- 
potenuse of the former. 

Let ACB and EDF be two right-angled tri- 


B C E G F 


angles, right-angled at C and D, having, also the 

DEF ABC, the ¿EFD = CA, and the 
side AC, of the AABC, equal to the perpendicular 
DG, drawn from D to the hypotenuse EF of the 
ADEF: The side DE, of the ADEF, is equal 
to the hypotenuse AB, of the A ABC. 

For, since 4C=DG, and the two zs ACB, ABC, 
of the AABC, are equal to the two angles, DGE, 
DEG, of the a DEG, each to each, .. (E. xxvi. I.) 
DE = AB. 


Prop. X VII. 


25. 'THEoREM. If the sides of any given equila- 
teral and. equiangular figure of more than four sides, 
be produced so as to meet, the straight lines , Joining 
their several intersections, shall contain an equi- 
lateral and equiangular figure, of the same number 
of sules as the given figure. 

Let ABCDEF be any equilateral and equi- 
angular figure, of more than four sides; let the 
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sides, produced, meet in the points G, H, I. K, 
. 


L. M; and let those points of intersection be 
joined: Then is GHIKLM an equilateral and 
equiangular figure, of the same number of sides 
as 4BCDEF. 

For, since (Ayp.) the <s 4, B, C, D, E, F are 
all equal, the As MAB, GBC, HCD, IDE, KEF, 
LFA are all (E. xm. I. And E. vr. 1.) isosceles, and 
any two of them have their angles equal, each to 
each; .'. since (Ayp. BA = AF, aud that the 
¿s MAB, MBA are equal to the 48 LFA, LAF, 
each to each, the side MA of the A MAB =the side 
LA (E. xxvi. 1.) of the ALAF; and in the same 
manner it may be shewn that MB=GB, GC=CH, 
HD- DI, IE- EK, and KF- FL: But, because 
the angles of the figure 4BCDEF are (hyp.) equal, 
therefore (E. xv. 1.) the zs LAM, MBG, GCH, 
HDI, IEK, KFL, are all equal to one anotber; 
therefore (E. 1v. 1.) the sides LM, MG, GH, HI, 
IK and KL are all equal, as are also the angles of 
the 4s LAM, MBG, GCH, HDI, IEK, and KFL, 
each to each: And the 48 AMR, BGC, CHD, 
DIE, EKF, and FLA have been shewn to be equal 

E | 
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to one another: Wherefore the figure GHIKLM 
is equilateral and equiangular; and it is manifest 


that it has the same number of sides as the figure 
ABCDEF. 


Prop. XVIII. 


26. Turorem. If two opposite sides of a quadri- 
lateral figure be equal to one another, and the two 
remaining sides be also equal to one another, the 
figure is a parallelogram. 

Let any two opposite sides, as 4B, DC, of the 


B z E 
quadrilateral figure 4BCD, be equal to one another, 
and let the two remaining sides, 4D, BC, be, also, 
equal to one another: The figure 4BCD is a paral- 
lelogram. 

For, join D, B: Then since the two sides 4D, 
DB, of the ^ ADB, are equal to the two sides CB, 
BD, of the 4 CBD, and that the base AB is equal 
(hyp.) to the base DC; therefore (E. vin. I.) the 
< ADB- < DBC; and (E. 1v. 1.) the 2 ABD= 
£ BDC; therefore (E. xxvi. I.) AD is parallel to BC, 
and AB is parallel to DC; i.e. the figure ABCD 
is a parallelogram. 

27. Con. 1. Hence may be deduced a practical 
method of drawing a straight line, through a given 
point, parallel to a given straight line. 
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For, let it be required to draw through the given 
point B, a straight line parallel to 4D: From any 
point 4 in 4D, as a centre, and at any distance, 
describe a circle cutting AD in D ; and from B as 
a centre, at the same distance, describe another 
circle; lastly, from D as a centre, at a distance equal 
to that of 4, B, describe another circle, cutting the 
circle last described in C; join B, C BC is pa- 
ralll to 4D. 

For, if 4, B, and D, C be joined, it is manifest 
from the construction, that 4D = BC, and AB= 
DC: therefore (Supp. xvi. I.) BC is parallel to 4D. 

28. Con. 2. A rhombus ie a parallelogram. 


Prop. XIX. 


29. Turorem. Every parallelogram which has 
one angle a right angle, has all its angles right angles. 

Let one angle, as 4, of the C14 BCD be a right 
angle: The zs B, C, and D are also right angles. 


A 0 


B C 


For, since 4D is parallel to BC, and AB meets 
them, the two interior <s Æ, B are, (E. xxix. 1.) 
together, equal to two right angles; but (Ayp.) the 
4A is a right angle ; therefore the ^ B is also a 
right angle: And, in the same manner, may the re- 
maining angles, C and D, be shewn to be right angles. 

c 2 
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Pnor. XX. 


30. Prostem. To trisect a right angle; i.e. 
to divide it into three equal parts. | | 
Let the < XAY bea right angle: It is required 


X 


to trisect it; i. e, to divide it into three equal parts. 
In AX take any point B; upon AB describe 
(E. 1. 1.) the equilateral ^ 4CB; and from 4 draw 
(E. xu. I.) 4D perpendicular to BC: The 2 XAY 
is trisected by the two straight lines 4C and 4D. 
For, from C draw (E. xir. 1.) CE perpendicular 
to AY; then, since the <s BAE, AEC, are right 
angles; therefore. (E. xxviu. 1.) 4B is parallel to 
EC; therefore (E. xxix. 1.) < ECA = CAB = 
4 ACB; because (constr.) the A ACB is equilateral, 
and (E. v. 1. Cor.) equiangular: Since, therefore, 
the < ACE = z ACD, and that the 2s D and E are 
right angles, and 4C is common to the two As ADC, 
AEC; therefore (E. xxvi. 1.) the 2 £ AC < DAC: 
Again, since (constr. and E. v. 1. Cor.) the 4 ACB 
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= £ ABC, and (constr.) the angles at D are right 
angles, and that AC= AB; therefore (E. xxvi. 1.) 
tle z DAC DAB: But it was shewn that the 
4EAC=2 DAC; ~». EAC. ( DAC = z DAB; 
i. e. the right 4 X AF is trisected by 4C and AD. 


Peor. XXI. 

31. PnoBLEM. Hence, to trisect a given recti. 
neal angle, which is the half, or the quarter, or 
the eighth part, and so on, of a right angle. 

First, let the given < Y AZ, be the half of a right 


A. X 


angle, and let it be required to trisect it. 

Draw (E. x1. 1.) from A, AX perpendicular to 
4; trisect (Supp. xvin. I.) the right ^ XAY; 
then (Supp. 1. 1.) trisect the < YAZ, which is the 
half of the Y AX. 

But, if the given angle be the quarter. ↄf a right 
angle, its double may be trisected by the forfher 
case; and therefore the given angle itself may be 
trisected by (Supp. 1. 1.). 
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And, by following the same method, it is evident 
that an angle may be trisected, which is the eighth 
part, or the sixteenth part, and so on, of a right 
angle. 


Pror. XXII. 


32. Prostem. In the hypotenuse of a right-— 


angled triangle, to find a point, the perpendicular 
distance of which from one of the sides, shall be 
equal to the segment of the hypotenuse between the 
point and the other side. 


Let ABC be a right-angled triangle, right-angled 
A. 


B C 
at C: Itis required to find a point in the hypote- 


nuse AB, the perpendicular distance of which from 


one of the sides, as ÆC, shall be equal to the seg- 
ment of the hypotenuse between that point, and BC. 

Bisect (E. 1x. I.) the < ABC, by BD. and let BD 
meet AC in D; through D, draw DE (E. xxxı. 1.) 
parallel to CB: E is the point which was to be 
found. 

Bor, since DE is parallel to CB, the < CBD = 
4 BDE (E. xxix. 1.); but (constr.) the < CBD = 
2 DBE; .  DBE- z BDE; .. (E. vi. 1.) ED 
= EB; and since (p.) the < C is a right angle, 
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and that DE is parallel to CB, the 4 CDE (E. xxix. I.) 
is a right angle; i. e. ED is perpendicular to AC. 


Pror. XXIII. 


33. PRosLEw. In the base of a given acute- 
angled triangle, to find a point, through which if 
a straight line be drawn perpendicular to one of the 
sides, the segment of the base, between that side and 
the point, shall be equal to the segment of the per- 
pendicular, between the point and the other side 
produced. | 


Let ABC be the given acute-angled triangle: It 
is required, to find, in the base BC, a point through 
which if a perpendicular be drawn to 4B, the seg- 
ment of the base, between that point and the point 
B, shall be equal to the segment of the perpendicular 
between that same point and 4C produced. 

Draw (E. xi. 1.) from B, BY perpendicular to 


A 


AB; bisect (E. 1x. 1.) the CBT by BD, meeting 
AC produced in D; through D, draw (E. xxxr. 1.) 
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DE parallel to BF, and let DE cut BC in F:.F is 
the point which was to be found. | | 
For, since (constr. the z ABY is a right angle, 
and that DE is parallel to BY, the 7 E (E. xxix. 1.) 
is, also, a right angle; and the TBD. 2 BDF; 
but (constr.) the .YBD=2DBF; therefore the 
DBF. z BDF; therefore (E. vi. 1.) FB = FD. 


Pror. XXIV. 


94. Prosten. From a given isosceles triangle to 


cut off a trapexium, which shall have the same base 
as the triangle, and shall have its three remaining 
sides equal to each other. | 


Let ABC be the given isosceles triangle: It is re- 
A 


quired to cut off from it a trapezium, which, having 
BC for its base, shall have its three remaining sides 
equal to one another. 

Bisect (E. xix. 1.) the Z4BC by BD, meeting AC 
in D; and through D draw (E. xxxi.) DE parallel 
to CB: Then shall BE, ED, and DC, the three 
sides of thé trapezium BEDC, be equal to one 
another. 

For, since DE is parallel to BC, the z4ED= 
z ABC (E .xxix. 1.), and ZADE = zACB; but 
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(hyp. and E. v. 1.) ABC 2 ACB; therefore, 
LAED= ADE; therefore (E. vi. 1.) 4E = AD; 
but (Ap.) AB = AC; from these equals take the 
equals AE, and AD, there remains EB DC: Again, 
because DE is parallel to BC, the < CBD = +2 BDE 
(E. xxix. I.); but (constr.) z CBD= DBE; there- 
fore the DBE BDE; therefore (E. vi. 1.) 
EB E; and EB has been proved to be equal 


to DC; .. EB, ED and DC are equal to one an- 
other. 


Prop. XXV. 


35. PRoBLEM. To draw to a given straight line, 
from a given point without it, another straight line 
which shall make with it an angle equal to a given 
rectilineal angle. 


Let BC be a straight line, A a point without it, 


. A : 
E | 
D 
B G C 


and D a rectilineal angle: It is required to draw 
from A, a straight line which shall make with BC 
an angle equal to the 7 . 

Through 4 draw (E. xxxr. 1.) EAF parallel to 
BC; at the point 4 in EAF, make (E. xxiu. 1.) the 
ZEAG-ZD: AG is the line which was to be drawn. 

For, since (constr.) EF is parallel to BC, the 
£EAG- 2AGC (E. xxix. 1.); but (constr.) the 
LEAG=2D; . 44003 cD. 
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Pnor. XXVI. 


36. Tuzorem. Jf all the angles but one of any 
rectilineal figure, be together, equal to all the angles 
but one, of another rectilineal figure having the 
same number of sides, the remaining angle of the 
one figure, shall be equal to the remaining angle of 
the other: And, conversely, if an angle in the one 
Jigure be equal to an angle in the other, the remain- 
ing angles of the one shall be equal, together, to the 
remaining angles of the other. 


For, since the two figures bave the same number 
of sides, all the interior angles of the one 'are, to- 
gether, equal. (E. xxxrr. Cor. 1.) to all the interior 
angles of the other: If, therefore, from these equals 
be taken first, the aggregates which, by the hy- 
pothesis, are equal ; and secondly, the single angles, 
which are supposed to be equal, it is manifest that 
the remaining angle, or angles, of the one figure, 
must be equal to the remaining angle, or angles of 
the other. ! 


Prop. XXVII. 


37. Taxon. The angle at the base of an isos- 
celes triangle is equal to, or is less, or greater, than 
the half of the vertical angle, accordingly as the 
triangle is a right-angled, an obtuse-angled, or an 
acute-angled triangle. 

For, (E. v. 1, and E. xxxi. I.) the double of the 
angle at the base together with the vertical angle, is 
equal to two right angles; if therefore the vertical 
angle be a right angle, and if it be taken from both, 
there remains the double of the angle at the base 
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equal toa right angle; therefore the angle at the 
base is equal to half a right angle; that is, is equal to 
half the vertical angle. 

But, if the vertical angle be obtuse, when it is 
taken away from the same equals as before, there 
will remain the double of the angle at the base equal 
to a less angle than a right angle; therefore the 
angle at the base is, in this case, less than the half 
of a right angl& much more, therefore, is it less than 
half the obtuse vertical angle. 

And, in like manner it may be shewn, that, when 
the vertical angle of the isosceles triangle is acute, 
the angle at the base is greater than the half of a 
right angle; much more, therefore, is it greater than 
half the acute vertical angle. 


Prop. XXVIII. 


38. Tuzorem. F either of the equal sides of an 
isosceles triangle be produced, towards the verter, 
the straight line, which bisects the exterior angle, 
shall be parallel to the base. 

For, (E. v. I. and E. xxxii. 1.) the exterior angle 
at the vertex of an isosceles triangle is the double 
of either of the angles at the base; therefore the 
half of that interior angle is equal to either of the 
angles at the base; therefore the straight line bi- 
secting the vertical angle is (E. xxvi. I.) parallel 
to the base.’ 


| Prop. X XIX. 
39. Turonzu. The distance of the vertex of a 
triangle from the bisection of its base, is equal to, 
greater than, or less than the half of the base, ac- 
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cordingly as the vertical angle is a right, an acute, 
or an obtuse angle. 


First, let ABC be a right-angled triangle, right- 


B D G 
angled at 4, and let AD join 4 and the bisection, 
D, of the base: AD= DB, or DC. 

For, if not, AD is either greater or less than 
BD: Produce BA to X; and first, if it be possible, 
let 4D>DB;; therefore, also, 4D>DC; therefore 
(E. xvin. 1.) B BAD, and 2 CY CAD; ~. 
£B+2C>zBAD+ CAD; i.e. (BT. CY BAC, 
but (hyp. and E. Def. 10. 1.) 2 BAC = CAA; 
BTC CAA; which (E. xxxi. I.) is absurd. 

And, in like manner, if DA be supposed to be 
less than BD, it may be shewn that B (C 
£CAX; which is absurd. Therefore, DA= DB, 
or DC. 

Next, let the vertical CEB, of the s EBC, be 
acute, and let ED join E and the bisection, D, of 
BC, ED-BD, or DC. 

Suppose <C to be that which is not the less of the 
two angles B, C: from C draw (E. xu. 1.) CA per- 
pendicular to the opposite side EB; and join 4, D: 
Then (Supp. vu. 1.) CA falls within EB; and, since 
(constr.) the ^ CAE is a right angle, the ; DAE 
is greater than a right angle; therefore (E. xvu. 1.) 


4 
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the. < AED is less than a right angle ; and therefore 
less than the z DAE; therefore (E. xix. 1.) DE» 
DA ; but, by the former case, DA= DB; therefore 
DE>DB, or DC. 

Lastly, if FBC be an obtuse-angled triangle, 
obtuse-angled at F, join F, D; draw, as hefore, 
CA perpendicular to BF; and join 4, D: Then 
(Supp. vit. 1.) CA falls without BF, and the < AFD 
(E. xvi. I.) 2 FB D; but since (let case) DA = 
DB, the < DBF=z DAF (E. v. 1); . 2 AFD 
>z DAF; (E. xix. 1 `) DA > DF; but DA= DB; 

. DF« DB, or DC. 

Or, the two last cases may be — ex absurdo, 
in the samg manner as the first is proved. 

40. Con. 1. If any number of triangles have a 
nght angle for their common vertical angle, and have 
equal hypotenuses, the locus of the bisections of the 
several hypotenuses is a quadrantal arch of a circle, 
having the common vertex for its centre, and the half 
of any hypotenuse for its radius. 

For, the bisections of the hypotenuses will, each 
of them, (Supp. xxix. 1.) be at a distance from the 
common vertex equal to the half of one of the equal 
hypotenuses; i. e. they will all be at distances from 
that point, equal to the half of any one of those equal 
lines: It is manifest, therefore, that they will be in 
the circumference of a circle, described from that 


point as the centre, at a distance equal to the half of 


one of the hypotenuses; and the portion of the cir- 
cumference, being that which is intercepted by two 
radii at right angles to each other, is a quadrantal arch. 

41. Con. 2. A circle described from the bisection 
of the hypotenuse of a right-angled triangle as a 
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entre, at the distance of half the hypotenuse, will 
pass through the summit of the right angle. 

49. Con.3. The vertical angle of a triangle 
being a right angle, a point in the base, which is 
equidistant from the vertex and from either extremity 
of the base, bisects the base. 

Let the point D, in the base BC of the 4 .4BC,. 
having the < B a right angle, be equidistant from 
either extremity, a8 B, of BC, and from the angular 
point 4: The point D bisects BC. 

For, if not, let G be the bisection of BC, and join 
D, A and E, A: Then, since, (hyp.) DA= DB; 
therefore (E. v. 1.) the < DAB = ; DBA: also, 
since G is the bisection of BC, therefore (Sect. xxix. 1.) 
GA- GB; therefore (E. v. I.) the . GAB = 2 GBA; 
therefore the GAB = DAB, the greater to the 
less, which is absurd; therefore no other point than 
D can be the bisection of BC. 


Pror. XXX. 


43. PRoBLEM. Upon a given finite straight line, 
as a diameter, to describe a square. 


Let AB be a finite straight line: Upon AB, 
D 


C 
as a diameter, it is required to describe a square. 
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Bisect (E. x. 1.) AB in E; through E draw 
(E. x1. 1.) DEC perpendicular to 4B, and make 
(E. 111. 1.) ED and EC each of them equal to AE 
or EB: Join 4, D, and D, B, and B, C, and 
C, 4: The figure ADBC is a square, having AB 
for its diameter. 


For since (constr.) DE = EC, and AE is common 
to the As AED, AEC, and that the right 7^ AED 
=right 2 AEC; therefore (E. Iv. 1.) 4D- 4C; 
and in the same manner AD may be shewn to be 
equal to DB, and DB to BC; therefore the figure 
ADB Chis equilateral. 


Again, since (constr.) AE = DE, the EAD = 
£ EDA (E. v. 1.); but (constr.) 2 AED is a right 
angle ; therefore each of the <s EAD, EDA, is 
half a right angle; and, in the same manner, may 
each of the zs EDB, DBE, CBE, BCE, ECA, 
EAC, be shewn to be half a right angle; therefore 
all the angles of the figure 4DBC are right angles ; 
and it has been proved that all its sides are equal ; 
therefore (E. xxx. Def. 1.) ADBC is a square. 


Pror. XXXI. 


44. 'TuxonEM. If either of the acute angles of 
a gwen right-angled triangle be divided into any 
number of equal angles, then, of the segments of 
the base, subtending those equal angles, the nearest 
to the right angle is the least; and, of the rest, 
that which i8 nearer to the right angle is less than 
that which is more remote. 


Let there be a right-angled triangle, right-angled 
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at C, and let the acute angle at 4 be divided iuto any 


X—8 G EH D C 


number of equal angles, CAD, DAE, EAB, &c.; 
then is CD the least of the segments of the base 
subtending those equal angles, and of the rest 
DE< EB; and so on. 

For, at the point D in 4D make (E. xxi. 1.) 
the ADF. (ADC: And since, also, the z CAD 
= DAE (hyp.) and AD common to the two 
As ACD, AFD; therefore (E. xxvi. I.) DF = DC: 
But (E. xix. 1. and E. xxxii. I.) DE» DF; . DE 
>DC; i. e. DC DE. 

Again, at the point E, in AE, make the AER 
= L AED; and it may, in like manner, be shewn 
that EK = ED: But (E. xv. 1. x BKE» 4; AEK; 
. 4BKE>zAED; and AED 4 ABE; much 
more, then, is  BKE> Z EBK; therefore (E. xix. 1.) 
BE>EK or ED; i.e. ED<EB. | 

And in the same manner may EB be shewn to 
be less than the next segment that is more remote 
from C ; and so on. 

4b. Cor. Itis manifest, from the demonstration, 
that if any three straight lines, 4B, AE, AD, be 
drawn to the given straight line XC from a given 
point Æ, without it, so that the -BAE=2zEAD, 
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the segment BE, of XC, which is the further from 
the perpendicular AC, shall be greater than the 
segment ED, which is the nearer to AC. 


Prop. XX XII. 


46. Tueorem. Jf either angle at the base of a 
triangle be a right angle, and if the base be divided 
into any number of equal parts, that which is ad- 
jacent to the right angle shall subtend the greatest 
angle at the vertex; and, of the rest, that which is 
nearer to the right angle shall subtend, at the 
verter, a greater angle than that which is more 
remote. 


Let ACB be a right-angled triangle, right-angled 


at C, and let the base BC be divided into any num- 
ber of equal parts CD, DH, HG, &c.: Of these 
segments DC shall subtend the greatest angle at 
the vertex 4; and of the rest DH shall subtend, at 
A, a greater angle than HG; and so on. 

For, join 4, D, and 4, H, and 4, G, Kc. also, 
at the point 4, in DA, make (E. xxin. 1.) the 
£DAE=CAD: Then (Supp. xxxi. 1. £D» DC; 
but (p.) DC- DH; . . ED» HD, and it is mani- 

D 
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fest that the 4 EAD > z HAD; but (constr) 
EAD. CAD; . CAD» , DAH: 

And, in the same manner, it may be shewn, by 
the help of the corollary to Supp. xxxi. 1. that the 
4DAH>ZHAG; and so on. 


Prop. XX XIII. 


47. Prosuzm. To trisect a given finite straight 
line. 


Let AB be the given straight line: It is required 


C 


to divide it into three equal parts. 

Upon 4B describe (E. 1. 1.) the equilateral tri- 
angle CAB; bisect (E. rx. 1.) the two equal 28 A 
and B, by the straight lines 4D and BD, which 
meet in D; and from D draw (E. xxxi. 1.) DE 
parallel to CA; and DF parallel to CB: Then are 
AE, EF and FB equal to one another. 

For, since (E. XxIx. 1. and constr.) the 2 DE Fe 
4 CAB, and 2 DFE = ZCBA; therefore (Supp.xxvi. 
1.) EDF. ACT; but (E. v. 1. Cor. and constr.) 
the a CA is equiangular; therefore the a DEF 
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is equiangular; and therefore (E. vi. 1. Cor.) it is, 
also, equilateral; so that DE and DF are, each of 
them, equal to EF. 

Again, since (E. xxix. 1. and constr.) the < EDA 
=4DAC; and that (constr.) the DAC = ; DAE; 
^ £EDA= 2 DAE; therefore (E. v1.1.) AE DE; 
but DE has been proved to be equal to EF; 
AE: EF; and in the same manner, EF may be 
shewn to be equal to FB; therefore 4B has been 
divided into three equal parts 4E, EF, and FB. 


Pror. XX XIV. 

48. Propiem. To describe a triangle which shall 
have its three sides, taken together, equal to a given 
Jinile straight line, and its three angles equal to 
three given angles, each to each; the three given 
angles being together equal to two right angles. 


Let 4B be a finite straight line, and C and 


D two rectilineal angles: It is required to 
describe a triangle, which shall have its perimeter 
equal to 4B, two of its angles equal to C and D, 
each to each, and its third angle equal to an angle, 
which, together with C and D, makes up two right 
angles. 

D 2 
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At the point 4, in AB, make (E. xxii. 1.) the 
£ BAE — <C; and at the point B make the 2 ABE 
= 4 D; therefore (Supp. xxvi. 1.) the < AEB is 
equal to the third angle of the triangle which is to 
be described: Bisect (E. 1x. 1.) the zs EAB, EBA, 
by AF and BF, which meet in F; and through F 
draw (E. xxxi. 1. FG parallel to EA, and FH. 
parallel to EB: Then is FGH the triangle, which 
was to be described. 

For, since (constr.) FG is parallel to EA, and FA 
meets them, therefore (E. xxix. 1.) the z EAF = 
£ZAFG ; but (constr.) the zEAF= E FAG ; there- 
fore the < FAG = (AFG; therefore (E. vi. 1.) 
FG-GA; and, in the same manner, it may be 
shewn that FH= HB; . FG+GH+ HAF=AG+- 
GH-- HB; i.e. the perimeter of the AFGH is 
equal to the given straight line 4B. 

Again, because FG is parallel to EA, and FH 
is parallel to EB, therefore (E. xxix. 1.) the z FGH 
= 4 EAB, and FHG = 2 EBA; but (constr.) the 
LEAB = „ C, and the 2 EBA— D; therefore 
also, the 4FGH=2C, and the FHB ;D; 
therefore (Supp. xxvi. 1.) the GFI is equal to the 
third angle of the triangle, which was to be described ; 
therefore the AFGH, the perimeter of which has. 
been shewn to be equal to the given straight line 
AB, is the triangle which was to be described. 


Prop. XXXV. 


49. Turorem. Jf, in the sides of a given square, 
at equal distances from the four. angular points, 
four other points be taken, one in each side, the 
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figure contained by the straight lines which join 
them, shall also be a square. 


Let ABCD be a square; in the sides AB, 


A — 
F 

H 
D G C 


BC, CD, DA, let the four points E, H, G, F be 
taken, so that E is at the same distance from 4 that 
H is from B, that G is from C, and F from D; and 
let E, H, and H, G, and G, F, and F, E, be joined: ` 
The figure EFGH is a square. | 

For, since (E. xxx. Def. 1.) all the sides of the 
given square ABCD are equal, and that (Ayp.) 
AE = BH — DF, it is manifest that the two triangles 
FAE, EBH have the two sides FA, AE equal to 
the two EB, BH, each to each, and (E. xxx. Def. 1.) 
the 24-2B; therefore (E. Iv. 1.) the zAFE= 
4 BEH; and FE- EH: And, in the same manner, 
it may be shewn that EH= HG-— GF; therefore 
the figure EFGH is equilateral. 

Again, since, as hath been proved, the z 4FE = 
4 BEH; therefore the 2 AFE-- 2 AEF= 2 BEH+ 
£AEF; but, since the 24 isa right angle, there- 
fore (E. xxxn. I.) ¿AFE + 2 AEF- a right angle; 
therefore also, BEH  AEF — a right angle; 
but (E. xv. 1. Cor. 2.) 2 BEH+ Z AEF- 2 HEF= 
two right angles; therefore the 7 HEF is a right 
angle; and, in the same manner, may the remaining 
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angles of the figure EFGH, which has been shewn 
to be equilateral, be proved to be right angles; 
therefore (E. xxx. Def. 1.) EFGH is a square. 


Pror. XXXVI. 


50. Tneorem. If the opposite angles, of a quad- 
rilateral figure be equal to each other, the figure 
Shall be a parallelogram. 


Let AB be a quadrilateral figure, having the 


D B 


angle 4 equal to the opposite angle B, and the 
angle C to the opposite angle D: The figure 
ADBC is a parallelogram. | 

For, (E. xxxi. 1. Cor. 1.) the four angles of the 
figure ADBC are together equal to four right 
angles; and, by the hypothesis, the four angles are 
the double of the two angles, DAC, ACB; it is 
manifest, therefore, that the two zs DAC, ACB 
are together equal to two right angles; therefore 
(E. xxvn. 1.) AD is parallel to CB: And, in the 
same manner, 4C may be shewn to be parellel to 
DB; therefore the figure 4DBC is a parallelogram. 


Prop. XXXVII. 


51. ProsLem. In a given square to inscribe an 
equilateral triangle, having one of its angular 
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pointe upon one of the angular points of the square, 
and its two remaining angular points one in each 

of two adjacent sides of the square. 
Let ABCD be a square: It is required to 


A g E 


inscribe in it an equilateral triangle, having one 
of its angular points upon the angular point B of 
the square, 
Trisect (Supp. Xx. 1.) the right ABC, by BE 
and BF; bisect (E. 1x. 1.) the zs ABE, CBF by 
BG and BH, meeting AD and DC in G and H, 
respectively; and join G, H: The aGBH is 
equilateral. | 
For, join B, D, and let BD meet GH in K: 
Then, it is manifest from the construction, that 
the ABG CBAH; also, (hyp. and E. xxx. Def. 1.) 
the A= . C, and the side AB, of the AABG, is 
equal to the side CB, of the ACBH; therefore 
(E. xxvi. I.) BG = BH; therefore (E. v. 1.) the 
BGH = BHG; also, (constr. and E. vir. 1.) 
the :GBD= z: HBD; and BK is common to the 
two As BKG, BKH; therefore (E. xxvi. 1.) the 
4BKG = ,BKH; therefore (E. x. Def. 1.) each 
of these angles is a right angle; therefore (E. xxxu1. 
1.) <KGB+ :GBKzaright <=>.GBH+22ABG 


Ls 
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= GBH ABE (constr.); but, since (constr.) 
L ABG + < CBH = EBF, add to each of these 
equals the Zs EBG, FBH, and the 2GBH= 
2ZABE; therefore the LGBK= ZABE; and it 
has been shewn that ZKGB--ZGBK- ZGBH + 
ABE; ZKGB-ZGBH; . HG GB- BH; 
i. e. the AGBH is equilateral. 


Pror. XX XVIII. 


59. Tueorem. If, at the extremities of the base 
of a given triangle, two straight lines be drawn, 
both above the base, and each of them equal to the 
adjacent side, and making with it an angle equal to 
the vertical angle of the triangle; then, if two 
straight lines, let fall from the extremities of the 
two so drawn, make, with the base produced, two 
angles that are equal each of them to the vertical 
angle, they shall cut off equal segmentis from the 
base produced. 


From the extremities B, C, of the base BC of the 
D 


F B | H K C G 


given ABC, let BD be drawn equal to the ad- 
jacent side 4B, and CE equal to the adjacent side 
AC, making the 48 ABD, ACE, each equal to 
the vertical < BAC of the triangle, and let DF and 
EG, drawn from D and E, make with BC produced 
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the zs DFB, EGC, each also equal to the 2 BAC: 
Then shall FB= GC. 

For, from the point 4 draw (Supp. xxv. 1 ) AH and 
AK making with BC the 2s AHB, AKC each 
equal to the 2 DFB, or BAC, or CGE: And, since 
(E. XIII. I.) LABH + 4 ABD + Z DBF= two right 
angles -ZDBF-- ZBFD-- ZFDB (E. xxxi. 1.), and 
that (constr.) ZABD=ZBFD; -.ZABH-— ZFDB; 
but, (constr.) Z4HB-— 4 DFB, and the side AB of 
the a AHB is equal to the side DB of the A DFB; 
therefore (E. xxvi. 1.) FB=AH: And in the same 
manner GC may be shewn to be equal to 4K; but 
since (constr.) the AHB Z AKC, therefore (E. xim. 
1) the AHK = A AKH; therefore (E. vi. 1.) 
AH = AK; and FB was shewn to be equal to AH, 
and GC to AK: . FB= GC. 

53. Cor. If the vertical ZBAC be a right angle, 
the two straight lines 4H and AK coincide; and the 
segments FB, GC are equal each of them to the 
perpendicular drawn from 4 to the base BC: In 
this case, also, DF = BK, and EG = CK. 


Pror. XXXIX. 


54. Tueorem. Jf four straight lines cut each 
_ other, without including space, but so as to make 
three internal angles, towards the same parts, which | 
together are less than four right angles, the two 
lines, which are not n. Shall meet, if poe 
far enough. 


Let the four straight lines 4B, BC, CD, DE, 
cut one another, without enclosing space, so that 


42 SUPPLEMENT TO EUCLID’S ELEMENTS. 


the zs ABC, BCD, CDE, are together less than 


four right angles; Then shall BA and DE meet, if 
they are produced far enough. 

For, join B, D: And (E. xxxi. I.) DBC 
4BCD +CDB = two right angles; if, therefore, 
these three angles be taken from the three given 
angles, which (hyp.) are less than four right angles; 
there will remain the two <s ABD, EDB, together 
less than two right angles; therefore (E. xix. 
Axiom 1.) B.4 and DE will meet if they be con- 
tinually produced. 


Prop. XL. 


55. Prosrem. To inscribe a square in a given 
right-angled isosceles triangle. 


Let ABC be the given isosceles triangle, right- 
A 
E 


D E C. 


angled at 4: It is required to inscribe a square in 
the A ABC. 
Trisect (Supp. xxxiii. 1.) the hypotenuse 4C, in 


BOOK I. 43 


the points D and E; from D and E draw (E. x1. 1.) 
DF and EG perpendicular to BC, meeting the sides 
AB and AC in F, and G, respectively; and join 
F, G: The inscribed figure FDEG is a square. 

For, since the 24 is a right angle, and that (hyp. 
and E. v. 1.) B= C; therefore (E. xxxn. I.) 2B 
is half a right angle; but (constr.) the zD is a 
right angle; therefore the 7 DFB is half a right 
angle, and is, therefore, equal to the z FBD; there- 
fore (E. vi. I.) DF. BD; but (constr.) BD- DE; 
^ DF- DE; and, in the same manner, it may be 
shewn that EG = DE;. DF- DE EG. 

Again, since (constr.) the ^s D and E are right 
angles, therefore (E. xxvri. I.) DF is parallel to 
EG; and it has been shewn that DF = EG; 
therefore (E. xxxnI. 1.) FG is equal and parallel to 
DE; therefore (E. xxix. 1.) the figure FDEG has 
all its angles right angles; and it is equilateral; 
therefore (E. xxx. Def. 1.) it is a square. 


Prop. XLI. 


56. PRonLEM. To find a point, in either of the 
equal sides of a given isosceles triangle, from which, 
if a straight line be drawn, perpendicular to that 
side, so as to meet the other side produced, it shall 
be equal to the base of the triangle. 


Let ABC be the given isosceles triangle: It is 
required to find, in either of the two equal sides, as 
AB, a point from which if a perpendicular be drawn 
to 48 and produced to meet AC, produced, it shall 
be equal to the base BC. 

Draw (E. xi. I.) from B, BD perpendicular to 
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AB, and make (E. 11. 1.) BD BC; from D draw © 
A. 


D 
(E. xxxi. 1.) DE parallel to AB, meeting AC pro- 
duced in E; and from E, draw EF parallel to BD: 
F is the point which was to be found. 

For (constr.) the figure FBDE is a parallelogram ; 
therefore (E. xxxiv. 1.) FE=BD=BC (constr.); 
also, since (constr.) the < FBD is a right angle, the 
4 BFE is, also, (E. xxix. 1.) a right angle. 


Prop. XLII. 


57. Tueorem. The diameters of a parallelogram 
bisect each other. 


Let 4B and CD be the diameters of the parallel- 
A. C 


D B | 
ogram ADBC; AB and CD bisect one another in 
the point of their intersection E. 
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For since 4DBC is a parallelogram, 4D = CB 
(E. xxxiv. 1.) and (E. xxix. 1.) the EAD of 
the A AED, EBC, of the ABEC, and the 
LEDA= ECz; therefore (E. xxvi. 1. AE Ez, 
and DE = EC. 


Prop. X LIII. 


58. THeorem. F in two opposite sides of a pa- 
rallelogram two points be assumed, one in each of 
those sides, equidistant from two opposite angles of 
the figure, and 1f two other points be likewise as- 
sumed, in the two other opposite sides, equidistant 
from the same two angles, the figure, contained by 
the straight lines joining the four points so assumed, 
shall be a parallelogram. 


In the opposite sides 4D, BC of the ABCD, 
A__E D 


H 
¥ 


-B EN C 
let the points E and G be taken equidistant from 
the opposite <s A and C; let also, the points F and 
H be taken, in the other two opposite sides, 4B and 
DC, equidistant from A and C; and let E, F, and 
F, G, and G, H, and H, E, be joined: The figure 
EFGH is a parallelogram. 

For since (p.) AE = Cd, and AF=CH, and 
that (E. xxxiv. 1.) the A= C; therefore (E. iv. 1.) 
FE=GH: Again since (E. xxxiv. 1.) AB= DC, 
and AD = BC, and that (.) of AD the part AE 
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is equal to the part CG of BC, and of AB the pert 
AF is equal to the part CH of DC; ~. ED = GB, 
and DH — BF; also (E. xxxiv. I.) the ;EDH- 
FB] therefore (E. Iv. I.) EH — FG ; and it has 
been proved that EF. HG ; therefore (Supp. xviii. 1.) 
EFGH is a parallelogram. 


Prop. XLIV. 


59. THEOREM. Jf any number of parallelograms 
be inscribed in a given parallelogram, the diameters 
of all the figures shall cut one another in the same 
point. | 


. Let ABCD be the given parallelogram, and let 
A D 
H 


L G C 


EFGH be any parallelogram, inscribed in ABCD: 
The diameters of ABCD and of EFGH cut one 
another in the same point. 

For draw AC a diameter of ABCD, and FH a 
diameter of EFGH; let AC and FH cut one 
another in K; and let CB, produced, meet EF, 
produced, in L: Then, since AE is parallel to BC, 
and. EF parallel to HG, the 4 CGH = (E. xxix. 1.) 
GLE; and the ZGLE- ZLEA; therefore the 
ZCGH- ZAEF; also (hyp. and E. xxxiv. 1.) the 
Z4 — LC, and the side FE =the opposite side GH, 
of the EFG; therefore (E. xxvi. I.) CH= AF: 
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Again, since the side AF of the AAK F- the side 
CH of the a CKH, and that (E. xxix. 1.) the 
48 KAF, KFA are equal to the Zs KCH, KHC; 
therefore (E. xxvi. 1.) AK KC, and FK — KH; 
i. e. K is the bisection of the diameters 4C, FH; 
therefore (Supp. xlii. 1.) all the diameters cut one 
another in the point K. . 

60. Con. From the demonstration it is manifest, 
that the angle contained by any two given straight 
lines, is equal to the angle contained by two other 
straight lines, that are parallel to the two given 
straight lines, each to each. 


Pnor. XLV. 


61. Tueonem. The diameters of an equilateral . 
four-sided plane rectilineal figure bisect one another 
at right angles. 

Let AB and DC be the diameters of the equi- 
lateral four-sided figure ACBD, cutting one another 


| C 
in E: 4B and DC bisect one another in E, at right 
angles. 
For, since (Ayp.) ACBD is equilateral, it is (Supp. 
xviii. 1.) a parallelogram ; and therefore (Supp. xlii. 1.) 
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the diameters bisect one another in Æ: Again, be- 
cause DE- CE, and EA is common to the two 
As AED, AEC, and that (hyp.) AD= AC; there- 
fore (E. vin. 1.) the ZAED =L AEC; i. e. (E. x. 
Def. 1.) each of the Zs AED, AEC is a right 
angle; therefore (E. xv. 1.) each of the Zs DEB, 
CEB, is, also, a right angle. 


Pror. XLVI. 


62. TREOREN. The diameters of a rectangle are 
equal to one another. 


Let AC, and BD be the diameters of the rect- 
ingle ABCD: Then AC= BD. 


A D 


B — C 
For, since (Ap.) the opposite angles of the figure 
are equal, each being a right angle; therefore 
(Supp. xxvi. 1.) the figure 4BCD is a parallelogram ; 
therefore (E. xxxiv. 1.) 4D = BC; and 4B is 
common to the two As ABC, BAD, and the 
ABC ZBAD ; therefore (E. iv. 1.) 4C = BD. 


` Pror. XLVII. 


63. PnonLEM. To inscribe a square in a given 
equilateral four-sided figure. 
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Let ABCD be the given equilateral four-sided 


figure: It is required to inscribe a square in 
ABCD.. i 

Join 4, C, and B, D, and let 4C and BD cut 
one another in X; bisect (E. ix. 1. and E. xv. 1.) 
the Zs AAB and CXD, by the straight'line EG, 
and the Zs BHC, AXD, by the straight line FH; 
and join E, F, and F, G, and G, H, and H, E: 
The inscribed figure EFGH is a square. 

For, since the figure ABCD is (Ap.) equilateral, 
4C and BD (Supp. xlv. 1.) bisect one another at 
right angles; therefore (constr.) each of the Zs EX A, 
AXH, HXD, DXG, GXC, CXF, FXB, BXE, 
is half a right angle; therefore the CS EXH, HAG, 
GXF, FXE are right angles: Again, because 4BCD 
is equilateral, it is (Supp. xviii. 1.) a parallelogram; 
therefore (E. xxvi. I.) the ZBAC=ZACD; but, 
because (hyp) DC- PA; therefore (E. v. 1.) the 
LACD=ZDAC; therefore the < BAC= DAC, 
i. e. the L EAX= L HAX; and it has been shewn, 
that the z EX4= 2 HXA; and AX is common to 
the two as AEX, AH X; therefore (E. xxvr. 1.) 
EX = HX; and, in the same manner it may be 
shewn that EX, HX, GX, and FX, are all equal: . 
and the angles contained by those lines are equal, 
being right angles; therefore (E. 1v. 1.) the figure 
EFG His equilateral, and therefore (Supp. xviii. 1.) 

E 
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it is a parallelogram; and since the < EXH ii a 
right angle, and that XE- XH; therefore (E. v. 
1. and E. xxxi. I.) each of the angles XEH, XHE 
is half a right angle: In the same manner it may be 
shewn that each of the zs XHG, XGH, XGF, 
XFG, XFE, XEF is half a right angle; therefore 
the figure EFGH, which has been shewn to be. 
equilateral, has all its angles right angles; there- 
fore (E. xxx. Def. 1.) it is a square. 


Prop. XLVIII. 

64. 'Tnzorem. If two opposite sides of a paral- 
lelogram be divided each into the same number of 
equal parts, the straight lines, joining the opposite 
points of division, shall also divide the diameter of the 
-parallelogram into the same number of equal parts. 
Let the two opposite sides AD, BC, of the 
` (O4ABCD, of which BD is a diameter, be divided 


into any number of equal parts, 4E, EF, FG, &c., 
BH, HI, IK, &c.; and let E, H, and F, J, and 
G, K, &c. be joined: The diameter BD is divided, 
by EH, FI, GK, &c. into the same number of 
. equal parts, BL, LM, MN, &c. as either of the 
osi sides 4D or BC, 

For, through L, M, N, &c. draw (E. xxxi. 1.) 
LP,.MQ, NR, &c. each parallel to 4D or BC: 
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Then, since AK is equal and parallel ta BH, EH 
(E. xxx. 1.) is parallel to AB; and in the same 
manner it may be sllewn, that FI, GK, &c., are 
parallel to. orié another; therefore the figures Uf; 
MK, NC, &c., are parallélograms; therefore (H. 
xxxiv, I.) LP HI; but (hyp) HI-BH; there- 
fore, BH=LP; and since LP is parallel tó BC, and 
LH pärallel to MI, ahd that MLB meets these 
parallels; therefore (E. xxix. 1.) the zs HBL, BLH, 
of the ABLH, are equal tp the 2s PEM, LMP, 
of the a LMP; and il has been proved that the 
side B H= LP; therefore (E. xxvi. 1.) BL = LM: 
And, in the same manner it may be shewn, that 
LM=MN; MN= ND, and so on. 

65. Cor. From the demonsttütibn it is manifest 
that if the one of two given straight lines, or a part 
of it, be divided into any number of equal parts, 
and from the points of division parallel straight lines 
be drawn cutting the other, the segments of that 
other given line, between these parallels, will be 
equal to one another. 


Pror. XLIX. 


66. PRonLEw. To divide a given finite straight 
line into any given number of equal parts. 


Let BD be a finite straight line (See fig. p. 50.): 
It is required to divide it into any given number 
at équal parts. 

From B draw du indelinite straight line BC 
making any angle with DB; and from D draw 
(E. xxx. 1.) DA, also indefinite, and parallel to BC; 
take any point H in BC; make (E. 111. 1.) HI, IK, 

E 2 
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DG, GF, FE, each equal to BH, so that the num- 
ber of these equal straight lines in BC, and also 
in DA, may be less by one than the given number 
of parts, into which BD is to be divided; and join 
E, H, and F, I and G, K: The straight lines EH, 
Fl, and GK, will divide BD into the required 
number of equal parts. | 

For, in BC, and DA, take KC, and EA, each 
equal to BH, and join 4, B and D, C: Then, 
since (constr.) 4D is equal and parallel to BC, AB 
is also (E. XXTIII. I.) parallel to DC; . ABCD is 
a perallelogram, of which BD is a diameter; there- 
fore (constr. and Supp. xlviii. 1.) BD is divided by 
. EH, FI, and GK, into as many equal parts as BC, 
or AD, is divided into. 


Otherwise, 

Draw BC, as before, and make the number of 
equal parts BH, HI, IK, KC, equal to the given 
number into which BD is to be divided; join C, D; 
and draw HL, IM, KN, each parallel to CD: Then 
will these parallels divide BD into the required 
number of equal parts. 

For, if LP, MQ, NR be drawn each parallel to 
BC, it may be proved, (as in Supp. xlviii. 1.) that 
BL=LM=MN=ND. 


Prop. L. 


67. PRoBLEM. Upon a given finite straight line 
to describe an equilateral and equiangular octagon. 


Let AB be a finite straight line: Upon AB, it 
is required to describe an equilateral and equi- 
angular octagon. 
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From the points 4 and B draw (E. xl. 1.) AD 
and BE perpendicular to 4B, and produce 4B both 


Cid 00 9d» 6009 909009c9900 


* ` K-—— 


ways to X and Y; bisect (E. ix. 1.) the 2s DAX, 
EBY, by 4G, and BL, and make 4G and BL, 
each equal to 4B; from the points G and L, draw 
GF perpendicular to 4G, and LI perpendicular to 
BL; also, draw (E. xxxr. I.) GH parallel to 4D, 
and make GH — 4B or 4G; in like manner, draw 
LK parallel to BE, and make LK- B; lastly, 
draw HD parallel to GF, meeting AD in D, and 
KE parallel to LI, meeting BE in E; and join D, 
E. The figure ABLKEDHG, described on AB, 
is an equilateral and equiangular octagon. 

For, since (constr.) the side AG, of the a AGF, 
is equal to the side BL, of the a BLI, and 2 GAF 
= 4 LBTI, and that the 28s AGF, BLI are equal, 
being right angles; therefore, (E. xxvi.) 4F—BI; 
also, since (constr.) HF and KI are parallelograms, 
FD - GH, and IE=LK; but (constr.) GH LK; 
^ FD = IE; therefore the whole 4D the whole 
BE; and (constr. and E. xxvii. 1.) 4D is parallel 
, to BE; therefore (E. xxxn. 1.) DE is equal and 
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parallel to 4B; and therefore (constr. and E. xxxiv. 1.) 
the <s ADE, BED are right angles: Again, since 
(constr.) the zs AGF, BLI, are right angles, and 
that the zs GAF, IBL are each the half of a right 
angle; therefore (E. xxxii. 1.) the zs GFA, LIB, 
are each the half of a right angle; 4G=GF= 
BL-Ll; and (E. xxxiv. 1.) HD= GF, and KE 
= LI; whence it is manifest that the figure 
ABLKEDHG is equilateral. 

Lastly, since HG is parallel to D4, and KL to 
EB, and FG and IL meet these parallels; therefore 
(E. xxix. 1.) the z HGF= 2 GFA, and ~. 2 HGF 
= the half of a right angle; therefore (E. xxxiv. 1.) 
the z HDF is the half of. a right angle; in the 
_ same manner, it may be shewo that each of the 
4s IEK, KLI, is the half of a right angle; and it 
has been proved that the & ANE, BED are right 
angles; whence, and from the construction, it is 
manifest, that the figure 4BLKEDHQG, which has 
been shewn to be equilateral, is also equiangular. 

Prop. LI. 

68. Turorem. If either diameter of a parallelo- 

am be equal to a side of the figure, the other 
anie shall be greater than any side of the figure. 


Let the diameter 4B, of the UH. ACBD, be equal 
A. C 
D B 


to the side 40: Fhe other diameter CD shall be 
greater than either 4C or AD. 
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For, because 4C = AB, the z ACB — +: ABC 
(E. v. 1.) and (yp. and E. xxix. 1.) the < DAB — 
4 ABC; but the z DAC > z DAB ; therefore the 
£4 DAC >+ ACB; and the sides DA, AC, of the 
A DAC, are (E. xxxiv. 1.) equal to the sides BC, 
CA, of the a HCA; therefore (E. xxiv. 1.) CD > 
AB; but (hyp) AB= AC; . CD» AC: And it 
has been shewn that the < DAC » « ACB; much 
more then is the < Ð4C > z ACD; therefore 
(E. xix. 1.) DC > AD. 


Pnor. LII. 


69. PhRosLEM. From a given point to draw a 
straight lia cutting two parallel straight lines, so 
that the part of it, intercepted between them, shall be 
equal to a given finite straight line, nat legs than the 
perpendicular distance of the two parallels. 


Let 4 be the given point; XY and ZW two 
parallel straight lines, indefinite in length; and B 


- 
9 given finite straight line, not less than the perpen- 
dicular distance of X from Si: It is required 
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to draw through 4, a straight line, cutting XY and 
ZW, so that the part of it, between the two parallels, 
shall be equal to B. 

Take any point C in ZW; from C as a centre, at 
a distance equal to B, describe a circle, cutting 
XY in D; join C, D; and through 4 draw (E. 
xxxiv. 1.) AF parallel to DC, cutting XF and ZI 
in the points E and F: Then is EF — B. 

For, (constr.) the figure DCFE is a parallelogram ; 
therefore (E. xxxiv. 1.) EF = DC; and (constr.) 
DC-«B; .. EF=B. 


Pnor. LIII. 


70. Tueorem. If, from the summit of the right 
angle of a scalene right-angled triangle, two straight 
lines be drawn, one perpendicular to the hypotenuse, 
and the other bisecting it, they shall contain an angle 
equal to the difference of the two acute angles of the 
triangle. 

Let the J. A, of the a BAC be a right angle; let 


A 


E D C 


AE be drawn to the bisection E, of the hypotenuse 
BC, aud let 4D be drawn perpendicular to BC: 
The L E4D- LC- LB. 

For (Supp. xxix. 1. and hyp.) EA = EB; therefore 
the L EAB= LEBA: Again, since (p.) the two 
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L8 BAC, CBA, of the ^ BAC, are equal to the 
two Ls BDA, ABD, ofthe A ADB; therefore 
(Supp. xxvi. 1.) the 1 BAD = £ ACB; but the 
LEAD = | BAD — L BAE; therefore the L EAD 
LC LB. 


. Prop. LIV. 


71. PmosLEM. To bisect a parallelogram by a 


straight line due through a p point in one of 
us sides. 


Let ABCD be a — and E a point 
A G PF D 


B H C 


in one of its sides: It is required to bisect the 
ABCD, by a straight line drawn through Æ. 

From AD, the side opposite to BC, cut off DF— 
BE (E. iii. 1.); and join E, F; EF bisects the 
r3 ABCD. 

For, through E and F draw (E. xxxi. 1.) EG and 
FH, each parallel to 4B or DC; .. AE, GH, FC 
are parallelograms; and since EF is the diameter of 
the C3 GH, therefore (E. xxxiv. 1.) the 4 EGF= 
^ EHF; also, because BE = FD, and that AD is 
parallel to BC, therefore (E. xxxvi. 1.) the C AE 
= [7] FC; to these equals add the equal As, EGF, 
EHF, and it is evident that the trapezium 4BEF 


is equal to the trapezium FECD; i. e. EF bisects 
the C3 ABCD. 
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Por. LV. 


72. Tueorem. A trapezium, which has two of 
Ws sides parallel, is the half of a rectangle between 
the same parallels, and having its base equal to the 
aggregate of the two parallel sides of the trapezium. 


Let ABEF be a trapezium, having its side A 


parallel to the opposite side BE: The trapezium - 


A GG F D 


B H C 


ABEF is equal to the half of a rectangle between 
- AF and BC, and having its base equal to 4F+ BE. 

For, produce BE to C, and make EC = AF; 
through € draw (E. xxxi. 1.) CD parallel to BA, 
and let CD meet AF produced in D; therefore 
the figure ABCD is a parallelogram; therefore 
(E. xxxiv. I.) 4D = BC; and (constr.) AF = EC; 
. FD = BE: It is manifest, therefore, (from Supp. 
liv. 1.) that the trapezium ABE is tbe half of the 
C3 ABCD; but (E. xxxv. 1.) the Cà ABCD sa 
rectangle upon the same base BC, and between the 
same two parallels; therefore the trapezium ABE 
=the half of a rectangle on the base BC, which 
(congtr.) = BE + AF, and between the two parallels 
BE and AF. 

Prop. LVI. 

73. ProsLem. Any two parallelograms having 

been described on two sides of a given triangle, te 


BOOK I. .59 
apply, to the remaining side, a parallelogram, which 
shall be equal to their aggregate. | | 


Let the IU 4Q and AP be on the two sides AB, 
AC, of the given 4 ABC: It is required to apply 


to the remaining side BC, a parallelogram which 
shall be equal to the CJAP together with the C AQ. 

Produce QD and PE until they meet in F; join 
F, A; through C draw (E. xxxi. 1.) CG parallel to 
FA, and make, also, CG = FA; complete the 
© BCGH: The c3 BCGH=00 4Q+0 AP. 

For, produce FA, so that it shall meet BC in E 
and HG in K; produce, also, GC and HB, until 
they meet EP and DQ in L and M; therefore the 
figures FACL, FABM are parallelograms; and, 
since (constr.) the N FACL, CGKI, are upon 
equal bases FA, CG and between the same parallels ; 
^. (E. xxxvi. 1.) the C FACL = O CGKI; but 
(E. xxxv. I.) the O FACL=0 AP; therefore the 
GAP, - C1 GI: And in the same manner, it may be 
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proved that the C3 AQ 2 C3 IH; therefore the whole 
c BCGH=0) 4P +00 AQ*. 


Pror. LVII. . 

74. Prosiem. A plane rectilineal figure of any 
number of sides being given, to find an equal recti- 
lineal figure, which shall have the number of ite 
sides less, or greater, by one, than that of the given 
figure. 

First, let ABCDE be the given rectilineal figure : 


It is required to find an equal rectilineal figure, 
having the number of its sides less by one, than the 
number of the sides of ABCDE. 

Let 4, E, D be any three consecutive angles of 
the given figure ABCDE; join 4, D; through E 
draw (E. xxxi. 1.) EF parallel to AD and meeting 
CD, produced, in F; join 4, F: The figure ABCF, 
which has the number of its sides less by one than 
ABCDE, is equal to 4BCDE. 

For, since the two As AED, AEF, are upon the 
same base 4D and (constr.) are between the same 
parallels, 4D, EF, therefore, (E. xxxvii. 1.) the 


* [f the parallelograms AP and AQ are squares, and the angle 
at A a right angle, it is easy to shew that the parallelogram BG 
will also be a square ; and thus the forty-seventh proposition of 
the first Book of Euclid's Elements will have been demonstrated. 
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a AFD = a AED; to each of these equals add 
the figure ABCD; and the figure ABCF =the figure 
ABCDE. | 

Secondly, let 4BCF be a given rectilineal figure; 
and let it be required to find an equal rectilineal 
figure, having more sides by one, than ABCF. 


Take any point, D, in any of the sides, as CF, of 
ABCF, and join B, D, or A, D; A and B being 
the angles which are next to the <s Fand C, at the 
extremities of CF; then, 4, D having been joined, 
through F draw (E. xxxi. 1.) FE parallel to DA; 
and since the 4 ADC is greater (E. xvi. 1.) than 
the ^ AFD, and equal (E. xxix. 1.) to the < EFD; 
therefore FE falls without the given figure: In FE 
take any point E, which is not in the continuation of 
BA, the side next to FA; and join E, A, and E, D: 
The figure 4BCDE has more sides, by one, than 
the given figure AB CF; and it may be shewn, as in 
the preceding case, to be equal to ABCE. 


15. Cor. Hence, first, a triangle may be found 
which shall be equal to any given rectilineal figure : 
For the number of sides of the given figure being 
thus diminished, by one, at each step, they will at 
length be reduced to three, and the triangle which 
they contain, will be equal to the given figure. 


Secondly, it is manifest, that, by the latter part of 
the preceding problem, a polygon, of any given 
number of sides, may be found, which shall be equal 
to a given triangle. 


Pror. LVII. 


16. 'Turon&kM. The diameters of any parallelo- 
gram divide it into four equal triangles. 


68 SUPPLEMENT TO EUCLID’S ELEMENTS. 


Let ADBC be a parallelogram, of which ‘the 


diameters AB, CD cut one another in E: The four 
as AED, DEB, BEC, CEA are equal to one 
another. 

For (yp. and E. xxxiv. 1.) the side 4C of the 
A AEC, is equal to the side DB, of the ^ DEB; 
also (Supp. xlii. 1.) 4E = EB, and DE = EC; 
(E. vili. 1. and E. fr. 1.) the a AEC = a DEB. 
In the same manner, it may be shewn that the 
A AED- a CEB: And since, the two as AED, 

_AEC, stand upon equal bases DE and EC, therefore 
(E. xxxviii. 1.) the a 4ED= A AEC. It is mant: 
fest, therefore, that the four As AED, AEC, CEB: 
BED are equal to one another. 


Pror. LIX. 


77. Prostem. If two triangles have the two i 
Jaceht sides of a parallelogram for their bases, and 
have the common verter situated in the diameter, 
or in the diameter produced, they shall be equal to 
one another. 


. Let the two as AFC, BFC, have the two adja- 
cent sides AC, BC, of the O ADBC, for their 
bases, and also have their common vertex situated at 
any point F, in the diameter DC, or in DC, pro- 
duced: The A 4FC=a BFC. 
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First, let the point F be in the diameter DC: 
Join A, B; and let AB cut DC in E. 


Then, since (Supp. xlii. 1.) AE = EB, therefore 
(E. xxxviii. 1. the a AEC = 4 BEC, and the 
a AEF. 4 BEF; . the As AFC, BFC, which are 
the differences of these equals, are equal to one 
another. 


And the proposition may, in the same manner, be 
shewn to be true, when the common vertex of the 
two triangles, which have 4C and BC for their 
bases, is in DC produred. 


Pror. LX. 


78. TuxonEw. Of all triangles, which are be- 
tween the same parallels, that which stands on the 
greatest base ts the greatest. . 


For it is manifést, that the triangle which has the 
greater base will exceed the triangle which is formed 
by joining its vertex and the extremity of a segment 
of its base made equal to the base of the other tri- 
angle: But the triangle so formed is equal (E. xxviii. 1.) 
to the other given ttiangle; therefore the triangle 
which has the greater base is greater than that other 
triangle. 
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Prop. LXI. 


79. Tuzorem. The straight line, joining the 
verter and the bisection of the base of any triangle, 
bisects every other straight line that is parallel to 
the base and is terminated by the two remaining . 

sides of the triangle, or those sides produced. 


Let PQ be any straight line, either within or 


without the A ABC, parallel to the base BC, and let 
AD, joining the vertex 4 and the bisection D of 
BC, cut PO in R: PQ is bisected by AD in R. 

First, let PQ be within the A ABC; and if PR 
be not equal to RQ, one of them is the greater: 
Let PR > RQ; and join D, P, and D, Q. 

Then since (Ayp.) the base BD, of the ^ BAD, 
is equal to the base DC, of the a CAD, therefore 
(E. xxxviii. 1.) the 4 BAD = A CAD; also, because 
BD — DC, and that (kyp.) PQ is parallel to BC; 
therefore (E. xxxviii. 1.) the 4 BPD= a CQD; if, 
therefore, the two latter equal triangles be taken 
from the equal As BAD, CAD, there remains the 
A APD = a AQD: But, since PR > RQ, the 
A APR > a AQR, and the a DPR > 4 DQR; 
therefore, the whole a APD > 4 40D; but it has 
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been shewn that the A APD ^ AQD; and it is, 
also, greater; which is absurd : therefore, neither of 
the two lines PR, RQ, can be greater than the other; 
therefore, PR = RQ. 

In a similar manner the proposition may ve proved, 
when Po is without the A ABC. 

80. Con. Hence, it is easily shewn, er absurdo, 
that tbe straight line joining the bisections of any 
two straight lines, that are parallel to the base, and 
‘terminated by the sides of a triangle, passes through 
the vertex of the triangle. 


Pror. LXII. 


81. 'TukonEM. If two opposite sides of a trape- 
sium be parallel to one another, the straight line, 
Joining their bisections, bisects the trapezium. 

For, let PBCQ be a trapezium -having the side 


P R \ 
B D C 


PQ parallel to BC, and let RD join the. bisections, 
R and D, of the opposite sides PQ and BC : RD 
bisects the trapezium PBCQ. 

For, join. P, D, and Q, D: Then since (hyp.) 
PQ is perallel to BC, and that the base BD of the 
4 BPD, is equal to the base DC, of the ^ DQC, 
therefore (E. xxxviii. 1.) the ^ BPD=a DQC; 
and, in the same manner, it. may be shewn that. the 
a PDR= 4 DR; therefore, a. BPD + A. PDR 
= DMC + a DRQ; i.e. the figure BPRD = 
CRD; ~. RD bisects the trapezium PBCQ. 

Fo 
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Prop. LXIII. 
82. PnonrLEM. To bisect a given trapezium by 
a straight line drawn from any of its angles. 
Let ABCD be a trapezium: It is required to 


draw a straight line from any of the angles, as B, 
which shall bisect the trapezium 4BCD. 


C 

Join B, D; through 4 draw (E. xxxi. 1.) 4E 
parallel to BD, and let CD, produced, meet AE 
in. ZE; bisect (E. x. I.) EC in F; and join B, F; BF 
bisects the trapezium BCD. 

For join B, E; and since the two 4s BAD, BED 
are on the same base BD, and between the same 
parallels, therefore (E. xxxvi. 1.) the 4 BAD = 
A BED; to each of these equals add the A BDF; 
„ A BAD + a BDF=4 BED + 4 BDF: i. e. the 
trapezium BADF = A BEF; but since (constr.) 
EF = FC, therefore (E. xxxviii. 1.) the A BF. 
a BFC: therefore the trapezium BADF= a BFC; 
i. e. BF bisects the given trapezium ABCD. 


Prop. LXIY. 


. 83. PmonLEM. To bisect a given triangle by a 
_ straight line drawn through a given point in any 
one of its sides. 
Let .4BC be the given triangle, and let D be a 
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point in one of its sides BC: . 1t is required to 
draw through D a straight line which shall bisect 
the triangle. 

Bisect (E. x. 1.) AC in E; join D, E; through 
B draw (E. xxxi. 1.) BF parallel to DE, meeting 
ACin F; join D, F: DF bisects the a ABC. 

For join B, E and let BE cut DF in G: Then 
since the As DFE, EBD are upon the same base 


B D C 
DE and (constr.) between the same parallels, there- 
fore (E. xxxvii. 1.) the ^ DFE = ^ EBD; take 
away the common part DGE, and there remains the 
A BGD= 4 EGF; to each of these equals add the 
trapezium ABGF, and it is manifest that the trape- 
zium ABDF= A ABE; but since (constr.) AE = 
EC, therefore (E. xxxviii. I.) the a ABE = A EBC; 
therefore the trapezium ABDF is equal to the half 
of the given a ABC; i. e. DF bisects the 4 ABC, © 


Pror. LXV. 


84. PnonzzM. Equal triangles, which have their 
bases in the same straight line and which are be- 
tween the same parallels, stand upon equal bases. 

F2 
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For if not, let one of the bases be greater than 
the other; therefore (Supp. Ix. 1.) the triangle, of 
which it is the base, is greater than the other, which 
is contrary to the supposition: therefore, neither of 
the bases can be greater than the other; i. e. the 
bases are equal to one another. 


Prop. LXVI. 


85. Prostem. To describe a parallelogram, the 
surface and perimeter of which shall be respectevely 


equal to the surface and perimeter of a given tri- 
angle. 


Let ABC be the given triangle: It is required to 


XE 


describe a parallelogram, which shall be equal to 
the A ABC, and which shall, also, have its perimeter 
equal to the perimeter of ABC. 

Bisect (E. x. 1.) BC in. D; produce AC to E, 
and make CE= AB; bisect AE in F; through 4 
draw (E. xxxi. 1.) AH parallel to BC; from D asa 
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centre, at a distance equal to AF describe a circle, 
cutting 4H in G; join D, G, and through C draw 
CH parallel to DG: Then is the C3 DCHG = 
SABC, and the perimeter of C3 DCHG is, also, 
equal to the perimeter of A ABC. 

For join 4, D; and since BD = DC, "i 
(E. xxxviii. 1.) the ABD = ACD, so that. the 
whole a ABC is the double of the AADC: Again, 
since the CJDCHG and the a ADC are on the same 
base DC, and between the same parallels, therefore 
(E.xli. 1.) the CJ DCHG is the double of the 
SADC; as is, also, the A ABC: therefore the 
CIDCHG = 44BC: And because (constr.) DG is 
equal to the half of B4+ 4C, and that (E. xxxiv. 1.) 
CH= DG, .. DG+CH=BA+ AC; also (E. xxxiv. 
1.) GH-DC-zDB; .. DC+GH=BD+DC=BC; 
^ DG + GH+ HC+ CD=BA+AC+ CB. 


i Pror. LXVII. 


86. Turorem. The two triangles formed by 
drawing straight lines, from any point within a 
parallelogram, to the extremities of either pair of 
opposite sides, are, — half of the paral- 
lelogram. 

Let E be any point in the (J ABCD, and let 


E, A, and E, B, and E, C and E, D be joined: 
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Fhe two as AEB, DEC are, together, half of the 
(7 ABCD. 

For, through E draw (E. xxxi. 1.) FEG parallel 
to 4B or DC: and since AG, and GD are paral- 
lelograms, therefore (E. xli. 1.) the a 4EB is the 
half of the CAG, and the ADEC is the half of the 
CIGD; therefore the ~aAEB+ADEC is the half 
of the (1. 4G + the half of the (OGD, or the half of 
the whole CJ ABCD. 


Pror. LXVIII. 


87. Turorem. If two sides of a trapezium be pa- 
rallel, the triangle contained by either of the other 
sules, and the two straight lines drawn from its 
extremities to the bisection of the opposite side, is. 
the half of the trapezium. 


Let the two sides FD, EC, of the trapeZium 
FECD be parallel; Iet K be the bisection of either 


M C 
of the two remaining sides, as DC; and let K, E 
and K, F be joined: The AFKE is the half of the 
trapezium FECD. 

For, through A draw (E. xxxi. 1.) LK/M paral- 
lel to FE, and let LKM meet BC in M and FD, 
produced, in L. And since FL (constr.) is parallel 
to EC, and LM meets them, therefore the Z DLK = 


BOOK I. TY 


2KMC ; also (E. xv. I.) the z DKL — CAM, and 
(hyp.) the side DK of the ADKL, =the side CK 
of the a CKM; therefore (E. xxvi. I. and E. iv. I.) the 
A DKL = a CKM; but if to the rectilineal figure 
FE MKD there be added the A CK M, there results 
the trapezium FECD; and if to the same figure 
there be added the A DKL, there results the 
FEM; therefore these results are equal; but 
(E. xli. I.) the a FKE is the half of the C3FEML; 
therefore, the AFKE is the half, also, of the tra- 
pezium FEC. 


Pror. LXIX. 


88. Tusorem. The triangle contained by the 
straight lines joining the points of the bisection of 
the three sides of a given triangle, is one-fourth 
part of the given triangle, and is equiangular with 
i. 3 
Let D, E, F, be the bisections of the sides AB, 


G 


BC, CA, respectively, of the given 4 4BC; and let 
D, E, and E, F, aud F, D, be joined: The ADEF 
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is one fourth part of the ABC, and is equiangular 
with it. 

For, join A, E; and, since (hyp.) BE- EC, 
CF. Fd, and AD=DB, therefore (E. xxxviii. 1.) 
AAEB=AAEC; and the «AEB is the double of 
the a BDE, and the A EC is the double of the 
ACFE; therefore the ABDE- ACFE; i.e. each 
of them is a fourth part of the a4BC; also they 
are upon equal bases BE and EC; therefore (E. xl. 
1.) DF is parallel to BC; aud, in the same manner, 
it may be shewn that DE is parallel to AC, and FE 
parallel to 4B; therefore, the figures FCED, 
DBEF, are parallelograms; therefore (E. xxxiv. 1.) 
the ADEF= ADBE, which has been proved to be 
a fourth part of the a ABC; also, the z DFE, of 
the © BF, =opposite zB, and the < FDE, of the 
ODC, =opposite C; therefore (E. xxxii. I.) the 
z DEF, of the ADFE=the BAC, of the A4A4BC; 
and the two As ABC, DEF, are therefore equi- 
angular. 

89. Con. 1. The straight line joining the bisec- 
tions of any two sides of a triangle, is parallel to the 
remaining side. 

90. Con. 2. If the four sides of any given quad- 
rilateral rectilineal figure be bisected, the figure 
contained by the straight lines joining the several 
points of the bisection, shall be a parallelogram, 
which is the half of the given figure; also the four 
sides of this parallelogram shall be, together, equal 
to the two diagonals of the given figure. 

Let DH, HI, IF, FD be the straight lines join- 
ing the several bisections D, H, I, and F, of the sides 
AB, BG, GC, and CA, of the quadrilateral figure 
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ABGC: The figure DHIF is a parallelogram; it 
is the half of the given figure ABGC;; and its four 
sides are, together, equal to the two diagonals AG, 
BC, of the figure ABGC. 

First, since, D, H, F, I, are the bisections of the 
sides of the as ABG, GCA, BAC, CGB, therefore 
(Supp. Ixix. 1. Cor.) DH and FI are parallel to 4G, 
and DF and HI are parallel to BC; therefore (E. 
xxx. 1.) DHIF is a parallelogram: And, because 
DF is parallel to BC, and AB meets them, therefore 
(E. xxix. I.) the ADL. 7 DBR; again, because 
DH is parallel to AG, and AB meets them, the 
£DAL — BDK; and (I.) the side AD, of the 
AADL, =the side DB of the A DBK ; therefore 
(E. xxvi. I.) DL BK, LA=KD, and (E. iv. 1.) 
the AADL= ADBK; but DKEL being a paral- 
lelogram, DL= KE, and KD EL (E. xxxiv. I.); 
^. BK = KE, and EL=LA: If, therefore, D, E be 
joined, the 4 DLE = 4 DLA (E. xxxviii. 1.) and the 
ADKE- A DKB; so that the CKL =the half of 
the A AEB, DK + FM AE, and DL + HN- BE. 
In the same manner it may be proved, thet the 
M- the half of the AEC, that the URN 
the half of the a CEG, that the CINK =the half of 
the ABEG, that LF-- NI — EC, and that MI-- KH 
EG: therefore, the CHIP is the half the given 
figure 4BGC, and its four sides are, together, equal 
to the two diagonals 4G, and BC. 
91. Con. 3. It is manifest that the straight lines 
which join the opposite points of bisection of the 
sides of any trapezium, bisect each other. 

For, if D, I, and F, H, be the bisections of op- 
posite sides of the given quadrilateral figure ABGC, 
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K is manifest, from the preceding corollary, that the 
straight lines DI, FH which join them, will be the 
diameters of the CJ DHIF' ; and therefore (Supp. 
xlii. 1.) they bisect one another. 


Prop. LX X. 


92. Prostem. To describe a parallelogram, which 
shall be of a given altitude, and equiangular with, 
and also equal to, a gtoen parallelogram. 


Let ABCD be a parallelogram, and E a straight 


H _K F G 


line: It is reqüired to describe a parallelogram 
which shall be equal to the ABCD, and also 
equiangular with it; and which shall have its altitude 
equal to the given line E. 

From the point C draw (E. xi. 1.) CF perpen- 
dicular to BC, and make CF= E; through F draw 
(E. xxxi. 1.) HG parallel to BC; produce B4 and 
CD to meet HG, in H and G; join H, C, aud let 
HC cut AD in I; through J draw (E. xxxi. 1.) KIL 
parallel to HB or GC: The CIKECG, which 
(constr. and E. xxix. and xxxiv. 1.) is equiangular 
with the ABCD, and has its altitude equal to 
E, is also equal to the C3 ABCD. 

For, since BIT and JG are complements about the 
diameter HC of the BCG, they are (E. xliii. 1.) 


uno I. 1D 


equal to one another; to each of these equals 
add (he C3 LD; and it is plain that the COKECG = 
( ABCD. 

93. Cor. Hence, a rectangle may very readily 
be found, which shall be equal to a given square, 


and shall have one of its sides equal to a given 
straight line. 


Pror. LXXI. 


94. Tueorem. If there be any number of rectili- 
neal figures, of which the first is greater than the 
seeond, the second than the third, and so on, the 
first of them shall be equal to the last together with 
the aggregate of all the differences of the figures. 


First let there be three such given rectilineal 
figures. Make (E. xlv. 1.) the CI FH equal to the 


greatest of the given figures, having its FOH 
of any given magnitude; produce GH to X; from’ 
HX cut off (E. iii. 1.) HI GH; find (Supp. lvii. 1. 
Cer.) a triangle equal to the next greatest of the 
given figures, and apply (E. xliv. 1.) to HI a paral- 
lelogram equal to that triangle, having its IHK = 
4HGF: Again, from IX cut off IM= GH or HI, 
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and, in like manner, to JM apply a (1 JO, equal to 
the least of the given figures, and having its MIN 
HF. Produce LK and ON to meet FG in P 
and Q; andlet OQ meet KH in R. 
Then, (E.xxxvi. 1. E. xxxiv. 1. and constr.) the c3 
FH =(1QH+ (7 PR+(FK 
i. e. the OFH = ONM + a PR+ OFK. 

But the CIPR is the difference of the [3s PH and 
QH or (E. xxxvi. 1.) of KI and NM; and the OFK 
is the difference of the (Js FH and PH, or of FH 
and KI: Whence it is manifest that the proposition 
is true, when three rectilineal figures are taken: 
And it may, in the same manner, be proved to be 
true, when more than three are taken. 


Pnor. LX XII. 


95. Proptem. To find a rectangle, which shall 
have one of its sides equal to a given finite straight 
line, and which shall be equal to the excess of the 
greater of two given rectilineal figures above the 
less. 


To the given finite straight line, and on the same 
side of it, apply (E. xlv. 1. Cor.) two rectangles, the 
one equal to the greater and the other to the less, 
of the given rectilineal figures: And it is manifest 
that the rectangle which is the difference of the two. 
rectangles so described, will have one of its sides 
equal to the given straight line, and will be equal 
to the excess of the greater of the two given figures. 
above the less. 
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Pror. LXXIII. 


96. TuEorem. If (wo right-angled triangles have 
two sides of the one equal to two sides of the other, 
each to each, the triangles shall be equal, and similar 
to each other. 


If the two sides about the right angle of the one 
triangle, be equal to the two sides about the right 
angle of the other, each to each, it follows, (from 
E. iv. 1.) that the triangles are equal and similar. 

But, let now, the hypotenuses of the right angles, 
in the two triangles, be equal, and also let one other 
side, of the one triangle, be equal to another side 
of the other; therefore (E. xlvii. 1.) the squares of 
the two remaining sides of the one, will be equal 
to the squares, taken together, of the two remaining 
sides of the other triangle; from these equals take 
away the equal squares of the two other sides, 
which, by the hypothesis, are equal, and there re- 
mains the square of the third side, of the one, equal 
to the square of the third side, of the other triangle; 
therefore the third side of the one is equal to the . 
third side of the other; therefore (E. iv. 1.) the two 
triangles are equiangular, and are, also, equal to one 
another. 


Prop. LXXIV. 


97. Propiem. To find a square which shall be 
equal to any number of given squares. 


, First, let there be three given squares, and let 
their sides be equal to the three straight lines 4, B 
and Cc. 
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Take any straight line DX, indefinite towards X; 
from D draw (E. xi. 1.) DY perpendicular to DX, 


and produce DY indefinitely towards Y: From DX 
cut off (E. iii. 1.) DE=A, and from DY cnt off 
DF= B; and join E, F: Again, from DY cut 
of DH + EF, and from DX cut off DG=C, and 
join G, H: The square described (E. xlvi. 1.) upon 
GH shall be equal to the three given squares to the 
sides of which 4, B and C are respectively equal. 
For (E. xlvii. 1. and constr.) EF* = ED’ + DF", 
i. e. (constr.) DE = A +B; 
^. (constr.) DH + DG = 4+ B« C^ 
i. e. (E. xlvii. 1.) GH*— 4 B'« C. 
And in the same manner, it is evident, a square 
may be found, which shall be equal to the aggregate 
of any number of given squares. 


Prop. LXXV. 


98. PRoBLEM. Two unegual squares being gwen, 
to find a third square, which shall be equal to the 
excess of the greater of them above the less. 
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Let AC and CB placed in tbe same straight line, 


F D 


A 


be the sides of the two given squares, of which the 
square of AC is the greater: From the centre C, 
at the distance CA, describe the circle ADE, meeting 
AB, produced, in E; from B draw (E. xi. 1.) BD 
perpendicular to 4B, and let BD meet the circum- 
ference in D: The square of BD is equal to the 
"excess of the square of AC above the square of 
BC. 

For join D, C: And since (constr.) the B is a 
right angle; therefore (E. xlvii. I.) CD'- CB* + BIP 
i. e. (E. Def. 15. 1.) 4C = CB BD”. 

Whence it is manifest, that the square of BD is 
equal to the excess of the square of AC above the 
square of CB. 


Prop. LX XVI. 


99. 'THEonEM. If the side of a square be equal 
to the diameter of another square, the former square 
Shall be the double of the latter. 


For (E. Def. 30. 1. and E. xlvii. 1.) the square of 
the diameter of a square is equal to the squares of 
its two sides; 2. e. to the double of the square itself: 
therefore the square of any straight line which is 
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equal to the diameter of a square, is the double of 
that square. 


Pror. LX XVII. 


100. TuronEkM. In any right-angled triangle, the 
square which is described on the side subtending 
the right angle, as a diameter, is equal to the 
squares described upon the other two sides, as dia- 
meters. 


For, (Supp. Ixxvi. 1.) the squares described on the 
hypotenuse, and on the two sides of a triangle as 
diameters, are, respectively, the halves of the squares 
of those lines: But since (Ayp.) the triangle is 
right angled, therefore (E. xlvii. 1.) the square of 
the hypotenuse is equal to the squares of the two 
sides; therefore the square described on the hy- 
potenuse as a diameter, is equal to the squares 
described on the other two sides as diameters. 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 
PART I. 


BOOK II. 


Prop. I. 


1. Taxon. Jf two given straight lines be di- 
vided, each into any number of parts, the rectangle 
contained by the two straight lines, is equal to the 
rectangles contained by the several parts of the one 
and the several parts of the other. 


Let the given straight line 4B be divided into 
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any parts in the points E, F, and let the given 
straight line CD be divided first into two parts in the 
point G: The rectangle contained by 4B and CD 
is equal to rectangles contained by AE and CG, 
by EF and CG, by FB and CG, by AE and GD, 
by EF and GD, end by FB and GD, taken to- 
gether. | 

From the point 44 draw (E. xi. 1.) AX pe 
dicular to 4B; from AX cut off (E. iii. 1.) 475 CG, 
and from LX cut off H= G, so that 4H = CD; 
through 7 and H draw (E.xxxi. 1.) ZN and HK 
. parallel to 4B, and through B, F, E, draw BK, 
FM, EL, parallel to AH: Then (E.i. 2.) the 
rectangle AN is equal to the rectangles contained 
by 4E and CG, by EF and CG, and by FB and 
CG; also the rectangle IK is equal to the rectangles 
contained by HL and GD, by LM and GD, and 
by MK and GD; but (E. xxxiv. 1.) HI. AE; 
LM - EF, and MK- FB; therefore the rectangle 
IK is equal to the rectangles contained hy AE and 
GD, by EF and GD, and by FB and GD; but the 
two rectangles AN and IK make up the rectangle 
AK, which is contained by 4B and AH or CD; 
therefore the rectangle contamed by 4B and CD is 
equal to the rectangles contained by AE and CG, 
by EF and CG, by FB and CG, by AE and GD, 
by EF and GD, and by FB and GD, taken to- 
gether. 

And, in the, same manner, the proposition may 
be proved to be true, when the given straight line 
CD is divided into more than two parts. 


2. Cor. If the paris EF, FB, &c., into which 
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AB is divided, and the parts CG, GD, &c., into 
which CD is divided, be each of them equal to AE, 
it is manifest that the rectangle contained by AB and 
CD is equal to the square of AE taken as often as 
is indicated by the product of the number of equal 
parts in AB, multiplied by the number of equal parts 
in CD. 


Prop. II. 


3. Tukonzu. F a straight line he divided into 
two unequal parts, in two different points, the rect- 
angle contained by the two parts, which are the 
greatest and the least, is less than the rectangle 
contained by the other two parts; the squares of 
the two former parts, together, are greater than 
the squares of the two latter, taken together; and 
the difference between the squares. of the former 
and the squares of the latter, is the double of the 
difference between the two rectangles. 


Let the given straight line 4B be divided into 


K K b B 
two unequal parts, in the point C, and also in the 
point D: Then 4Dx DB« ACx CB; but AD*+ 
DB» AC? + BC,; and the excess of 4D‘*+ DB 
above 40˙ + CB? is the double of the excess of 
ACx CB above AD x DB. 
Fer, bisect (E.x. 1.) ABin K: Therefore, 
see (d (E. v. 2.) 
and 4Dx DB+ DK*= AK 
But CK^« DK*; .. AD x DB< AC x CB. 
G 2 
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Again, because 
AD + DB* +3 AD x 1 (E. ir. 2.) 
AC*+ CB +2AC x CB = ABY) ^ "^77 
and that, as has been shewn AD x DB < AC x GB. 
^. AD^-- DB? > AC*+CB*. 
Lastly, since 
AD’ + DB' +2 AD x DB 
= AC* + CB* --24C x CB, 
it is manifest, if from these equals there be taken 
AC*+ CB’ +2 AD x DB, that the excess of 4D* 
+ DB? above 4C*-- CB’ is the double of the excess 
of AC x CB above AD x DB. 


Pror. III. 


4. Turorem. In any isosceles triangle, if a 
straight line be drawn from the vertex to any point 
in the base, the square upon this line, together with 
the rectangle contained by the segments of the base, 
is equal to the square upon either of the equal sides. 

Let ABC be an isosceles triangle, and let AQ, be 


¢ 


A 


drawn from its vertex A, to any point Q, in BC its 
base: 4Q*+ BQ x QC= AB’. 

For bisect (E. x. 1.) BC in D, and join 4, D. 

„. QB + BO x QC BIF (constr. and E. v. 2.) 
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To each of these equals add DA; | 
. AD? + QD! BK QC— AD - DB: 

But (constr) BD- DC, and DA is common to 
the As ADB, ADC, and (hyp.) AB = AC; therefore 
the < ADB = ADC: end therefore each of these 
angles is a right angle; therefore (E. xlvii. 1.) 4D* 
+ DŒ Ae, and AD*+ DB = AB’; 

- AŒ -+ BQ x QC- AB. 


| Pror. IV. 


5. 'TuronEM. The rectangle contained by the 
aggregate and the difference of two unequal straight 
lines is equal to the difference of their squares. 
Let 4C arid CB be two unequal straight lines, 
C D 


A B 


of which CB is the greater; and let them be 
placed in the same straight line 4B; so that 4B is 
the aggregate of 4C, CB, and if (E. iii. 1.) CD be 
cut off from CB equal 4C, DB is the difference 
between AC and CB. Then since (constr. and 
E. vi. 2.) 
AB X DB+ AC* = CB’, 
it is manifest, if from these equals 4C* be taken, 
that AB x DB = CB — AC’; 
i. e. the rectangle contained by the aggregate AB, 
of AC and CB, and their difference DB, is equal to 
the difference of their squares. | 
6. Con. If there be three straight lines, the 
difference between the first and second of which is 
equal to the difference between the second and third, 
the rectangle contained by the first and third, is less 
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than the square of thé second, by the square of the 
common difference between the lines. 

For, let 4B, CB, and DB be the three straight 
lines, having AC the difference of 4B and CB, equal 
to CD, the difference of CB and DB: Then, since 
it has been shewn that 4B x DB = CB —4C^, it is 
manifest that 4B x DB is less than CB’ by AC”. 


Pnor. V. : 

7. 'T'HEoREM. The square of the excess of the 
greater of two given straight lines above the less, is 
less than the squares of the two lines, by twice the 
rectangle contained by them. | 


For let AB and CB be two straight lines, of 
A C B 

which AB is the greater: Then is 4C the excess of 

AB above CB; and since (E. vii. 2.) AC? --2 AB x 


BC = AB? + CB, it is manifest that AC? is less 
than AB CB’ by 24B x BC. 


Prop. VI. 


8. 'TuEonkM. The squares of any two unequal 
straight lines are, together, greater than twice the 
reclangle contained by those lines. 


For let 4B and CB be two straight lines of 
A. B 


C 
which AB is the greater: Then since (E. vii. 2.) 
AB: + CB =2AB x BC+ AC? 
it is manifest that AB? + CB* > 24B x BC. 
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Pror. VII. 
9. Tueorem. Fa straight line be divided into 
five equal parts, the square of the whole line is equal 
to the square of the straight line, which is made up of 
four of those parts, together with the square of the 
straight line which is made up of three of those parts. 


"" the straight line 4B be divided into five equal 
| nee — — — Qa 
parts by the points C, D, E, F: Then, AF: +. AE | 
IB. 
For since (up.) EF- FB; 
4 FE x AF--AE^ = AB? (E. viii. 2.) 
But, since AC = CD = DE = EF, 4FE=AF; 
. AFE x AF. AF,; 
IF AE = AB’. 


Pror. VIII. 

10. PRostEM. Upon a given straight line, as an 
hypotenuse, to describe a right-angled triangle, such 
that the hypotenuse, together with the less of the two ` 
remaining sides, shall be the double * 
those sides. 

Let AB be the given straight line: Upon AB, as 
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an hypotenuse, it is required to describe a right- 
angled triangle, having the less of its two remaining 
sides, together with AB, the double of the third 
side*. 

Divide (Supp. xlix. 1.) 4B into five equal parts in 
the points C, D, E, F; from A as a centre, at the 
distance AF, describe the circle FG, and from B as 
a centre at the distance BD, describe the circle DG 
cutting FG in G; join 4, G and B, G: The 
A AGB is right- angled at G, and 4B+BG is the 
double of 4G. 

For (constr. and Supp. vii. 2.) 

AB’ = AF* + AE 
= AF*4. BD: (constr.) | 
= AG* + BG (constr.and E. def. 15. 1.) 

Wherefore (E. xlviii. 1.) the A AGB is right- 
angled at G: And since (constr.) AB, and BG, 
together contain eight of such equal parts as 4G 
contains four, it is manifest that 4B+-BG is the 
double of AG. . 

Prop. IX. 


ll. Taronzu. In any triangle, the squares of 
the two sides are, together, the double of the squares 
of half the base, and of the straight line joining its 
_ bisection and the opposite angle. 

Let ABC be any triangle, of which BC is the 
base, and AE the straight line joining the vertex 4, 
and the bisection E of the base: Then, 

AB’ + AC =2 AÈ +2 EB’. 


* That is, “ Upon a given straight line, as an hypotenuse, to 
describe a right-angled triangle, the sides of which shall be 
arithmetic proportionals.” 
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For from 4 draw (E. xii. 1.) AD perpendicular to 
BC, and first let AD fall within the base BC. 


A 


E D C y 

Then, BD’ + DC -2DE 2 EB". (E. ix. 2.) 

Add to these equals 2 4D*. | 

^ BD: + DC +2 AD’ 2AD*--2 DE! - 3 EB. 

i. e. 4B'-- AC*-24E^--2EB'. (E. xlviii. 1.) 

And, if the perpendicular 4D fall without the 
base BC, the proposition may, in like manner, be 
deduced from E. xlvii. 1, and E. x. 2. 


Prop. X. 


12. Turorem. The squares of the sides of any 
parallelogram are, together, equal to the squares of 
tts diameters taken together. 


Let ACBD be a parallelogram, of which 4B and 


CD are the diameters: 4C*+CB*+ BD+ DA = 
AB’ + CD. | 
l For (Supp. xlii. 1.) 4B and CD bisect one another 
in : | 
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^ 40 CB BD+ DA= 2 AF + 2DE 4 
2 BE +2 DE* (Supp. ix. 2.) = AB + CD 
(E. iv. 2, and Supp. xlii. 1.) 


Prop. XI. 


]3. '"THEonzM. Jf either diameter of a parallelo- 
gram be equal to one of the sides about the opposite 
angle of the figure, its square shall be less than the 
square of the other diameter, by twice the square of 
the other side about that opposite angle. 

Let the diameter 4B of the CJ ACBD be equal 


A. 


B 


to one of the sides, as 4C, about the opposite < ACB; 
and let CD be the other diameter: Then CP = 
AB’ 4-2 CH. 
For, CD* + AB*=2 AC*+ 2CB* (Supp. x. 2, and 
E. xxxiv. 1.) 
Fróm these equals take 4B? which (hyp.) is equal 
to ÁC?; and there remains, 
CI» = AC? +2 Ch: 
i.e. CI» = AB 3CB*: 
Wherefore 4B? is less than CD* by 2 CB’. 


Pror. XII. 


14. Tueorem. If two sides of a trapezium be 
parallel to each other, the squares of its diagonals. 
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are, together, equal to the aggregate of the squares 
of its two sides, which are not parallel, and of twice 
the rectangle of its parallel sides. 


Let ABCD be a trapezium, having the side 4D 


E — FE 


B C 


parallel to the side BC, and let AC and BD be its 
diameters: Then, 
AC? + BD? = AB + DC* AD BC. 

From B and C, the extremities of BC, the greater 
of the two parallel sides, draw (E. xii. 1.) BE and 
CF, each perpendicular to 4D; therefore (Ayp. 
and E. xxviii. 1.) the figure EBFC is a parallelogram, - 
and (E. xxxiv. 1.) EF- BC. 

First, let both the perpendiculars BE and CF fall 
without 4D, so that. both of them meet AD pro- 
duced. 

^ AC DO AD +2 AD x pid 

(E. xii. 2.) 
and BD? = AB + AD' 24D x AE 

. AC + BD = AB + DC*-- 24D" 4 24D x AE 

4-24D x DF. 

But 24D°+2AD x AE+2 AD x DF=2 AD x 
EF (E. i. 2.) 

^ AC+BD = AB + DC* -24D x EF: 
. AC?--BID? — AB*-- DC*--2 AD x BC; 
because, as hath been shewn, ER = BC. 

Aud, in like manner, may the proposition be de- 
monstrated, by the help of E. xiii. 2. if one of the 
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perpendiculars drewn from B, C, fall within 4D the 
less of the two parallel sides. 


Prop. XIII. 


15. Tarorem. The square of the base of an 
isosceles triangle is the double of the rectangle con- 
tained by either side, and by the straight line inter- 
cepted between the perpendicular, let fall upon it 
from the opposite angle, and the extremity of the 
base. | 

If the vertical angle of the isosceles triangle be a 
right angle, the proof of the proposition is manifestly 
deducible from E. xlvii. 1. 

But let ABC, be an isosceles triangle, having its 


A. 


€ 


vertical angle 4, not a right angle: First, let 4 be 
an acute angle, and let BD be the perpendicular 
drawn from B to the opposite side AC: 
Then, BC? = 2 AC x CD. 
For, since BD is perpendicular to 4C, 
therefore (E. xiii. 2.) 
^ AB) +2 ACx CD=AC*+ BC. 
From these equals take away the equal squares 
(hyp.) AB? and AC’, and there remains BC =2 AC 
x CD. 
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Secondly, if the 7 4 be obtuse, the proposition is 
manifestly deducible from E. xii. 2. and E. i. 2. 


Prop. XIV. 


16. Treorem. If from any point, in the circum- 
ference of the greater of two given concentric circles, 
two straight lines be drawn to the extremities of any 
diameter of the less, their squares shall be, together, 
the double of the squares of the two semi-diameters 
of the two given circles. 


Let ACB, PDE, be two circles having a common 
centre K: and from any point P, in the circumfer- 


ence of the greater, let P4, PB, be drawn to the 
extremities 4 and B, of any diameter AKB, of the 
less circle: Then PA + PB'=2K4'+2KP*, KA 
being a semi-diameter of the less, and KP a semi- 
diameter of the greater circle. 

From P draw (E. xii. 1.) PF perpendicular to 
AB; and, first, let PF fall without AB. And, be- 
cause PF is perpendicular to 4B, 
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*. PB+aBK x KF- KP?-- KB* (E. xiii. 2.) 
also, PA = KP* +KA°+2KA x KF; 
wherefore, since (E. xv. Def. 1.) KB= KA, if to 
the two former equals, the two latter be added, and 
if the equal rectangles, 2 BK x KF, and 2 K 4xKF, 
be taken from the equal aggregates, it is manifest that 
P£4+PB=2K44+2KP". | 
And, in like manner, the proposition may be de- 
monstrated, when the perpendicular PF falls within 
AB, the diameter of the lesser circle. 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 
PART I 
BOOK III. 


Pror. I. 


1. TnronEM. If two circles cut each other, the 
straight line joining their two points of intersection 
is bisected, at right angles, by the straight line 
Joining their centres. 

Let the circle ABC, of which the centre is K, 


and the circle ADC, of which the centre is L, cut 
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one another in the points A, C; and let K, L, and 
A, C be joined: AC is bisected, at right angles, in 
E, by KL. 

For, join K, A, and K, C, and L, 4, and L, C: 
And since (E. Def. 15. 1.) KA=KC and LA=LC, 
and that KL is common to the two As KAL, KCL, 


therefore (E. viii. 1.) the Z24KL- ¿ CKL. Again, 


since AK = CK, and that KE is common to the two 
AS AEK, CEK, and, as hath been shewn, the 
4 AKE= + CKE ; therefore (E. iv. 1.) 4E=CE, 
and the ^ 4EK = CEK, so that (E. Def. 10. 1.) 
each of these angles is a right angle. . Wherefore, 
KL bisects AC at right angles. 

2. Cor. Hence, if a trapezium have two of its 
adjacent sides equal to one another, and also its two 
remaining sides equal to one another, its diameters 
cut each other at right angles, and that which is the 
common base of two isosceles triangles is bisected by 
the other. | l 
| Prop. II. 

3. Prositem. Through a gwen point within a 
circle, which is not the centre, to draw a chord which 
shall be bisected in that point. 


Let A be a given point within the circle BCD: 
B 


It is required to draw, through 4, a chord of the 
circle BCD, which shall be bisected in the point 4. 
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Find (E.i. 3.) the centre K of the circle BCD; 
join 4, K; draw (E. xi. 1.) through A, the chord 
BAC perpendicular to KA: Then i is BC "v 
in the given point 4. 

For (constr. KA, which is drawn through the 
centre K, cuts BC at right HES in Æ; therefore 
(E. iii. 3.) BA = AC. 


Prop. III. 


4. Tueonem. If two isosceles triangles be of 
equal altitudes, and the side of one be equal to the 
side of the other, their bases shall be equal. 


Let BKC, DKE be two isosceles triangles, having 


either of the equal sides, as BK, of the one, equal 
to either of the equal sides, as DK, of the. other, 
and having, also, their altitudes, that is, the perpen- 
diculars drawn from the vertex to the base in each, 
equal to one another: The base BC is equal, also,- 
to the base DE. 

For the triangles being supposed to be so placed: 
as to have their summits in the same point K, if they 
wholly coincide, it is manifest, that BC= DE; And, 
if they do not coincide, since (p.) KB- KD- KE 
z KC, a circle described from, the centre K, at the 

H 


t. 
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distance KB, will pass through D, E, and C. From 
K as a centre, describe, therefore, the circle BDEC; 
and since (Ayp.) the perpendicular KA is equal to 
the perpendicular KL, .. (E. xiv. 3.) BC= DE. 


Prop. IV. 


5. Turorem. Any two chords of a circle, which . 
cut a diameter in the same point, and at equal 
angles, are equal to one another. 


Let any two chords AB, CD of the circle 4DBC 


cut a diameter EF in the same point G, and make 
with it the 4 AGE = z CGE: Then 4B= CD. 
For, from K, the centre of the circle, draw 
(E. xii. 1.) KL perpendicular to 4B, and KM per- 
pendicular to CD. And since (hyp. and E. xv. 1.) 
the z LGK = 2 MGK, and (comstr.) the angles at 
Land M are right angles, and that KG is common 
two the two as KEG, KMG, therefore (E. xxvi. 1.) 
KL = KM; therefore (E. xiv. 3.) BC DPD. 


| Prop. V. ; 
- 6. Promem. Through a given point, within a 
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given circle, to draw two equal chords, making with 
one another an angle equal to a given rectilineal 
angle. 


Let G be a point in the circle ADBC, and 


» - 


L 


AHY a rectilineal angle: It is required to draw 
through G two equal chords of the circle 4DBC, 
which shall make with one another an angle = 
4 AHF. 

Find the, centre K. (E. i. 3.) of the circle 4DBC, 
and join K, G; bisect (E. ix. 1.) the 2 XH by 
ZH; atthe point G, in KG, make (E. xxiii. 1.) the 
<s KGB, XG each equal to the 2 ZHX or ZHY, 
and produce BG and DG to meet the circumference 
in A and C respectively. 

Then (constr.) the whole z BGD= z XHY; and 
since (constr.) the KGB. AGD; therefore 
(Supp. iv. 3.) AB — CD. 


Pror. VI. 


7. Tueorem. 4f the diameters of two circles are 
in the same straight line, and have a common ex- 
tremity, the two circles shall touch one another. 

H 2 
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For since (Ayp.) the two diameters are in the 
same straight line, it is menifest that a straight line 
drawn, from their common extremity, perpendicular 
to either of them will be perpendicular to the other, 
and therefore (E. xvi. 3. Cor.) will touch both the 
circles: ‘The circles, therefore, (E. iii. Def. 3.) will 
touch one another: For it is plain that they cannot 
cut one another without also cutting the straight line 
that has been shewn to be their common tangent ; 
which is impossible. 


Prop. VII. 


8. Prostem. Three points being given in the 
circumference of a circle, and the middle point being 
equidistant from the other two, to describe two equal 
circles; which shall touch each other in the middle 
point, and which shall pass the one through one of 
the extreme points, and the other through the other 
extreme point. ! 


Let 4, B, C, be three points in the circum- 


ference of the circle ABC, and let the middle 
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point, B, be equidistant from 4 and C: It is re- 
quired to describe two equal circles, the oné passing 
through 4 and the other through C, which shail 
touch one another in B. 

Join A, B, and B, C; find (E. i. 3.) ‘the centre K 
of the circle; from K draw (E. xii. 1.) KD per- 
pendicular to 4B, and KE to BC; join K, B; and 
through B draw (E. xi. 1.) FBG perpendicular to 
. KB meeting KD and KE, produced in F and G 
respectively. 

Then since (%.) AB = BC, therefore (E. xiv. 3.) 
KD-KE;and KB is common to the two As KDB 
and KEB, and (hyp. constr. and E. iii. 3.) the side 
DB =the side EB; "m (E. viii. 1.) the z DKB 
= 4 BKB. 

And, since KB is common to the two As KBF, 
KBG, and the 2 FKB= 2 GKB, and (constr.) the 
4KBF= 2 KBG, therefore (E. xxvi. 1. FB GB. 
If, therefore, from F and G, as centres, at the equal 
distances FB, GB, two equal circles be described, 
they will pass (constr. and Supp. iii. 1. Cor. 2.) the 
one through A, and the other through C, and 
(Supp. vi. 3.) they will touch one another in the, 
point B. 


Pror. VIII. 


9. Prostem. To draw a tangent to a circle, 
which shall be parallel to a pe finite straight 
line. 


Let ABC be a circle, and X Ya straight line: 
lt is required to draw a straight line which shall 
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touch the circle ABC, and which shall be parallel 
to XY. 


Find (E. i. 3.) the centre K of the circle ABC; 
from K draw (E. xii. 1.) the diameter AKC perpen- 
dicular to XY; and from either of the extremities, 
as C, of AC draw (E. xi. I.) ZCW perpendicular 
to 4C. B 

Then since ZWC is perpendicular to AC, at its 
extremity C, it touches (E. xvi. 3. Cor.) the circle 
ABC: And since (constr.) the two ¿s ADC, DCZ 
are two right angles, therefore (E. xxviii. 1.) ZW is 
parallel to X Y. 

10. Cor. Hence a tangent may be drawn to a 
circle which shall make with a given straight line an 
angle equal to a given rectilineal angle. 

For let it be required to draw a tangent to the 
circle 4BC, which shall make with a given straight 
line VIF an angle equal to a given angle: Take any 
point F in V, and at thé point Y, in VP, make 
(E. xxiii. 1.) the zV YX equal to the given angle : 
If, then, the tangent ZW be drawn (Supp. viii. 3.) 
parallel to Y X, it will make (E. xxix. 1.) the ZH 
AI, which is equal to the given angle. 
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Pror. IX. 


II. Proprenm. . The firmo ef a circle having 
been produced to a given point, to find in the part 
produced, n point from which, if a tangent be drawn 
to the circle, it shall be equal to the segment of the 
part produced, that is between the given point. and 
the point found. | 

Let the diameter 4B of the dice ABC be pro- 
duced to the given point D: It is required to find 
in BD a point from which if a tangent be drawn to 
the circle, it shall be equal to the part of BD which 
is between that point and D. 

Find the centre K of the circle ABC; from K 
draw (E. xi. 1.) KC perpendicular to 4B; join D, 


C, and let DC meet the circumference in E; join 
K, E; from E draw EF perpendicular to KE and 
let EF meet BD in F: Then is F the point 
which was to be found. 
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For (E. xiii. 1.) the ^s KEC, KEF, FED are to- 
gether equal to two right angles; as are, also, 
(E. xxxii. 1.) the three 2s DCK, CKD, and KDC, 
of the a DKC: But since (E. xv. Def. 1.) KE. KC; 
therefore (E. v. 1.) the .KEC= c.KCE; and 
(constr.) the ^s KEF, CKD are equal, each of 
them being a right angle; therefore the remaining 
c FED is equal to the remaining KDC or FDE: 
therefore (E. vi. 1.) EE = FD; and since (constr.) 
EF is perpendicular to the semi-diameter KE, at its 
extremity E, therefore (E. xvi. 3. " FE touches the 
circle ABC. c. k. v. 


Pror. X. 


12. PROBLEM. To describe a circle which shall 
have a given semi-diameter and its centre in a gtoen 
straight line, and shall also touch another straight 
line, inclined at a given angle to the former. 

Let 4X and AY be two straight lines in- 


X D A 


L 


clined to one another at a given angle; and let L 
be.a finite straight line: It is required to de- 
seribe a circle, which shall have its centre in A, 
and its semi-diameter equal to L, and which shall 
touch AX. 
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From the point 4, in AA, draw (E. xi. 1.) 4B 
perpendicular to 4X, and make 4B=L; through 
B draw (E.xxxi. 1.) BC parallel to 4X, and through 
C draw CD parallel to AB: Wherefore, DB is a 
parallelogram; therefore (E. xxxiv. 1.) DC AB; 
and since (constr.) the BA is a right angle; 
therefore (E. xxix. 1.) the 2 4DC is also a right 
angle: It is manifest, therefore, that a circle de- 
scribed from C as a centre, at the distance CD, will 
(E. xvi. 3. Cor.) touch AX; and its semi-diameter 
CD has been shewn to be equal to 4B, which 
was made equal to the given straight line L. C. K r. 


Prop. XI. | 
13. PRonBLEM. To describe a circle, the circum- 
ference of which shall pass through a given point, 
and touch a given straight line in another given 
Point. 


Let B be a point in the straight line XY, and 


let 4 be any other point, without that line: It 

is required to describe a eircle the circumference of 

which shall pass through A and touch XF in B. 
From B draw (E. xi. 1.) BC perpendicular to 


106 SUPPLEMENT TO EUCLID'S ELEMENTS. 


XY; join A, B; bisect (E. x. 1.) 4B in D, and 
from D draw DK perpendicular to AB; therefore 
(Supp. iii: 1. Cor. 2:) K is equidistant from 4 and 
B: It is manifest, therefore, that the circumference 
of a circle described from K as a centre, at the dis- 
tance KB will pass through A; and since BY 
(constr.) is perpendicular to KB, the circle so de- 
scribed will (E. xvi. 3. Cor.) touch XY in B. 


| Prop. XII. 

14. PnonLEM. To describe a circle, the circum- 
ference of which shall pass through a given point, 
and touch a given circle in another given point; 
the two points not lying in a tangent to the circle. 


Let B be a point in the circle 4B, and C any 


other point, which is not in a tangent to the circle 
at B: It is required to describe a circle, the cir- 
cumference of which shall pass through C and touch 
the circle 4B in B. 

Find (E.i.3.) the centre K of the circle 4B; 
join C, B and K, B; bisect (E. x. 1.) CB in E; 
draw (E.xi.1.) ED perpendicular to CB, and let 
ED meet KB, produced if necessary, in D: 'Then, 
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since (Supp. iii..1. Cor. 2.) the point D is equidistant 
from B and C, the circumference of a circle de- 
scribed from D as a centre, at the distance DB, will 
pass through C, and (Supp. vi. 3.) it will ji the 


circle AB in B. 
Pror. XIII. 


15. ProsLem. To describe a circle, which shall 
touch a given straight line in a given point, and 
also touch a given circle. 


Let AB be a circle, and Jet C be a point in the 


straight line AF: It is required to describe a circle 
which shall touch XY in C, and ‘which shall also 
touch the circle 4B. : 


Through C draw (E.xi. 1.) ECD perpendicular 
to XY; find (E. i. 3.) the centre K of the circle 4B, 
and draw any semi-diameter of it at K4; make 
(E. iii. 1.) CE KA, and join E, K; at the point 
K, in EK, make (E. xxiii. 1.) the z EKD = Z KED, 
and let KD meet ECD in D: Then, since (constr.) 
the  DEK= ^ DKE, therefore (E. vi.1.) DE DK; 
and CE — BK, for CE was made equal to KA, and 
(E. xv. Def. 1) KA=KB; therefore, the remainder . 
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DC is equal to the remainder DB; therefore, a 
circle described from D, as a centre, at the distanee 
DC, will pass through B; and (E. xvi. 3. Cof. and 
constr.) it will touch XF in C, and (Supp. vi. 3.) it 
will also touch the circle AB in B. 

16. Con. It is manifest that, in the same manner, 
a circle may be described which shall touch a given. 
. circle in a given point, and which shall, also, touch 
another given circle. 

For, if a straight line be drawn at right angles 
to the diameter of the given circle that passes 
through the given point, then the solution of this 
latter problem is, evidently, reduced to that of the 
former. ! 


Prop. XIV. 
17. PRoBLEM. To describe two circles, each having 
a given semi-diameter, which shall touch the same 
given, straight line, both on the same side of it, and 
shall also touch each other. 
Let XY be a straight line, of indefinite 
length: lt is required to describe two circles, each 


having a given semi-diameter, which shall touch XF, 
` and also touch one another. 
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Take any point 4 in XF; through 4 draw (E. 


xi. 1.) CB perpendicular to XY, and make AB equal 


to the given semi-diameter of one of the circles, and 
AC equal to the given semi-diameter of the other; 
from B, as a centre, at the distance BA describe 
the circle A; from AB, produced, if necessary, 
cut off (E. iii. 1.) 4D = 4C; through D draw 
(E. xxxi. 1.) DZ parallel to XF; from B as a centre, 
at the distance BC describe a circle, and let its 
circumference cut DZ in K; through K draw KE 
parallel to AD, and join K, B; therefore the figure 
AEKD is a parallelogram, and (E. xxxiv. 1.) KE= 
DA or AC; also (constr. and E. xv. Def. 1.) BC= 
BK; and BA-— BF; therefore the remainder 4C= 
the remainder FK, and it has been shewn that 
AC=KE; .. KE=KF; therefore, a circle de- 
scribed from K as a centre, at the distance KE, will 
pass through F and (Supp. vi. 3.) will touch the 
circle AF, which circle (constr. and E. xvi. 3. Cor.) 
touches XY; and since (constr.) the & DAE is a 
right angle, and that KE was drawn parallel to DA, 
therefore (E.xxix. 1.) the MEA is a right angle; 
therefore (E. xvi. 3. Cor.) the circle EF, also, touches 
XY; and its semi-diameter KE has been shewn to 
be equal to 4D, which was made equal to the given 
semi-diameter. O. E. r. | 


Pror. XV. 


18. Prosrem. To describe two equal circles, each 
having its diameter equal to a given straight line, 


each touching a given circle, and each also passing: 


through a given point without that circle: The given 
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straight line being greater than the shortest distance, 
between the given point and the circumference of the 
given circle. 

Let 4BG be a cirde, C a point without it, 


and LM a given straight line greater than the 
shortest distance between C and the circumference 
of ABG: It is required to describe two equal 
circles, each having its diameter equal to LM, 
each of them, touching 4BG and each. passing 
through C. 

Bisect (E. x. 1.) LM in N; take any point 4 in 


ABG; find (E. i. 3.) the centre K of 4BG, and 
join K, A; produce KA to D and make AD NL 
or NM; from A as a centre, at the distance KD, 
describe the circle DEF, and from the centre C at 
a distance equal to NL or NM, describe the circle 


EF and let ÉF cut DEF in the points E, and F; 
join- E, K, and F, K, and let EK and FK meet 
ABG in the points B and G; join, also, C, E and 
C, F. 
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Then, it is, manifest, (from the constr. and E. xv. 
Def. 1.) that EB, EC, FC and FG are each of them 
equal to LN, the half of the given straight line LM; 
therefore, the two equal circles described from the 
centres E and F, at the equal distances EC and 
FC, will each of chem have its diameter equal to 
LM, will each of them pass through the given point 
C, and (Supp. vi. 3.) will touch the given.circle 4BG 
in B and G. 

]9. Cor. In the same manner two equal circles 
may be described, each of them touching two given 
concentric circles, and each passing through a given 
point situated between the circumferences of those 
two given circles. 


Pror. XVI. 


20. PRoBLEM. To find a point in the diameter, 
produced, of a given circle, from which, if a tangent 
be drawn to the circle, it shall be equal to a given 
straight line. 


Let AB be a diameter of the given circle 4BC, 


and let L be a finite straight line: It is 
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required to find a point in 4B, produced, from 
which ifa tangent be drawn to the circle ABC, it 
shall be equal to L. ds 
Produce AB, towards X; and from B draw (E. 
xi. 1.) BD perpendicular to 4B and make BD—L; : 
find (E. i. 3.) the -centre K of the circle ABC, and 


join K, D; let KD cut ABC in C; from KX cut 
off (E. iii. 1.) KE= KD: Then is E the point which 
was to be found. | 

For, join E, C: And since (constr. and E. xv- 
Def. 1.) the two sides DK, KB, are equal to the 
two sides EK, KC, and that the ^ K js common to 
the two ^s DBK, ECK, therefore (E. iv. I.) EC— 
BD and the zECK= DBK; but (constr.) BD= 
L, and the . DBK is a right angle; therefore EC= 
L, and the ECK is a right angle; therefore (E. xvi. 
1. Cor.) EC is a tangent to the circle ABC. 


Pror. XVII. 


21. Turonem. If the straight line, drawn from 
a point in the produced diameter of a circle to the 
convex circumference be equal to the half of the 
diameter, the angle at the centre, subtended by the 
concave circumference included between the diameter 
and the line so drawn, is the triple of the angle, at 
the centre, subtended by the convex circumference 
included between the same two lines. 


Let CDE be a circle, of which K is the 
centre, and CDB, a produced diameter ; and let AE, 
which touches the circumference in E, or BF, a 
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part of BFG, which cuts it, be- equal to the semi- 


diameter of the circle: Then K, E, and K, F, and 
K, G, having been joined, the < EKC=32 EKD; 
and the  GKC 534 FKD. `. 

For, first, since AE touches the circle, the z4EK 
(E. xviii.-3.) is a right angle; therefore (E. xxxii. 1.) 
the (EAR YT < EKA= 2 KEA; and (hyp.) E4-EK; 
therefore (E. v. 1.) the zE4K = EAA; therefore 
the z KEA4—27 EKA; but (E. xxxii. 1.) the zEKC 
=4KE4+ EKA; therefore the . EKC-3 7 EKA. 

Secondly, since (hyp. and E. v. I.) the <FBK= 
FK B, and (E. xxxii. 1.) the GFK = FHB 
+ FBK, therefore the z GFK—2; FKB: But (E. xv. 
Def. 1.) KF. KG; therefore the < KFG = cKGF; 
therefore the z KGF=2 2 FKD; and (E. xxxii. 1.) 
the GRC = 4 KGB + z GBK = z:KGF-- ¿ FKD; 
therefore the GAC 3 z FKD. 

22. Cor. Hence, if-a straight line could be drawn 
from any point in' the curve of a semi-circle, to meet 
the diameter produced, so that the part of the line 
without the curve should be equal to the semi- 
diameter, any angle might be trisected. 
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For, let GKC be any given angle; from K as 
a centre, at any distance KC, describe the circle 
CGD, and produce the diameter CD: "Then, if 
from G, GFB could be drawn to meet CD produced 
in B, so that the part of it, FB, without the circle, 
should be equal to the semi-diameter KC, it is mani- 
fest from the proposition, that the < GBC is the 
third part of the < GKC: If, therefore, at the point 
K in CK, the CMA were made (E. xxiii. 1.) equal 
to the < CBG, and if, also, at the point K in HK the 
Z HKI were made equal to the same z CBG, it is 
plain that the given z GKC would thereby be di- 
vided into three equal parts. 


Prop. XVIII. 


23. Prostem. Through a- given point, either 
within, or without a given circle, to draw a straight 
line; so that the-paré of it within the circle shall be 
equal to a given finite straight line, which is not 
. greater than the diameter. 


Let 4 be the given point, and L the given finite 
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straight line, not greater than the diameter of FBC 
the given circle: It it required. to draw through Aa 
straight line cutting FBC, so that the part of it 
within the circle. shall be equal to L. 

Find (E. i. 3.) the centre K of the given circle; 
and if L be equal to its diameter, let 4, K be joined, 
and it is manifest that 4K produced will be the 
straight line which was to be drawn. 

But if L be less than the diameter, take any point 
B in FGBC; from B as a centre, at a distance 
equal to L, describe a circle cutting FGBC in C 
and join B, C; therefore (E. xv. Def. 1.) BC=L 
From A draw (E. xii. 1.) KD perpendicular to BC; 
from the centre K at the distance KD, describe the 
circle ED ; from the point 4 draw (E. xvii: 3.) AE 
touching the circle ED in E, and let 4E, produced, 
meet the circumference in F and G: Then FG=L. 

For (E. xv. Def. 1.) KE- KD, and since 4E 
touches the circle ED in E, the 2 4EK is (E. xviii. 
3.) a right angle, as is also (constr.) the z KDB; 
therefore (E. xiv. 3.) FG=CB; buh CB: was made 
equal to L:. FG=L. 


Prop. XIX. 


24. Turonem. If, from any two points: in the 
circumference of the greater of two.given congentri¢ 
circles, two straight lines be drawn so. as, to. touck 
the less circle, they shall be equal to one another, .. 


Let F. G, be any two points in the cireumference 
EFG of the greater of two circles, EFG, ABC, 
which have a common centre K: Two straight lines 

12 
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drawn from F and G so as to touch the less circle 
ABC shall be equal to one another. 


For, draw (E. xvii. 3.) from F and G, FC and GB 
touching ABC in C and B respectively; and join 
K, Cand K, F and K, G and K, B; therefore (E. 
xviii. 3.) the 48s KCF and KBG are right angles; 
therefore (E. xlvii. 1.) 
KF! = KC + CF f., 
and KG* = KB’ + BG’: | 

But (E. xv. Def. 1.) KF. KG, and KC= KB; there- 
fore KC*+ CF = KB'-- BG*; take away the equal 
squares, KC, and AB’, and there remains CF” = 
BG’; .. CF= BG. 

25, Con. 1. In the same manner it may be shewn, 
that if two straight lines be drawn from any the same 
point so as to touch a given circle, they shall be 
equal to one another; and therefore, (E. viii. 1.) 
the straight line joining that point and the ceritre, 
bisects the angle contained by the two * tan- 
gents. 

26. Con. 2. If two circles touch one another and 
also touch a given straight line, which does not pass 
through their common point of contact, a straight 
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line that touches both the circles in their common 
point of contact shall bisect that other tangent 
straight line. «© | ; 


' Pror. XX. 

27. Tueorem. If a quadrilateral rectilineal figure 
be described about a circle, the angles subtended, 
at the centre of the circle, by any two opposite sides 
of the figure, are, together, equal to two right 
angles. | 

Let the quadrilateral figure 4BCD be described 


C 


about the circle EFLM, of which the centre is X; 
the angles subtended at K, by the two opposite sides 
AD, BC, or by AB, DC, are together, equal to two 
right angles. QU 

For join K, 4, and K, B, and K, C, and K, D: 
Then, because (E. xxxii. 1. Cor.) the four interior 
es A, B, C, D, of the figure ABCD, are equal to 
four right angles, and that (Supp. xix. 3. Cor. 1.) they 
are bisected by K4, KB, KC and KD, respectively, 
therefore the zs KAD, KDA, KBC, KCB are, 
together, equal to two right angles; but (E. xxxii. 1.) 


* 
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these angles, together with the J. s AKD, BKC, 
being all the angles of the two As 4KD, BKC, are 
equal to four right angles; therefore the 4s AK D, 
BKC, are, together, equal to two right angles ; 
therefore (E. xv. 1. Cor. 2.) the Zs AKB, DKC, 
are, also, Laken together, equal to two right angles. 


28. Cor. If two of the sides as 4D, BC, of the 
quadrilateral figure 'deseribed about the circle EFL, 
touch the circle at the extremities of a diameter, the 
angles subtended at the centre K, by each of the two 
remaining sides, shall be right angles. 

For then since (E. xviii. 3. and E. xxviii. 1.) 4D 
is parallel to BC; therefore (E. xxix. 1.) the Z 2 
+ 4 ABL = two right angles; and (Supp. xix. 
Cor. 1.) the 4 EAB is double of the Z BAK; in 
the same manner the Z ABL may be shewn to be 
double of the Z 4BK; but it has been proved that 
the L EAB+ E ABL=two right angles; therefore 
the LKAB + 2 KBA=arightangle; ~. (E. xxxii. 1.) 
the Z AKB isa right angle: But (Supp. xx. 3.) the 
z AKB+ < DKC=two right angles; therefore the 
DIC is, also, a right angle. 


. Pror. XXI. 


99, Turorem. If two given straight lines touch 
a circle, and if any number of other tangents be drawn, 
all on the same side of the centre, and all terminated 
by the two griven tangents, the angles which they sub- 
tend, at the centre of the circle, shall be equal to one 
another. 


Let the two straight lines 4H, DC touch the 
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circle 'EFLM, ‘and let BC and GH be any other 


tangents of the circle, both on the same side of the 
centre K, and hoth terminated by 4H and DC: | 
Then BC and GH subtend equal angles at the 
centre. 

For draw (E. xvii. 3.) any other tangent to the 
circle, on the contrary side of the centre, as DEA, 
terminated in 4 and D, by 4H and DC; and draw 
KA, KB, KH, and KC, KG and KD: And be- 
cause ABCD, AHGD, are quadrilateral figures de- 
scribed about the circle, therefore (Supp. xx. 3.) the 
4 AKD + 42 BKC = two right angles; and, the 
4 AKD + z HKG = two right angles; therefore 
the < BKC= HRG; i.e. the angle subtended at 
the centre by the tangent BC is equal to the angie 
subtended at the centre by the tangent HG. 

30. Cor. The two segments, which any two 
tangents, so drawn, cut off from the two given tan- 
gents, also subtend equal angles, at the centre of the 
circle. 

Let BH and GC be the segments cut off from ‘the 
tangents AH and DC, by the two tangents BC and 
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GH: They subtend equal ^s BKH, GKC at the 
centre K. 

For it has been shewn thatthe < BKC= 2 HKG; 
from these equals take away the common < HKC, 
and there remains the BAH . GKC. 


Prop. XXII. 


31. PRoBLEM. To draw a tangent to a given 
circle, such that its segment, contained between the 
point of contact, and an indefinite straight line, given 
in position, shall be equal to a given finite straight 
line. 


Let ABC be the given circle, L a finite straight 


line, and XY an indefinite straight line given in 
position: It is required to draw a tangent to 4BC 
so that its segment between the point. of contact 
and XY shall be equal to L. ! | 
Find the centre K (E. i. 3.) of the given circle, 
and take any diameter of it, as AK D; in 4D pro- 
duced find (Supp. xvi. 3.) a point E from which if a 
tangent be drawn to the given circle 4BC it shall 
be equal to L; from K asa centre, at the distance 
KE, describe the circle EFG, and let it meet, or 
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cut, IF in F; from F draw (E. xvii. 3.) FC to touch 
the circle ABC in C: And since (Supp. xix. 3.) 
FC is equal to the tangent which can be drawn from 
E, and which (constr.) is itself equal to L, it is 
manifest that CF= L; i. e. the segment of the tan- 
gent between the point of contact C and XY is 
equal to the given straight line L. 


Pror. XXIII. 


32. Theorem. Jf a straight line touch the in- 
tertor of two concentric circles, and be terminated 
both ways by the circumference of the outer circle, 
it shall be bisected in the point of contact. 


Let GBC, EDH be two circles having a common 


NOY 


centre K, and let BC touch the interior circle EDH 
in D: Then is BC bisected in D. 


For join A, D: And, because BC touches EDH 
in D, the 2s KDC, KDB (E. xviii. 3.) are right 
angles; therefore (E. iii. 3.) BC is bisected in D. 


Prop. XXIV. 


33. Turorem. Ifa polygon be described about a 
circle, the straight lines joining the several points of 
contact will contain a polygon of the same number of 
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angles as the former ; and any iwo adjacent angles 
of the ciroumscribæad figure shall be, together, the 
double of that angle, of the inscribed figure, which 
lies between them. 

Let the sides of the polygon 4FGHB touch the 


G H 


circle CLMED, in the several points C, L, M, E 
and D, and let these points be joined: Then it is 
manifest, that the polygon DCLME has the same 
number of angles as 4FGHB; and, further, any 
two adjacent <s 4 and B of the polygon AFGHB, 
are, together, the double of the intermediate ^ CDE, 
of the inscribed figure. 

For, find (E. i. 3.) the centre K of the circle 
DCLME, and join K, Cand K, Dand K, E: The 
four interior angles of the quadrilateral figure 4CK D 
are (E. xxxii. 1. Cor. I.) equal to four right angles; 
and: (hyp. and E. xviii. 3.) the ^s ACK and ADK 
are right angles; therefore the < DAC+ ; CKD is 
equal to two right angles, as are also (E. xxxii. 1.) 
the three angles of the isosceles 4 CKD; . ; DAC 
+ < CKD =+ DCK +2 CKD + : KDC; take 
away the common „CK D, and there remains the 
£ DAC equal to the two ^s DCK, KDC, or to the 
double of the <: KDC; because (E. xv. Def. 1. and 
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v. I.) the < DCK = ADC: And, in the same 
manner, it may be shewn that the < B is the double 
of the 2 KDE; therefore the 2 4+.¢ B is the 
double of the whole < CDE. 


Prop. XXV. 


34. Turorem. If from any given point, in the 
circumference of a circle, two straight lines be drawn 
to the extremities of a given chord, the angle which 
the one makes with any perpendicular to the chord, 
Shall be equal to the angle which the other makes 
with the diameter of the circle that passes through 
the given point. 


Let C be a point in the circumference of the 


circle ABFC; let AB be a chord; let C, A and 
C, B be joined; let -K be the centre of the circle, 
and CKF a diameter passing through C; and let KD, 
drawn perpendicular to 4B, meet CB in G, and CA, 
produced, in E: Then, the ^ KEC BCF, and 
the EGB — ECF. 

For (E. xxxii. 1.) 2 AEK + 2 AKE =< CAK: 

But (de onttr. of E. iii. 3. and constr.) 

the < AKE zi ANR; 
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And (E. xx. 3.) the < ACB < AKB; 
^. 4 ACB =( AKE. 
Also (E. xv. Def. 1. and E. v. 1.) 
4 CAK < ACK; 
. 4 AEK+ 2 ACB= z ACK. 
Take from both the z 4CB and there remains 
4 AEK or KEC= BCF. 
Again (E. xxxii. 1.) the 
z EGB = ECG ; CEG: 
And it has been shewn that the 2 CEG = + BOF; 
. 4 EGB- ; ECB + « BCF, 
i. e. A EGB - ECF. 


Pror. XXVI. 


35. Turorem. The perpendiculars let fall from 
the three angles of any triangle upon the opposite 
sides, intersect each other in the same point. 


Let ABC be a triangle; the perpendiculars let fall 


from the three 2s A, B, C, on the sides opposite to 
them, intersect each other in the same point. 

For draw (E. xii. 1.) AD perpendicular to BC; 
about the A ABC describe (Supp. v. 1. Cor.) the 
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circle ABC, and produce AD to meet the circum- 
ference in E; from DA, produced if necessary, cut 
off DF= DE; join B, E and C, E; also join B, F 
and C, F; and let BF and CF produced meet AC, 
and 4B, in G and H respectively. 

And since CD is common to the two 4s CDF, 
CDE, and that (constr.) DF. DE, and the ; CDF 
= ZCDE; therefore (E. iv. 1.) the zFCD= ; DCE 
or BCE; but (E. xxi. 3.) the BAE 2 BCE; 
therefore the z BAE or HAE = FCD; and 
(E. xv. 1.) the < AFH, ofthe ^ AHF, is also equal 
to the < DFC, of the ^ CDF; therefore (Supp. 
xxvi. 1.) the 4 AHF. FDC, which (constr.) is a 
right angle; therefore the 2 CHA is a right angle; 
i.e. CFH is perpendicular to 4B; and, in the same 
manner, it may be shewn that BFG is perpendicular 
to AC: Whence it is manifest, that the three per- 
pendiculars cut each other in the common point F; 
for (E. xvii. 1.) there cannot be drawn, from the 
‘same point, two different straight lines both of them 
perpendicular to the same straight line. 

36. Con. The part of any of the three perpen- 
diculars, let fall from the three angles of a triangle, 
on the opposite sides, that is between their. common 
intersection and the circumference of the circle de- 
scribed about the triangle, is bisected by the side to 
which it is perpendicular. i 


Prop. XXVII. 


37. PRoBLEAM. From either of the two given 
points in which two given circles intersect.each other, 
to draw a chord cutting the one circumference, and 
meeting the other, such that the part of it, contained 
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between the two circumferences, shall be equal to a 
given finite straight line. 


Let the two given circles 4BC, ABD, cut one 


another in the points 4 and B, and let L be a given 
finite straight line: From either of the two given 
points, as B, it is required to draw a straight line 
cutting either of the circumferences, as that of ABC, 
and meeting the other circumference, so that the 
part of it contained between the circumferences, 
shall be equal to L. 

Take any point C in the circumference of ABC, 
and any point D in the circumference of ABD; join 
A, B, and A, C, and 4, D, and B, C and B, D; iu 
AB, produced if necessary, take AF=L; at the 
point 4, in AF, make (E. xxiii. 1.) the < FAG — 
< ACB, and at the point F, make the < AFG — 
4 ADB, and let 4G and FG meet in G. In the 
circle ABC place 4H= 4G; join B, H, and pro- 
` duce BH to meet the circumference of ADB in I: 
Then is HIL. 

For, join Æ, 7: And, since (E. xxii. 3.) the 
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£ AHB + < ACB = two right angles; and that 
(E. xiii. 1.) the AHB. z AM Emo right angles; 
therefore the 2 4H] « ACB; but (constr.) the 
4 ACB=z FAG; therefore the AHI= 7 FAG; 
and (constr.) the 2 AFG = £ ADB, which (E. xxi. 3.) 
= £4 AIH: therefore the Z AFG = Z AIB; and 
(constr.) the side AH, of the ^ HAI, is equal to the 
side 4G, of the ^ AGF; therefore (E. xxvi. 1.) 
HI = AF; and (constr) AF = L; ~». HI = L. 
Q.E. v. ; : 
Pror. XXVIII. 
38. 'TnuroREM. If iwo opposite angles of a quad- 
rilateral figure be together equal to two right angles, 
a circle may be described about it. 


Let any two opposite angles as the 2s ABC, 


ADC, of the quadrilateral figure 4BCD, be together 
equal to two right angles: A circle may be de- 
scribed about the trapezium ABCD. 

For, join 4, C; and (Supp. v. 1. Cor.) about the 
4 ABC describe a circle: Its circumference shall 
pass through the point D. If not, let it pass other- 
wise, so that, first, the point D is without the circle 
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ABC, described about the A ABC; take any point 
E in the circumference of the circle and within the 
A ADC; and join A, E and C, E: Then, since 
ABCE is a quadrilateral figure inscribed in a circle 
the Z ABC 4- Z AEC two right angles; and (p.) 
the. ABC + 4DC —tworight angles; therefore the 
£ AEC = z ADC, which (E. xxi. 1.) is absurd. 
'Wherefore the point D is not without the circle 
ABC; and in the same manner it may be shewn that 
the point D is not within the circle 4BC; there- 
fore, the circumference of the circle 4BC passes 
through the point D, and is, therefore, a circle de- 
scribed about the four-sided figure 4BCD. 


Pror. XXIX. 


39. Tueorem. A circle cannot be described about 
a rhombus, nor about any other parallelogram which 
is not rectangular. 


For (E. xxxiv. 1.) the opposite angles of a paral- 
lelogram are equal to one another; and (E. xxii. 3.) 
if a circle could be described about it, the two oppo- 
site angles would, together, be equal to two right 
angles; therefore, since these angles are equal, they 
would be each of them a right angle; but (E. xxxii. 
Def. 1.) the angles of a rhombus, which (E. xxxii. 
Def. 1. and Supp. xviii. 1.) is a parallelogram, are 
not right angles; therefore a circle cannot be de- 
scribed about a rhombus, nor about any other paral- 
lelogram, which has not its opposite angles right 
angles, that is (Supp. xix. 1.) which is not rectan- 
gular. 
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Pror. XXX. 
40. '"TmkonEx.. If from any point, in the circum- — 
JSerence of a given circle, straight lines be drawn to 
the three angles of an inscribed equilateral triangle, 
the greatest of them shall be equal to the aggregate 
of the two less. 


Let the equilateral A ABC be inscribed in the 


circle ADBC, and from any point D in the circum- 
ference, let there be drawn to the three angular 
points A, B, C, the straight lines DA, DB, DC, of 
which DC is the greatest: Then DC DA DB. _ 

From the centre Æ, at the distance AD, describe 
a circle cutting DC in E, and join A, E; therefore 
(E. xv. Def. 1.) 4D . AE; therefore (E. v. 1.) the 
£ ADE= + AED; also (E. xxi. 3.) the 7 ADC or 
ADE= ABC; aud (hyp. and E. v. 1.) the ABC 
= 4 ACB; therefore (Supp. xxvi. 1.) the 7 DAE = 
4 BAC; therefore the a ADE is equiangular ; 
therefore (E. vi. 1.) AD= DE. 

Again, since (E. xxii. 3.) the 2 ACB + 4 ADB = 
two right angles, and (E. xiii. 1.) the Z 4ED + 
4 AEC=two right angles, and that the 7 AED 

K 
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has been shewn to be equal to the Z ACB; there- 
fore the z AEC = < ADB; also (E. xxi. 3.) the 
4 ACD or ACE = ABD; and (hyp.) the side 
AC, of the 4 AEC, is equal to the side 4B of the 
A ADB; therefore (E. xxvi. 1.) EC = DB: And 
DA has been proved to be equal to DE; therefore 
DE+EC=DA+ DB; that is, DC- DAT DB.. 


= Pror. XXXI. 


4). Turonem. The first, third, fifth, &c. angles 
of any polygon, of an even number of sides, which is 
inscribed in a given circle, are together equal to the 
remaining angles of the figure; any angle whatever 
being assumed as the first. 

Let 4BCDEF be any polygon, of an even num- 


A F 


C D | 
ber of sides, inscribed in the given circle ACE: 
Then A being assumed as the first angle, the Z A+ 
z C+ E+, &.=2B+24 D+2F +, & 

First, let the inscribed figure have six sides, and 
join B, E. 
Then, since BAFE is a quadrilateral figure in- 
scribed in a circle, therefore (E. xxii. 3.) the 
|. 4BAF t ¿FEB = 4 EFA +  EBA: 
Also, the z BCD + 2 BED = LEDC + 4 EBC. 
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Wherefore, equals being added to equals, it will 
be manifest, that the 2 BAF+ 2 BCD+ < FED = 
< CBA + 4 EDC + 2 AFE: 

i. e. the A+ 10+ 4^E- zB 2D+ cF. 

And, in a similar manner, the proposition may bé 
demonstrated, when the figure inscribed in the given 
circle has eight, ten, twelve, or any other even num- 
ber of sides. | 


Prop. XXXII. 

49. Prosiem. To make a trapesium, about which 
a cirele may be described, having its four sides re- 
spectevely equal to four given. straight lines, two of 
which are equal to each other, and any three together 
greater than the fourth; the twe equal: sides of the. 
trapezium, also, being opposite to each ether. 

Let AB, CD, DE be three straight lines: It 


C 


is required to make a trapezium having two of its 
opposite sides each of them equal to AB, aad its two: 
other sides equal to CD and CE, each to each, about. 
which a circle may be described. 
Take GH= CD; and CD and CÊ being placed 
in the same straight line, so that DE shal) be their 
K 2 
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difference, bisect (E. x. 1.) DE in F; produce GH, 
both ways, and make GJ and HK each of them equal 
to DF or FE; .. IK-CE: From the points G, 
H draw (E. xi. 1.) GX and HY perpendicular to 
IK; from J and K, as centres, at distances equal to 
AB, describe two circles, cutting GX and HY in L 
and M, respectively; and join J, L and K, M; there- . 
fore (E. xv. Def. 1.) IL- AB and KM- AB; join 
L, M. 

And, because (constr) LI= MK, and IG = KH, 
and that the <s IGL, KHM, are right angles, 
(Supp. Ixxiv. 1.) GL = HM; and, since the angles 
at G and H are right angles, GL is (E. xxviii. 1.) 
parallel to HM; therefore (E. xxxiii. 1.) LM is 
parallel and equal to EH; but (constr.) GH = CD; 
therefore LM= CD. 

Again, since GLMH is a parallelogram, the 
4 GLH= z GHM (E. xxxiv. 1.) which (constr.) is 
a right angle; also, since the two sides IL, LG, of 
the 4 LGI, are equal to the two sides KM, MH of 
the ^ MHK, and the base ZG is equal to the base 
KH; therefore (E. viii. 1.) the < ILG = ZKMH; 
but (constr. and E. xxxii. 1.) the Z HKM+ £ KMH 
= a right angle; therefore the Z HKM, or IKM, 
+ ILG =a right angle; to each of these add the 
right Z GLM; therefore the Z IKM + 2 ILG + 
4 GLM=two right angles; that is, the < IKM + 

Z ILM=two right angles; therefore (Supp. xxviii. 
3.) a circle may be described about the trapezium 
ILMK, which, as hath been shewn, has two equal 
sides LJ, MK, each of them equal to 4B, has its 
side LM equal to CD, and its remaining side ZK 
equal to CG. 
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Pnor. XXXIII. 


43. ProsLem. Upon a given finite straight line 
to describe a segment of a circle, which shall be simi- 
lar to a given segment of another circle. 


Let ACB be a segment of a circle, and DE 


a finite straight line: It is required to describe 
on DE a segment of a circle, similar to the segment 


ACB. 


In ACB take any point C, and join 4, C, and B, 
C: At the point Din DE make (E. xxiii. 1.) the 
4 EDF=2Z BAC; and, at the point E, also, make 
te < DEF = + ABC; therefore (Supp. xxvi. 1.) 
te 4 DFE = L ACB: About the 4 DFE de- 
scribe (Supp. v. 1. Cor.) the circle DFE; therefore 
(E. xi. Def. 3. and E. xxi. 3.) the segment DFE is 
similar to the segment ACB, 


Prop. XXXIV. 


44. Turorem. If upon two opposite sides of an 
oblong, two similar segments of circles be described, 
the one of them lying wholly within the oblong, and 
the other wholly without it, the figure contained by 
the two remaining sides of the oblong and the twa 
circular arches, shall be equal to the oblong. 
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Upon the two opposite sides 4D, BC, of the 


oblong ABCD, let there be described two similar 
segments of circles 4ED, BFC: the one, namely 
BFC, lying wholly within the oblong, and the other 
lying wholly without it: The figure contained by 


BA, AED, DC and CFB is equal to the oblong 
ABCD. 

For (hyp. and E. xxxiv. 1.) 4D= BC; therefore 
(hyp. and E. xxiv. 3.) the segment AED =the seg- 
ment BFC; to each of these equals add the figure 
ADCFB, and it is manifest that the figure 4EDCFB 
is equal to the oblong 4BCD. 

45. Cor. 1. An indefinite number of such mix- 
tilineal figures may be found (Supp. iii. 1. Cor. 3. 
and Supp. xxxiii. 3.) equal to one another, and each 
of them equal to any given oblong. 

46. Cor. 2. If upon AB and DC, the two re- 
meining sides of the oblong, there be, likewise, de- 
scribed two similar segments of circles 4LB, DKC, 
it is evident that the figure ALBCDA is equal to the 
figure 4 HFCDEA; and that the figure 4LBFCKDE 
ABCD, ALB being supposed not to meet BFC 
again within 4BCD. 
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PRO. XXXV. 


47. THEOREM. The arches of a circle that are 
intercepted between two parallel chords are equal to 
one another. 

Let AB and CG be two parallel chords of the 
circle ACGB: Then is AC= AG. 

For join C, B: And, because (Ayp) CG is 
parallel to 4B; therefore (E. xxix. 1.) the 4, GCB 


‘= L CBA; therefore (E. xxvi. 3.) AC BG. 


Pror. XXXVI. 


48. Tuzorem. If two chords of a given circle in- 
tersect each other, the angle of their inclination is 
equal to the half of the angle at the centre standing 
upon the aggregate, or the difference, of the arches 
intercepted between them, accordingly as they meet 
within, or without the circle. 


First, let the two chords 4B, CD, of the circle 
ACBD, cut one another in E, within the circle: The 
_LDEB is equal to the half of an angle at the 


136 — SUPPLEMENT TO EUCLID'S ELEMENTS. 


centre, standing upon a circumference equal to 
AC 4 DB. 


For through C draw (E. xxxi. 1.) CG parallel to 
AB: therefore BG - 46, and DBG=AC+ DB: 
but (constr. and E. xxix. 1.) the L DEB= L DCG, 
which (E. xx. 3.) is the half of an angle at the 


centre, standing upon DBG. 

Secondly,-let the two chords DA and BC, meet 
when produced, without the circle, in F: If, then, 
AH be drawn parallel to CB, it may be shewn, in 
a similar manner, that the . DFB is equal to the 


half of an angle at the centre standing on DH, which 
is the difference between AB and AC. 


Prov. XXXVII. 


49. Tueorem. In equal circles the greater angle 
stands upon the greater circumference ; whether the 
. angles compared be at the centres or the circum- 

ferences. 


For whether the angles be at the centres, or 
the circumferences, if, from the greater, an angle 
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(E. xxiii. I.) be cut off equal to theless, the circumference 
on which it stands, will evidently be part of the cir- 
cumference on which the greater angle stands, and 
will (E. xxvi. 3.) be equal to that on which the less 


angle stands; the which circumference is, therefore, 
less than the other. 


Prop. XX XVIII. 


50. TnzonkX. If from any given point, without 
a circle, there be drawn two straight lines cutting 
the circle, then of the circumferences which they in- 
tercept, that which is the nearer-to the given point 
is less than the other. | 


From the given point B without the circle FDCG, 


let there be drawn BFG, BDC, cutting the circum- 
ference in the points F, G, and D, C, respectively : 
Then is FD < GC. 

First, let one of the straight lines drawn from B, 
as BC, pass through the centre K of the circle: 
Join K, F and K, G; then (E. xvi. 1.) the exterior 
£ GKC, of the a GKB, is >z KGF; but (E. xv. 
Def. 1. and E. v. 1.) the z KGF= 2 KFG; there- 
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fore the / GAC >< KFG; and (E. xvi. 1.) the 
L KFG >L FKB or FAD; much more, then, is 
the < GKC > LFKD; therefore (Supp. xxxvii. 3.) 
CG > FD; i.e. FD « GC. 

But if BLM do not pass through the centre, find 
(E. i. 3.) the centre K; join B, K; and produce it 
to meet the circumference in C: Then it may be 


shewn, as before, that FD < GÈ, and that DÈ < 
CM; ^. FDL < GCM. | 


Prop. XX XIX. 


51. '"THroREM. The straight lines joining the 
extremities of the chords of two equal arches of the 
same circle, toward the same parts, are parallel to 
each other. | 


Let AC, BG be the chords of-two equal arches 


A C 
G 


B 


AC, BG, of the circle 4BGC; and let 4, B, and 
C, G be joined: Then CG is parallel to AB. 

For join C, B; and since (kyp.) AC=BG;; there- 
fore (E. xxvii. 3.) the ABC 4 BCG; therefore 
(E. xxvii. 1.) CG is parallel to 4B. 
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Prop. XL. 


52. TnronxM. In equal circles, the greater of 
two circumferences subtends the greater angle, whe- 
ther the angles compared be at the centres or the 
circumferences. 


For if not, the angle standing on the greater cir- 
cumference is equal to the other angle or less than 
it; but it cannot be equal; for then (E. xxvi. 3.) the 
two circumferences would be equal, which is con- 
trary to the hypothesis: Neither can it be less, for, 
then, (Supp. xxxvii. 3.) the greater circumference 
would be less than the. other, which is absurd. 
Wherefore, the greater of two circumferences sub- 
tends the greater angle, whether the two angles be 
at the centres, or circumferences. 


Pnor. XLI. 


53. PRonBLEM. If any equilateral rectilineal fi- 
gure, of an even number of sides, be inscribed in a 
given circle, to find a curvilineal figure that is equal 
to it, and that is bounded by arches of circles, each 
of which circles is equal to the given circle. 


Let 4BCDEF be an equilateral rectilineal figure, 


e — 5 


ef an even number of sides, inscribed in the given 
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circle ACE; It is required to find a curvilineal 
figure equal to it, and bounded by arches of circles 
that are equal to the given circle ACE. 

On half the number of sides of the inscribed figure, 
taken contiguous to one another, as BC, CD, DE, 
describe (Supp. xxxviii. 3.) segments of circles, 
BGC, CHD, DIE, each similar to the segment cut 
off from the given circle by — of m" sides : E. 


curvilineal | figure contained by BGC CHD, DIE, 


EF and FA and AB, is equal to the inscribed poly- 
gon ABCDEF. 

For, since (p.) the figure is equilateral, (E. 
xxviii. 3.) 4B = BC; . AFEDCB = BAFEDC; 
therefore (E. xxvii. 3.) the angle in the segment cut 
off by 4B is equal to the angle in the segment cut 
off by BC; therefore these two segments (E. xi. 
Def. 3.) are similar, and (hyp. and E. xxiv. 3.) equal 
to one another. 

And, in the same manner, may all the segments, 
cut off by the equal sides of the inscribed figure, be 


shewn to be similar and equal to one another, and to 
the segments BGC, CHD, DIE. 


But the figure contained by BA, AF, FE, EID, 


DHC and CGB, together with the segments BGC, 
CHD, DIE, makes up the equilateral rectilineal 
figure ABC DEF; and that same figure, together 
with the equal segments cut off by BA, AF, and FE, 


makes up the curvilineal figure contained by BGC. 
ZN — — — — 
CHD, DIE, EF, FA and AB; the which figure is, 
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therefore, equal to the inscribed reetilineal figure 
ABC DEF“. 


Prop. XLII. 


54. ''HEoRgM. In equal circles, the greater chord 
subtends the greater circumference. 


For (hyp. and E. xv. Def. 1. and E. xxv. 1.) the 
angle subtended, at the centre, by the greater chord 
is greater than the angle subtended, at the centre, 
by the less: therefore (Supp. xxxvii. 3.) the cir- 
cumference subtended by the greater chord is greater 
than the circumference subtended by the less. 


Prop. XLIII. 


55. ''ugonEM. If from a given point wühin.a 
circle, which is not the centre, straight lines be 
drawn to the circumference, making with each other 
equal angles, the two, which are nearer to the di- 
ameter passing through the given point, shall cut off 
a greater circumference than the two, which are 
more remote. 


From 4, a point within the circle BDC, let 


* [tis easy to shew, by the help, chiefly, of Supp. vii. 3., that 
when the equilateral figure inscribed in the circle, is a square, 
the circumferences of the similar segments, described in the 
course of the demonstration, touch one another in the common 
extremity of the two contiguous sides; and that when the in- 
scribed polygon has any greater number of sides, as six, eight, 
&c., the circumferences of any two of the segments meeting one 
another in the common extremity of two contiguous sides, do 
not meet again within the circle. 
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there be drawn to the circumference any number 


of straight lines 4B, AC, AD, &c. containing 
equa zs BAC, CAD, &c.; and let AKM be 
drawn, from 4, through the centre K: Then is 
CD > CB. 

For produce DA and CA, to meet the circum- 
ference again, in E and F; and join B, F and D, 
F: Then, since AD is nearer than AB is to AM, 
therefore (E. vii. 3.) 4D>AB; from AD cut of 
AG = AB, and join C, G and C, B, and C, D and 
D, B: And, because CA is common to the two 
As CBA, CGA, and 4B — AG, and that (Ayp.) the 
CAB <CAG; . CG = CB. Again, because 
(E. xxxii. 1.) the 2CGD = GCA + ¿CAG = 
Z ACB + 2 BAC, and that (E. xvi. 1.) the < B4C 
< BFC, therefore the 2? CGD» ;FCB +  BFC: 
But (E. xxi. 3.) the FCB = ; FDB, and the 
ZBFC= z BDC; therefore the 2 CGD> ;FDB + 
£LBDC; i. e. the ;CGD»;FDC, much more 
then is the zCGD>zEDC or ^; GDC; therefore 
(E. xix: 1.) CD» CG; but it has been shewn that 
CG-CB; . CD» CB; therefore (Supp. xlii. 3.) 


CD» CC. 
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Prop. XLIV. 


56. Taxon. i» equal eircles, the — cir- 
eumference has the greater chord. 


For (Supp. xl. 3.) the greater circumference sub- 
tends the greater angle at the centre; therefore 
(E. xv. Def. 1. and E. xxiv. 1.) it has the greater 
chord. 


| Pnor. XLV. 
57. — The straight line joining any of 
/ the angular points of an equilateral polygon in- 
scribed in a HF and the centre, passes thraugh the 
opposite angular point, or else bisects the opposite 
side at right angles, accordingly as the figure has 
an even, or an odd number of sides. 


First, let the equilateral polygon 4BCDEP in- 


scribed in the circle ACE, of which the centre is K, 
have an even number of sides, and let B, K be 
joined, B being any one of the angular points of 
the inséribed figure: Then BK passes through the 
opposite angular point E. 

For, if it be possible, let BA cut the circum- 
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ference in any other point L; therefore (E. xxviii. 3.) 
ÉAL is the half of the whole circumference; also, 
since the polygon (hyp.) is equilateral, the arches 
AB, BC CD, DB, EF, FA are (E. xxviii. 3.) equal 
to one another; therefore ÉAE is the half of the 


whole circumference; .°. BAL - ÉAE, the less to 
the greater, which is absurd: therefore BK, pro- 
duced, passes through E. 

But, secondly, let the equilateral polygon 4BCDE, 
inscribed in the circle ACE, have an odd number 
of sides, and let any of the angular points, as 4, and 
the centre K, be joined: Then AK, produced, bisects 
CD, at right angles in the point F. | 

For join K, C and K, D: And, because (p.) 
the sides of the inscribed polygon are equal, the 
circumferences which they subtend are (E. xxviii. 3.) 
equal; since, therefore, the polygon has an odd 
number of sides, it is manifest that the circumference 
ABC is equal to the circumference AED; there- 
fore (E. xxvii. 3.) the AKC z AKD; therefore 
(E. xiii. 1.) the zCKF-— 2 DKF; and (E. xv. Def. 
1.) CK- DK, and KF is common to the two As 
KFC, KFD; therefore (E. iv. 1.) CF FD, and the 
£KFC= / KFD; so that AKF bisects, at right an- 
gles, the side CD, which is opposite to the BAE. 


Prop. XLVI. 


58. Tueorem. The two straight lines in a circle, 
which join the extremities of two parallel chords, are 
equal to each other. 
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Let AB, CG be two parallel chords of the circle 
ABGC, and let their extremities be joined, toward 


C 


the saine parts, by C4 and GB, and towards opposite 
parts by CB and GA: Then CA = GB, and CB 
GA. | 


For, since CG is parallel to AB, C4=GB (Supp. 
xxxv. 3.); therefore (E. xxix. 3.) C4=GB: Again, 
since it has been shewn that 4C — BG, to each of 


these add CG; ACO = BGC; therefore (E. xxix. 
3.) GA = CB. 


Pror. XLVII. 


59. Prosrem. To divide a given circular arch 
into two. parts, so that the aggregate of their chorda 
may be equal to a given straight line, greater than 
the chord of the whole arch, but not greater than the 
double of the chord of half the ar. 


Let ACB be a circular € of which 4B 
is the chord; and let L be a finite straight line, 
greater than AB, bat not greater than twice the 

L 
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chord of the half of ACB: It is required to divide 


AGB into two parts such that the aggregate of their 
chords shall be equal to L. 

Bisect (E. xxx. 3.) ACB in C, and join C, 4, and 
C, B; therefore (E. xxix. 3.) C= CB; from the 
centre C, at the distance C4, or CB, describe the 
circle ADB, which will, therefore, pass through both 
A and B: From the centre 4, at a distance equal 
to L, describe a circle, cutting the circle ADB in 
D; draw AD, which is, therefore, equal to L; let 


AD cut ACB in E, and join E, B: Then 4E+EB 
= L. 

For (E. xx. 3.) the 2 ACB is the double of the 
“ADB; amd (E. xxi. 5) the < 4CB =z 4EB; 
therefore the AE is the double of the DB; 
bat (E.xxxii 1.) the 2 4EB = «EDB + EBD; 
therefore the ^ EDB -+ < EBD is equal to the double 
of the z EDB; from these equals take the z EDR, 
and there remains the < EBD = z EDD; therefore 
(E. vi. 1.) ED= EB; .. AE+ EB AE+ED or 
AD; but (constr) AD=L; . AE-- EBv L. 
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Pnor. XLVIII. 

. 60. PhostzM. To divide a given eireular are 
into two parts; eo that the excess of the chord ‘uf’ 
the one above the chord of the other, may be égual 
to a given straight uud less than the. chord . = 
whele arch. 


Let ACB be a circular arch, P which the 


chosd is 4B: It is required to divide ACB into 
two perts, such that the excess of the chord ef tbe 
one above the chord of the other sbalb be equal. 
to a given finite straight line L, that is less than 
AB. 

Bisect AB (E. x. 1.) in D; draw DC (E. xi. 1.) 
perpendicular to DB; join A, C; bisect (E. ix. 1.) 
the CAB by. AX; let AX meet CD jn E; and, 
join B, E; about the a AEB describe (Supp. v. 1. 
Cer.) the circle AEB; from the centre A, at a dig. 
tance =L, describe a circle cutting AEB in F; daw, 
AF, whith is, therefore, equal to L, and prodme - 


AF to meet ACB in G; join G, B: Then is the 
excess of AG above GB equal to L. | 
L2 
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For join C, B; and (constr. and E. iv. 1.) CA= 
CB and the zA4CD= < BCD; also EA=EB, and 
the EAC is the double of the < 4CD ; Again, 
from the centre C at the distance CA, describe the 
circle HB, which, because CA = CB, passes 
through B; produce AG to meet AHB in H; join 
H, B, and F, B: And since (E. xxi. 3.) the < AFB 
= 4 AEB, therefore (E. xiii. 1.) the BFH < BEX; 
but (E. xxxii. 1. and E. v. 1.) the < BEX is the 
double of the < BAE; therefore the < BFH is the 
double of the < BAE, and is therefore (constr.) equal 
to the CAB or CAD; also (E. xx. 3. and constr.) 
the z ACB is the double of the AHB; and it is 
also, as hath been shewn, the double of the < ACD; 
therefore the L ACD= L AHB or FHB; and it 
has been proved that the 2 HFB, of the AFBH, 
is equal to the L CAD of the saCDA; therefore 
(Supp. xxvi. 1.) the 4 HBF = L CDA, and is, 
therefore, a right angle; but (demonstr. of Supp. 
xlvii. 3.) GH= GB; therefore (Supp. xxix. 1. Cor. 
3.) GF«GB; -. 46 GB AF: but (constr) 
AF-L;... 4G - GB L. | 


Prop. XLIX. 


61. Tueoremw. Jf from any point, in the diameter 
of à ‘semi-circle, there be drawn two straight lines 
to the circumference, one to the bisection of the 
circumference, the other at right angles to the 
diameter, the squares upon these two lines are, 
together, the double of the square upon the semi- 

Let B be any point in the diameter AE of the 
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semi-circle ADE; let F be the bisection of. the 
eircumference ADE; and let C be the bisection 


of the diameter: If B, F be joined, and BD be 
drawn perpendicular to AE, then BF'+ BD = 
2 AC*. | 

For join C, F and C, D: And since (hyp.) 
AP= EF: ~. (E. xxvii. 3.) the < ACF= z ECF; 
and they are adjacent angles; therefore (E. x. Def. 
1.) the < FCE is a right angle; therefore (E. xlvii. I.) 
BE” = CF’ + CB: to each of these add BD*; there- 
fore BF*--BD'z CF*--CB*-- BD'; but (hyp. and 
E. xlvii. 1.) CB' + BD’ = CD’; . BF* + BIP = CF 
+ CD* or (E. xv. Def. 1.) 2 4C*. 


Pror. L. 


62. TuzonEM. Ifthe chords of two arches of any 
the same circle cut each other at right angles, the 
squares of the four segments of the chords, are, 
together, egual to the square of the diameter. 

Let the two chords 4B, CD of the circle ACD, 
cut each other at right angles, in E: The squares 


of the segments of the chords are, together, equal to 
the square of the.diameter of the circle. 
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For find (B. i. 3.) the contre K, and from either 
erertmity of either of the chords, as B, drew through 


K tha diameter BKF; join B, Cand C, F, and F, 
4 and 4, D. And since (constr. FADB is a 
semi-circle, the < FAB is (E. xxxi. 3.) a right angle, 
as is, ele, (Aya) the < AEC; therefore (E. xxviii. 1. 1.) 
VA is fis parallel to CD; therefore (Supp. xliv. 3.) FC 
= AD. Again, because FCB is a semi-circle, the 
4 BCF (E. xxxi. 3.) is a right. angle; therefore 
(E. xlvii. 1.) FF. FC*+ CB’; but FC has been 
shewn to be equal to 4D; . FB’ = AD*+CB'; that 
is, (hyp. and E. xlvii. 1.) 
FB = AE’ + ED + CE" + EBP. | 

63. Cor. If the diagonals of a quadrilateral rec- 
tilinéal figure, inscribed in a circle, cut each other 
at right angles, the aggregate of the squares of the 
sides is the double of the square of the diameter of 
the circle. 

For let the — AB and CD of the quadæri- 
latezal figure 446GB D, inscribed in the circle ACBD, 
cut one another at right angles in B: Then it is 
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evident from E. xlvii. 1, that AU? + DB is equal to 
the squares of the segments of the diagonals, that ie, 
(Supp. l. 3.) te the square of the diameter of the 
circle: Likewise 4D*+CB* may, m the same 
manner, be shewn to be equal to the square of the 
diameter. 4C°+CB'+BD'+ DAP = twiee the 
square of the diameter of the circle. 


Pror. LI. 

64. ProsLtm. To draw a straight line, cutting 
fco concentric cireles, the diameter of the greater 
of which does nat execed the double of the diameter of 
tha leas, 60 that the part of it which lies within the | 
greater cirele may be the double of the pert which 
lies withix the less. . ER 

Let ABC, DEF be two circles, having a commoti 


E 
centre K, the diameter of DEF being not greater 
than the double of the diameter of ABC; It is re- 
quired to draw a straight line cutting 4BC, DEF, 
so that the part of it within DEF shall be the double 
of the part of it within 4 BC. | 

Take any semi-diameter as K4, of the circle 
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ABC, and produce it to G, so that AG = AK; upon 
AG asa diameter describe the circle DAHG cutting 
DEF in D and H; join D, A, and H, 4; and pro- 
duce DA and HA to meet the circumferences again 
in B, E, and I, L, respectively: Then DE =2AB; 
and HL = 32 Al. 

For join D, G and draw (E. xii. 1.) KM perpen- 
dicular to AB : And since (constr.) ADG is a semi- 
circle, the L ADG (E. xxxi. 3.) is a right angle, as 
is (constr.) the / KMA; also (E. xv. 1.) the ZK AM 
2 D466; and (constr.) the side KA, of the AKMA, 
is equal to the side AG, of the a ADG; therefore 
(E. xxvi. 1.) 4D AM; . MD=2 MA, but (constr. 
and E. iii. 3.) DE=2MD and AB=2MA; .. DE 
 =324B: And, in the same manner, HL may be 
shewn to be the double of 41. 


Prop. LII. 


65. PRonLEM. To draw a straight line which shall 
touch two given circles. 


Let ABC, HFG, be two circles: It is required 


to draw a straight line which shall touch "- the 
circles 4BC, HFG. 
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First let the two circles be unequal. Find (E. i. 
3.) the centres K and L, of the two circles ABC, 
HFG; join K, L; upon KL as a diameter describe 
the circle DKC; from K as a centre at a distance. 
=KB + LH, the aggregate of the semi-diameters of 


the two circles, describe a circle cutting KDL in D, 


and Tray KD, cutting the circumference of ABC 
in 4; .. KD=KB+ LH; in like manner, by. the 
help, of E. iii. 1, place, in the semi-circle KCL, 
KE-KB ~ LH, and let KE produced meet the 
circumference of ABC in C; from L draw (E. xxxi. 
1.) LF parallel to DK, and LG parallel to KC; 
lastly, join 4, F, and C, G: 'Then will AF and CG, 
each of them, touch both the circles 4BC, HFG. 

For join D, L, and E, L: And since (constr.) 
KE = KC — LG, it is manifest that EC LG ; and 
(constr.) EC is parallel to LG; therefore (E. xxxiii. 
1.) CG is parallel to LE; but, since KEL is a semi- 
circle, the ¿KEL is (E. xxxi. 3.) a right angle; 
therefore (E. xxix. I.) the ^s KCG, CGL are right 
angles; therefore (E. xvi. 3. Cor.) CG touches both 
the circles 4BC, HFG. 

And, in the same manner, it may be shewn, that 
AF touches both the circles ABC, HFG. 

Secondly, if the two given circles be equal to one 
another, a straight line may be drawn which shall 
touch them on contrary sides, in the same manner as 
when they are unequal: And, it is manifest (E. xxxiii. 
1. E. xxix. 1. and E. xvi. 3. Cor.) that if a semi- 
diameter in each circle be drawn perpendicular to the 
straight line joining the two centres, the straight line, 
which joins the extremities ofthese two semi-diameters, 
will touch both the circles on the same side. 
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Prop. LIH. 


66. Turorem. If two straight lines, which touch 
two given circles, the one touching both the circles 
on the one side of them, the other on the other, be 
cüt by a third tangent, which touches the two circtes 
on: contrary sides of them, then, of the segments 
into which the two first tangents are thus divided, 
those which are alternate are equal to one another. 


Let ABE, ACG touch the two given circles 


BCD, EFG, ABE on the one side of them, and 
ACG on the other; and let HLFD be drawn (Supp. 
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li. 3.) touching the two circles, on contrary sides 
of them: Of the segments into which HIL. divides 
BE and CG, BH = LG, and EH = CL. 

If the two circles be equal to one another, it is 
manifest, from the latter part of the demonstration 
of Supp. lii. 3., that BE and CG will be opposite 
sides of a parallelogram, and that, therefore, (E. 
xxxiv. 1.) BE=CG: And, if BE be not parallel to 
CG, but meets it, both the lines being produced, in 
A, then, since (Supp. xix. 3. Cor. 1.) AE — 4G and 
AB-— AC; . BE-CGy, as in the former case. 

Again, W xix. 3. Cor. 1.) Hut LC- HD 
LD; or HL; and HL- HF--FL- HE--LG; . 
HB LC HE-- LG; and, as hath been ae 
BE CG; that is, HB+HE=LC+LG;; if, there 
fore, these two equals be added to the equals HB+ 
LC and HE+LG, it is evident that 2HB+HE+LC 
=2LG+HE+LC; take away from both HE+LC, 
and there remains 2HB=2LG; ..HB=LG: And 
it has been proved that BE=CG; if, therefore, 
from. these. equals there be taken the equals HB and 
LG, there will remain EH = CL. 


- Prop. LIV. 


67. Prostem. The perimeter, the vertical angle, 
and the altitude of a triangle being given, to con- 
struct the triangle. 


Let XAY be a rectilineal angle: It is required 
to describe & triangle, which shalt have XAY 
fer its vertical angle, which shall havea given 
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perimeter, and the perpendicular drawn from 4 


to the opposite side, equal, also, to a given straight 
line. 

From AX and AY cut off 4B and AC, each of 
them equal to the half of the given perimeter; from 
B and C draw (E. xi. 1.) BK and CK perpendicular 
to 4B and AC, respectively, and join 4, K; there- 
fore (constr. and Supp. lxxii. 1.) KB=KC; from 
the centre K, at the distance KB, describe the circle 
BEC, which (constr. and E. xvi. 3. Cor.) will touch 
AB and AC in the points B and C; from AX cut 
off 4D equal to the given perpendicular, and from 
the centre 4 at the distance 4D describe the circle 
DFG. 

Lastly, draw (Supp.lii. 3.) the straight line LH 
touching the circle BEC in E, and the circle DFG 
in F: Then is ALH the triangle which was to be 
described. ! 

For it has the AA for its vertical angle, and if 
A, F be joined, since LH touches the circle DFG 
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in F, the zs AFL, AFH, are (E. xviii. 3.) right 
angles; and (E. xv. Def. 1.) AF. AD which was 
made equal to the given perpendicular: Also (constr. 
and Supp. xix.3. Cor. I.) LE = LB, and HE = HC; 
. LE HE, i. e. LH=LB+ HC; to these equals 
add 4L+AH; .. 4L+LH+ HA — AL- LB 4 
4H+ HC; but AL+LB= AB, and AH 4 HC 
AC; .. 4AL--LH + HA AB T 4C; and AB 
and AC were made each of them equal to the half 
of the given perimeter; therefore the 4 ALH has 
its perimeter equal to the given perimeter; it has 
the given angle for its vertical angle, and, as hath 
been shewn, it has its perpendicular AF equal to the 
given altitude. 


Pror. LV. 


68. Tnxon EY. If the point, in which two straight 
lines that are perpendicular to each other meet, be 
applied to the circumference of a circle so that the 
straight lines themselves cut the circumference, the 
centre of the circle is in the bisection of the straight 
line joining those two intersections. 


For, the straight line, joining the intersections of 
the circumference and of the two straight lines which 
(Ap.) meet at some point of the circumference, and 
contain a right angle, cuts off a semi-circle: If not, 
let it, if it be possible, cut off a segment greater than 
a semi-circle; therefore (E. xxxi. 3.) the angle in 
that segment is less than a right angle, which is con- 
trary to the supposition: Neither can it cut off a 
segment less than a semi-circle; for, then the angle 
in that segment would be greater than a right angle, 
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which is, also, contrary to the supposition; therefore 
the straight line joining the intersections cuts off 
a semi-cirde, and therefore pespes through the centre 
of the circle, which point is therefore in the bisection 
of that hue. ä 


Prop. LVI. 


69. Turorem. {f from the extremities of any di- 
ameter, of a gieen circle, perpendiculars be drawn 
to any chord of the circle, that is not parallel te the 
diameter, the less perpendicular shall be. equal to the 
segment of the greater contained between the cir- 
euwmnference and the chord. 


From the extremities, 4 and B, of the diameter 
AB of the circle ABDC, let there be drawn AE 


and BF perpendicular to the chord CD, which is not 
parallel to 4B; let AE and BF meet CD, pro- 
duced, in E and F; and let the greater LAE cut 
the circumference in I: Then BF= IE. 


For join B, J: And since (Ayp.) AICB isa semi- 
circle, therefore (E. xxxi. 3.) the 2 4IB, is a right 
angle; and (hyp.) the zs IEF, EFD are, also, right 
angles; therefore (E. xxviii. 1.) the figure IEFB is 
a parallelogram ; therefore (E. xxxiv. 1.) BF'= IE. 
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And m the sume manner may the proposition be 
proved, when the chord CD cats 4B witha the 


Prop. LVII. 


70. Ton. lf from the extremities of any di- 
ameter, of a given circle, perpendiculars be drawn 
to any chord of the circle, they shall meet the chord, 
or the chord produced, in two points which are equi- 
distant from the centre. 

From the extremities, 4, B, of the diameter 4B, 
of the circle ABCD, of which K is the centre, let 
there be drawn AE, and BF, perpendicular to the 


chord CD, and meeting CD or CD, produced in E 
and F, respectively: The points Æ and F are equi- 
distant from K. . "LN 
For, join K, E, and K, F, aad B, I: and first let 
EF be parallel to 4B: Theu, since (Ap.) the angles 
AEF, EFB are right angles, therefore (E. xxvii, 1.) 
EA is, also, parallel to FB, and AEFB is a paral- 
lelogram ; therefore (E. xxxiv. 1.) EA FB, and the 
4 EAB = FBA, each of them being a right angle; 
also the side KA, of the a E AK, is equal to the side 
KB, of the a FKB; therefore (E. iv. 1.) EK = FK. 
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But, if EF be not parallel to 4B, join B, I, and 
through K draw (E. xxxi. 1.) KHG parallel to 4E 
or BF: And since (hyp.) AICD ‘is a semi-circle, 
therefore (E. xxxi. 3.) the < ÆIB is a right angle, as 
is, also, (Ap.) the AEF; therefore (E. xxviii. I.) 
EF is parallel to IB; and (constr.) the figures IG, 
HF, are parallelograms; therefore (E. xxxiv. 1.) 
EG = IH, and GF HB; but since KG (eonstr.) 
is parallel to AE, and that the angles AIB, AEF are 
right angles; therefore (E. xxix. I.) the zs IA, 
EGH are right angles; and because KH, drawn 
from the centre K, cuts JB at right angles, therefore 
(E. iii. 3.) H- HB; . EG-GF; and KG is 
common to the two triangles, K GE, KGF, and the 
48 KGE, KGF, as hath been shewn, are right 
angles; therefore (E. iv. 1.) EK = FK. 

And in the same manner may the proposition be 
proved, when the chord CD cuts the diameter 4B 
within the circle *. 


Prop. LVIII. 


71. Tarorem. F upon either radius, bounding 
a quadrantal circular arch, as a diameter, a semi- 
circle be described, any chord of the semi-circle, 
drawn from the centre -of the quadrant, shall be 
equal to the perpendicular distance of the point, 
in which the chord produced meets the quadrantal 
arch, from the other radius. 


It is manifest from the demonstration, and from E. iii. $., 
that the segment EB is equal to the segment FD. 
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Let BDK be a semi-circle, having for its diameter. 


s 


de 


KB, one of the semi-diameters which bound the 


quadrantal circular arch ÁCB, and from the point 
C, in which any chord KD, of the semi-circle, meets, 


when produced, ÁCB, let CE be drawn perpen- 
dicular to K 4 the other terminating semi-diameter of 


ACB: Then KD- CE. 

For, since (Ayp.) KDB is a semi-circle; therefore 
(E. xxxi. 3.) the < BD is a right angle; as is, also, 
(hyp.) the < CEK: Again, since (hyp.) ACB is a 
quadrant of the circumference of its circle; therefore 
(E. xxvii. 3. aod E. xv. 1. Cor. 2.) the 2 4KB is a 
right angle; therefore the < EKC + DKB = 
a right angle; also, since the < CEK is a right 
angle, therefore (E xxxii. 1.) the EKC+ 2 KCE 
=a right angle; therefore the < EKC+ 2 DKB= 
4 EKC-- ; KCE; therefore the z DAB= z KCE; 
and the side KB, of the 4 KDB, is (E. xv. Def. 1.) 
equal to the side KC, of the a CEK; therefore 
(E. xxvi. 1.) KDE CE. T 


Pror. LIX. 


12. 'TuEonEgM. If the angle contained by two 
straight lines, one of which cuts a circle and: the 
M 
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other mects it, be equal to the angle in the alternate 
segment of the circle, the straight line which meets, 
shall touch the circle. 


For if the straight line which, in this case, meets 
the circle, does not touch it, from the point in which 
it meets the circle, draw (E. xvii. 3.) a straight line 
touching the circle: Then (hyp. and E. xxxii. 3.) 
it is manifest that the greater of two angles is equal 
to the less; which is absurd. 


Prop. LX. 


73. TTuzoRxM. A straight line touching a cir- 
cular arch in the bisection of that arch, is parallel to 
its chord. 


For the angles, which each half of the arch sub- 
tends at the opposite extremity of the chord, are 
(E. xxvii. 3.) equal to oneanother ; and (E. xxxii. 3.) 
they are also equal to the angles which the straight 
lines, joining the bisection of the arch and the ex- 
tremities of the chord, make with the straight liue 
that touches the arch at its bisection; therefore 
(E. xxvii. 1.) the tangent, at that point of bisection, 
is — to the chord. 


Pror. LXI. — 


74. PRomtkw. The base, the vertical angle, and 
the altitude of a triangle being given, to. construct 
the triangle. 


Let BC be the given base of ‘a triangle, of which 
the. vertical angle, and the altitude are also given: 
it is required to construct the triangle. 
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Upon BC describe (E. xxxii. 3.) a segment of a 
circle BAC, capable of containing an angle equal to 


/ 


B C 


the given vertical angle; from.C draw (E. xi. 1.) 
CL perpendicular to BC, and make it equal to thé 
given altitude of the triangle; through L draw L4 


parallel to BC, and let LA meet 4 in A; join B, | 
4 and C, A: Then is 4BC the triangle which was 
to be constructed. 

For draw (E. xxxi. 1.) AD parallel to LC; there- 
fore, the figure 4DCL is a parallelogram, and (E. 
xxxiv. I.) 4D=LC: And because 4D is parallel to 
EC, and (constr.) the < LCD is a right angle; 
therefore (E. xxix. 1.) the L ADE isa right angle ; 
i.e. AD is perpendicular to BC, and it has been: 
shewu to be equal to LC, which (constr.) is equal to 
the given perpendicular. Also (constr.) the L BAC 
is equal to the given vertical angle; ABC is the 
triangle which was to be constructed *. 


* Ifthe straight line L4 drawn from the extremity of CL, which: 
is made equal to the given perpendicular, fall without the seg- 
ment BAC, the problem is manifestly impossible: If LA touch 
the circle BAC, the problem has only one solution; but if LA 
cut the segment BAC, the problem admits of two solution 


M 2 
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Pror. LXII. | 
75. Prostem. To find a point in a given straight 
line, from which if straight lines be drawn to two 
given points, on the same side of the given line, they 
shall contain an angle equal to a given rectilineal 
angle. ! 
Upon the straight line joining the two given points, 
describe (E. xxxiii. 3.) a segment of a circle, capable 
of containing an angle equal to the given rectilineal 
- angle, and the point in which it meets, or cuts, the 
given straight line, is evidently the point which was 
io be found: And if the circumference of the seg- 
ment, so described, cut the given straight line, it is 
manifest that the problem admits of two solutions : 
But if the circumference of the segment neither touch 
nor cut the given line, the problem is impossible. 


Pror. LXIII. 


76. Prostem. The vertical angle, the base, and 
the aggregate of the three sides of a triangle being 
given, to construct the triangle. 


. Let DE be the given base: It is required to de- 
" | | 


D E 
scribe on DE a triangle, which shall have its two 
remaining sides equal together, to a given finite 
straight line, and the angie contained i them equal 


to a given rectilineal angle. 
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Upon DE describe (E. xxxiii. 3.) a segment of a 
circle DFE, capable of containing an angle equal to 
the given rectilineal angle; divide (Supp. xlvii. 3.) 
DFE, in F, so that the aggregate of the chords of 


DF, ÉF shall be equal to the aggregate of the two _ 
remaining sides of the triangle; and join D, Fand 
E, F; Then it is manifest that DFE is the — 
which was to be constructed. 


Pror. LXIV. 


77. ProsLem. The vertical angle, the base, and 
the excess of the greater of the two remaining sides, 
of a triangle, above the less, being given, to con- 
struct the triangle. 


Let AB be thé given base: It is required to 
describe on 4B a triangle, which shall have the 
difference of its two remaining sides equal to a given 
finite straight line, and the angle coníained by them 
equal to a given rectilineal angle. 


ox 

A. B 
Upon AB describe (E. xxxiii. 3.) a segment of a 
circle capable of containing an angle equal to the 
given .rectilincal angle; divide (Supp. xlviii. 3.) 
ÁCB in C, so that the difference of the chords of 


AC and BC may be equal to the excess of the 
greater of the two remaining sides of the triangle 
above the. less; and join 4, C and B, C: Then it 
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is evident that 4CB is the triangle which was to be 
constructed. | 


Pror. LXV. 


78. ProsLem. From two given points, in the cir- 
cumference of a circle, to draw two equal chords of 
that circle, which, produced tf necessary, shall make 
with one another an angle equal to a given recti- 
lineal angle. 

Let 4 and B be two points in the circum- 

5 | 


ference of the circle 4EFB; and let K be a recti- 
lineal angle: It is required to draw, from 4 and 
B, two equal. chords of the circle AEFB, which 
make with one another an angle equal to the angle A. 

Join .4, B; upon AB describe (E. ETrili. 3.) a 
segment of a circle AGB capable of containing an 
angle equal to the £ K, and complete the circle 
AGBH; bisect (E. XXX. 3.) AGB in G, and AHÈ 
in H; draw AG and BG, cutting 4D in D and C; 
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also draw 4H and BH, and produce them to meet 
AEB in Fand E. 


It is manifest, from the construction, that the 
L AGB, which the two chords, 4D, BC, make 
with one another when produced, = LX; also, since 
(E. xxii. 3.) the LAGB + / AHB = two right 
angles, and that (E. xiii. 1.) the / 4HE+ L AHB 
= two right angles; therefore the . AHE = 
L AGB; but (constr.) the L AGB = L K; there- 
fore the L AHE, which the two chords AF, BE, 
make with one another, is equal to the LK. | 

Again, join 4, C, and B, D; and since (constr.) 
AG — BG, therefore (E. xxxvii. 3.) the 4 GAB = 
L'GBA; therefore (E. xxvi. 3.) DCB=CD4; take 
away the common part DC and AD = BC; there- 
fore (E. xxix. 3.), AD = BC. 

Lastly if 4, E, and B, F, be joined, it may be 
shewn, in the same manner, that the HAB 


< HB4, and that (E. xxvi. 3.) AE = BF; add to 
these equals EF. and AEF= ÉFE; . (E. xxix. 2.) 
AF — BE. 


Prop. LXVI. 


79. ProsLem. In a given parallelogram to in- 
scribe a parallelogram which shall have one of its 
angles equal to a given angle, and posited in a given 
point of one of the sides of the given parallelogram. 


Let F be a point in the side AB of the 3 ABCD; 
and YLX a given rectilineal angle: It is re- 
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quired to inséribe, in the C2 ABCD, a parallelogram 


which shall have one of its angles posited in F, and 
equal to the z FLA. 

Join B, D; bisect BD (E. x. 1.) in K; draw FK 
and produce it to meet DC in H; therefore (constr. 
E. xv. 1. E. xxix. 1. and E. xxvi..1.) DH = BF; 
produce XL to Z; upon FH describe (E. xxxiii. 3.) 
a segment of a circle capable of containing an angle 
equal to the < Y LZ, and let its circumference cut 
AD in E; if therefore F, E and H, E be joined, it 
is plain that the < FEH=2z FLZ; from CB cut off 
CG — AE; join F, G and H, G: Then is FEHG 
the figure which was to be described. 

For (constr. and Supp. xlii. 1. EFGH is a 
parallelogram ; therefore (E. xxix. I.) the < HEF + 
4 EFG = two right angles; also (E. iii. 1.) the 
4 YLZ+ ¿FLX = two right angles; and it has 
been shewn, that the ^ HEF- ;YLZ; therefore 
the L EFG= L FLA; and it is posited in the given 
point F. Therefore, &c. 


Pror. LXVII. 


80. Prosiem. To produce a given straight line 
so that tie rectangle, under the given straight line, 
and the part of tt produced, shall be equal to a given 


square. . 
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Let 4D be a finite straight line: It is required 


to produce 4D, so that the rectangle contained by 
AD and the part produced may be equal to a pm 
square. 

Through D draw any straight line X F, and from 
DX and DF cut off (E. iii. 1.) DE and DF each 
of them equal to the side of the given square; de- 
scribe (Supp. v. 1. Cor.) a circle which shall pass 
through the three points 4, E, and. F; and produce 
AD to meet the circumference in C: Then (E. 
xxxv. 3.) it is manifest that the rectangle 4D x DC 
=ED x DF or ED’; but ED was made equal to 
the side of the given square; . 4D bas been pro- 
duced to C, so that 4D x DC is equal to the given 
square. 


81. Con. By a similar method, it is manifest, a 
giveu straight line may be produced, so that the 
rectangle contained by the, straight line, and the 
pert produced shall be equal to à given rectangle : 
That is, if three straight lines be given, a fourth may 
be found so that the rectangle, contained by it and 
one of the three given straight lines, shall be equal 
to the rectangle contained by the remaining two. 
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Prop. LXVIII. 


82. THeorem. If through any point in the com- 
mon chord of two circles, which intersect one another, 
there be drawn any two other. chords, one in each 
circle, their four extremities shall all lie in the ctr- 
cumference of a circle. 

Let P be any point in 4B, which is a common 
chord of the. two circles 4BC, 4BD; and through 
P let there be drawn a chord CPE, of the circle 
ABC, and FPD a chord of the circle 4BD; the 
four points C, F, E, D, lie in the circumference of 
a circle. | 

For describe (Supp. v. 1. Cor.) a circle CFE, 
which shall pass through the three points C, F and 
E; it shall, also, pass through D: If not let it cut 


FD in some other point as G. 

Then (E. xxxv. 3.) CP x PE = AP x PE; and 
AP x PB FPR D;: CPx PE = FP x PD; 
but (E. xxxv.3.) CPx PE = FPx PG; FPxPD 
. = FP x PG; i. e. the greater rectangle is equal to 
the less, which is absurd ; therefore the circle which 
passes through C, F, E cannot pass otherwise than 
through D. 
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Prop. LXIX. 


XS. Tueorem. F through the given extremity 
of «ny dianieter of a circle straight lines be drawn 
to meet an indefinite straight line without the circle, 
which is perpendicular to the diameter produced, the 
rectangles contained by the segmente of these lines 
lying between the given point, the point in which 
each of them cuts the circumference again, and the: 
indefinite line, shall be equal to each other. 


Through the extremity B of the diameter 4B, of 


the circle 4QB, let there be drawn any number of 
straight lines, terminated one way by the circumfer- 
ence, and the other way by the indefinite straight 
line XY, which meets B, produced, at right angles 
in. C: The rectangles contained by the segments 
into which the lines so drawn are divided by the 
point B, shall be equal to one another. 

For, let PBQ be any of the lines so drawn through 
B; join A, P and A, Q: And because (hyp.) AQB 
is a semi-circle; therefore (E. xxxi. 3.) the 4 AQP 


179 SUPPLEMENT TO EUCLID’S ELEMENTS. 


is a right angle, as is, also, (Ayp.) the £ ACP; 
therefore (Supp. xxix. 1. Cor. 2.) a circle described 
upon 4P as a diameter, will pass through Q and €; 
therefore (E. xxxv. 3.) PB BG ABx BC; and, 
. in the same manner, it may be shewn that the rect- 
angle contained by the segments of any other straight 
line, so drawn through B, is equal to 4B x BC, and, 
therefore, equal also to PB x BQ. All such rect- 
angles are, therefore, equal to one another. 

84. Com. Hence, through a given point, (B) 
between an indefinite straight line (A) and a line 
of any kind (VW), in the same plane with it, a 
straight line may be drawn to meet the two given 
lines, so that the rectangle, contained by the seg- 
ments into which it.is divided by the given point, 
shall be equal to a given square. 

For draw (E. xii. 1.) BC perpendicular to XY, 
and produce CB (Supp. Ixvii. 3.) to 4, so that CB x 
BA may be equal to the given square; upon AB, 
as a diameter, describe the circle 4BQ*, cutting VW 
in Q; lastly, draw QB, and produce it to meet XY 
in P: Then since (Supp. lxix. 3.) PB x BQ = 
CB x BA, and that — CB x BA is equal to 
the. given square: PB x BQ is, also, equal to the 
given square. i 


Pror. LXX. 


85. Proprem. From the obtuse angle of an 
obtuse-angled triangle, to draw a straight line to the 


* If the circumference of the circle ABQ do not cut FW, 
the problem admits not of a solution. 
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base, the square of which shall be equal to the rect- 
angle contained by the segments, into which it divides 
the base. 


Let BAC be an obtuse-angled triangle, obtuse- 


. 


angled at A: It is required to draw from 4 to BC 
a straight line, the square of which shall be equal to 
the rectangle of the segments into which it divides 
BC. . ` ; 
About BAC describe (Supp. v. 1: Cor.) a circle 
ABEC, and take its centre K; join K, 4; upon 
KA, as a diameter, describe the circle ADK cutting 
BC in D; join 4, D: Then AD? = BD x DC. 
For produce AD to meet the circumference in E, 
and join K, D: And since (constr.) ADK is a semi- 
circle ;. therefore (E. xxxi. 3.) the < ADK is a right 
angle; therefore (E. iii. 3.) AD=DE; but (E. 
xxxv. 3.) BD x DC AD x DE; . . BD x DC. 
AD’. i 


86. Cor. A segment of a circle being given, 
that is less than a semi-circle, the method of drawing, 
from any point of its circumference, a chord of the 
circle, that shall be bisected by the chord of the seg- 
ment, is shewn in the solution of the above problem. : 
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Prop. LX XI. 


87. PRonLEM. To make a rectangle which shal 
be equal to a given square, and shall have its two 
adjacent sides, together, equal to a given straight 
line, the side of the given square being less than 
the half of the given straight line. 


Let 4C be a straight line: It is required to 


= 


make a rectangle, which shall be equal to a given 
square, and.which shall have its two adjacent. sides, 
together, equal to £C. ä | : 
Upon AC, as a diameter, describe the eincle BC; 
from C draw (E. xi. 1.) CG perpendicular to AC, 
and make CG equal to the side of the given square; 
through G draw, (E. xxxi. 1.) GF parallel to AC, 
and through F draw FDE parallel to CG: The 
rectangle 4D x DC is equal to the given square. 
For (constr.) DCGF isa parallelogram; therefore 
(E. xxxiv. 1.) DF — CG, and therefore (constr.) DF 
=the side of the given square: Again, because 
(constr.) DF is parallel to CG, and the & ACG is 
a right angle; therefore (E. xxix. 1.) the z CDF is; 
also, a right angle; and (constv.) ADC is the di- 
ameter of the‘cirele ABC; therefore: (E. iii. 3.) DF 


BOOK III. 175 


BE; but (E. xxxv. 3) 4D x DC=DF x DE; 
ie, since DF DE, AD x DC-DF*; ~». AD x 
DC is equal to the given square, and AD together 
with DC make up the given straight line 4C. 

88. Con. 1. If the side of the given square be 
greater than the half of the given straight line, the 
problem admits of no solution. 

89. Con.2. In the same manner, the — 
side of a given oblong may be divided into two parts, 
so that the rectangle contained by them shall be equal 
tn the given oblong, a square having first (E. xiv. 3.) 
been found that is equal to the oblong: But, in this 
case, the half the greater side of the oblong must 
exceed the double of the lesser side. | 

90. Con. 3. In the same manner, also, a straight 
line may be divided into two parts, so that the rect- 
angle contained by them, shall be equal to a given 
rectangle ; if the side of a square which is equal to 
the given rectangle, do not exceed the half of the 
given straight line. 


91. Cag. 4. If the measure of the surface of an 
oblong be given, and if its perimeter be also given, 
the rectangle itself may hence be constructed. 


Prop. LXX II. 


92. 'TaEogEM. If from a given point without a 
circle, two equal straight lines be drawn to the con- 
ver circumference, one of which touches the circle, 
the other shall also touch it. 


For, if not, draw (E. xvii. 3.) from the given point 
a straight line to touch the circle, and (Supp. xix. 3. 
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Cor. 1.). it will be equal to the other tangent; and 
thus more than two equal straight lines can be drawn 
from a point, without a circle, to the circumference ; 
which (E. viii. 3.) is absurd ; therefore the straight 
line which is drawn from the same point, without the 
circle, as the tangent, and which is equal to the tan- 
gent, itself also touches the circle. 


Pror. LXXIII. 

93. Prosen. To produce a given straight line, 
so that the rectangle contained by the whole line thus 
produced, and the part of it produced, shall be equal 
to a given square. 

Let 4B be a straight line, and L the side of 


a square: It is required to produce AB so that 
the rectangle contained under the whole line pro- 
duced, and the part of it produced, may be equal 
to the square of L. 

— Bisect (E. x. 1.) 4B in K, and upon AB, as a 
diameter, describe the circle 4BC; from B draw 
(E. xi. 1.) BD perpendicular to 4B, and make BD 
= L; join K, D, and let KD cut the circumference 


p 
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in C; from C draw CE perpendicular to KC, and 
let CE meet 4B produced in E. Then since (constr. 
and E. xvi. 3. Cor.) CE touches the circle, and EBA 
cuts it; therefore (E. xxxvi. 3.) 4E x EB- EC*; 
but, since the ^s KBD, KCE are right angles, and 
the angle at K is common tothe two 4s KBD, KCE. 
and that (E. xv. Def: 1.) the side KD =the side KC; 
therefore (E. xxvi. 1.) EC- BD; but (constr.) BD 
=L; and it has been shewn that 4Ex EB- EC*; 
. AE x EB the square of L. 

94. Cor. By the help of this proposition and 
(E. xiv. 2.), a given straight line may be produced, 
so that the rectangle contained by the whole line thus 
produced, and the part of it produced, shall be equal 
to a given rectilineal figure. 


Prop. LXXIV. 


95. TnrO REM. lf, from the bisection of any 
given arch of a circle, a straight line be drawn cut- 
ting the chord of that arch, or the chord produced, 
and the circumference also of the circle, the rectangle 
contained by the two parts of the straight line so 
drawn, the one lying between the point of bisection 
and the circumference, the other between the point of 
bisection and the chord, shall be equal to the square 
of the chord of half the arch. 


Let AB be the chord and let C be the bisection, 


of the arch ACB of the circle ADBC; and, first, let 
any straight line CD be drawn cutting the chord in 
E, and then meeting the circumference of the circle 
— — 
in D; also let there be drawn CB, the chord of CB, 
the half of ACÈ: Then DC x CE = CB’. 
; N 
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For join C, 4 and B, D, and about the 4 DBE 


describe (Supp. v. 1. Cor.) the circle DEB: And 
because (hyp.) AC = CB ; therefore (E. xxvii. 3.) 
the z ABC= zc CAB; and (E. xxi. 3.) the CAB 
= 4 CDB; therefore the ABC = BDE; there- 
fore (Supp. lix. 3.) the straight fine CB touches the 
circle DEB in B; therefore (E. xxxvi. 3.) DC x 
CE = CB’. 
Prop. LXXV. 


96. PRhonBLEM. From the bisection of a given arch 
of a circle, to draw a straight line, such that the part 
of it intercepted between the chord, or the chord pro- 
duced, of the given arch and the circumference, shall 
be equal to a given straight line. 


Let ACB be an arch of the circle ADBC; let 
AB be its chord, and C its bisection, and let LM 
be a given straight line: It is required to draw from 
C a straight line such that the part of it between A, 
and the circumference 4DB shall be equal to LM. 

Join C, B; and produce (Supp. lxxiii, 3.) LM to 
N, so that LN x NM=CB?; from C asa centre, at 
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a distance equal to LN, describe a circle cutting 


Iw 


ADB in D; join C, D, and let CD cut AB in E: 
Then is ED= LM. ' 

For (Supp. Ixxiv. 3.) DC x CE = CB; and 
(constr) LN M= CH:; DCx CE=LNxNM; 
but (constr.) DC LN; . CE- NM; and there- 
fore ED = LM. 


Prop. LXXVI. 


97. ProsLem. Through any given angle of a 
given equilateral four-sided figure, to draw a 
straight line terminated hy the sides produced, con- 
taining the angle opposite to the given angle, which 
shall be equal to a given straight line. . 


Let ABCD be an equilateral four-sided figure, and 
EF a straight line: Through any of the angular 
points of ABCD, as C, it is required to draw a 
straight line, terminated by 4B and 4D produced, 
which shall.be equal to EF. 

Join A, C; upon EF describe (E. xxxiii. 3.) a 

N 2 
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segment of a circle EKF, capable of containing an 


angle equal to the ^ BAD of the rhombus, and com- 


plete the circle; bisect (E. Xxx. 3.) EGP in G; from 
G draw (Supp. Ixxv. 3.) GHK so that HK — AC; 
join E, K; in AB produced, take (E. iii. 1.) 4L = 
KE; join L, C, and produce LC to meet AD pro- 
.duced in M: Then LCM EF. | 

For join K, F, and G, E, and G, F: And because 
(E. xxxii. Def. 1.) BA, AC are equal to DA, AC, 
each to each, and that the base BC, of the A ABC, 
` is equal to the base DC, of the A ADC, therefore 
(E. viii. 1.) the < BAC DAC, and the BAC 
is, therefore, the half of the < BAD: Again, be- 


cause (constr.) EG = FG; therefore (E. xxvii. 3.) 
the < EKG = FKG, andthe . EKG is, therefore, 
the half of the ^ EKF; which (constr.) is equal to 
the < BAD; therefore the 2 EXH= < LAC; and 
(constr.) the two sides EK, KH of the a EKH, are 
equal to the two sides LA, AC, of the A LAC; 
therefore (E. iv. 1. LC-- EH, and the z ACI. 
4 KHE; therefore (E. xiii. 1.) the < KHF = 
4 ACM; also, as hath been shewn, the z CAM= 
4 HKF, and the side KH (constr.) of the ^ KHF, 
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is equal to the side AC of the ^ ACM; therefore 
(E. xxvi. 1.) CM = HF; and it has been proved that 
EC=EH; . LC+CM=EH-+ HF; that is, LM = 
EF. 

Prop. LX XVII. 


98. 'lükonREM. If two circles cut each other, and 
from any point, in the straight line produced, which 
Joins their intersections, two tangents be drawn, one to 

each circle, they shall be equal to one another. 


Let the two circles 4CB, ADB, cut one another 
E 


C AK 

in the points 4 and B, and from any point E in AB, 
produced, let there be drawn EC and ED touching 
the circles 4CB, ADB, in the points C and D re- 
spectively: ECE. 
For (E. xxxvi. 3.) EC! BE x EA; also ED = 
BE x EA: EC- ED'; and... EC- ED. 

99. Con. The straight line 4B which passes 
through the intersections of two circles 4CB, ADB, 


that cut one another, bisects the straight line HL*, 
which touches both the circles. 


* See the diagram to the next Proposition. 
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Pror. LX XVIII. 


100. TugonEkM. If two circles cut each other, and 
if two tangents drawn, one to each circle, from any 
point without them, be equal, the straight line, joining 
the intersections of the circles, shall, if it be produced, 
pass through the common extremity of the equal tan- 
gents. 


Let the two circles 4CB, ADB, cut one another 


in A and B, and from any point E, without the cir- 
cles, let there be drawn EC touching the circle 4C B, 
and ED touching the circle ADB: If ECE, 
the points E, d, and B, are in the same straight line. 

For join E, A; then shell EA produced pass 
through B; if not, let it pass otherwise, as EAFG: 
Then (E. xxxvi. 3.) FEx EA=EC*; also GEx EA 
SED; and (hyp.) EC.  ED'; . FE x EA- GE 
x EA; ^. FE = GE; i.e. the less of two straight 
lines is equal to the greater, which is impossible; 
*. EA, produced, cannot pass otherwise than through 
B; so that-the three points E, 4, and B are in the 
same straight line. Py ost | 
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| Poor. LXXIX. 


101. ProsLem. Two circles beng gwen, neither 
of which lies within the other, to draw a straight line, 
such that the tangents, to the two circles, drawn from 
any point of the line, shall be equal to one another. 


Let ABC, DEF, be two circles, neither of 


which lies within the other: It is required to draw 
a straight line, such that the tangents to the two 
circles, drawn from any point of the line, shall be 
equal to one another. 

Find (E. i. 3.) the centres K and L, of the two 
given circles, and draw KL; draw (Supp. lii. 3.) 
BF touching the two circles, on the same side, in B 
and F; bisect (E. xviii. 1.) BF in G; and through 
G draw (E. xii. 1.) XY perpendicular to KL: 'The 
tangents drawn to the two circles 4BC, DEF, from 
any point in XY are equal to one another. 

For take any point P in XY, and draw (E. xvii. 3.) 
from P the straight lines PA and PD, touching the 
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circles in 4 and D respectively; and draw PK, AK, 
BK, KG, LG, LD and LP. 

And because (constr.) the angles at H are right 
angles; therefore (E. xlvii. 1.) PK*-- LG*= PH, 
+HK'+LH'+HG’: and PL + KG? =the same 
four squares; PK* + LG = PI^ + KG*; but 
(constr. and E. xviii. 3.) the zs PAK, KBG, GFL, 
and LDP, are right angles: . (E. xlvii. I.) PK? + 
LG = PAP- AK! --LE*-- FG; and PL+ KG 
. PD'+ LF’ + AK*+ GF’, because (constr.) GF. 
GB; and DL=LF, and KB- KA; .. PÆ + AK* 
+ LF + FG = PD + LF*+ AK* + FG; takeaway, 
therefore, from both, the squares of 4K, of LF and 
of FG, and there remains PÆ = PD?; . PA= PD. 


102. Con. 1. The difference of the squares of 
the distances of any point P in the line XF so drawn, 
from the centres K and L, of the two given circles, 
is equal to the difference of the squares of the two 
semi-diameters of the circles. 


103. Con. 2. If from any point P in the straight 
line XF, so drawn, any two straight lines be drawn, 
PCM, PEN, the one of them cutting the one of 
the given circles, the other the other, the rectangles, 
MP x PC, NP x PE, contained by the whole 
lines and the parts of them without the circles, shall 
be equal to one another. 

For draw (E. xvii. 3.) from P, PA touching the 
circle ABC, and PD touching the circle JADE: 
Then (E. xxxvi. 3.) MP x PCz PA; and NP x 
PE, PD’; but (Supp. Ixxix. 3.) P£ =D, . MP 
x PC=NP x PE. 
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Prop. LXX X. 


104. ProsLem. To find a point from which if 
straight lines be drawn to touch three given circles, 
none of which lies within another, the tangents so 
drawn shall be equal to one another. 


Draw (Supp. Ixxix. 3.) the straight line which is 
the locus of equal tangents drawn to two of these 
given circles; draw likewise, the straight line, which 
is the locus of equal tangents drawn to the remain- 
ing circle and to either of the two circles first taken: 
It is manifest that the intersection of the two straight 
lines, so drawn, will be the point which was to be 
found. 

105. Cor. If from the point, thus found, any 
number of straight lines be drawn cutting the three 
given circles, the rectangles contained by the whole 
lines, so drawn, and the parts of them without the 
circles, shall (E. xxxvi. 3. and Supp. ixxx. 3.) be 
equal to one another. 


Pror. LX X XI. 


106. PRosLEM. To divide a given straight line 
into two parts, so that the square of the one shall be 


equal to the rectangle contained by the other and 
a given straight line. 


Let AB and L be two finite straight lines : 
It is required to divide 4B into two parts, so that 
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the square of the one shall be equal to the rectangle 


D A 


L 


contained by the other and by the given line L. 

From B draw (E. xi. 1.) BC perpendicular to AB; 
make BC=L, and (E. xxxi. 1.) complete the ABCD; 
produce (Supp. Ixxiii. 3. Cor.) CB to E, so that CE 
x EB may be equal to 4B x L; lastly upon BE 
describe (E. xlvi. 1.) the square EFGB: Then, 4B 
is divided in G, so BG* = AG x L. 

For produce FG to H; then (constr.) the rect- 
angle CE x EB, = 4B x L; but CF'is the rectangle 
CE x EB, because EF. EB; and CA is the rect- 
angle ABL, because CB was made equal to L; 
therefore the rectangle CF- CA: take away the 
common part CG, and there remains BF= HA; 
and BF is the square of BG, and H4=AG x L, 
because (constr. and E. xxiv. 1.) 4D— BC, which 
was made equal to L. 


Pror. LXX XII. 


107. Tneorem. Jfa given circle be cut by any 
number of circles, which all pass through the same 
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two gwen points without the given circle, the straight 
lines, joining the points of each of these intersections, : 
are either all parallel, or all meet when produced in 

the same point. | 


Let CDF be the given circle; and, first, let the 


circle 4CD B, which passes through the two given 
points 4 and B, cut the circle CDF in C and D; 
let the straight line joining C, D, be parallel to 4B; 
then shall the straight line joining the points, in 
which any other circle that passes through 4, B, 
cuts the circle CDF, be parallel to 4B and CD. 
For, find (E. 1.3.) the centre A of the circle CDF, 
and from K draw (E. xii. 1.) KEX perpendicular to 
CD; therefore (E. iii. 3.) K X bisects CD at right 
angles; therefore (E. i. 3. Cor.) the centre of the 
circle 4CDB is in KX, which (Ayp. and E. xxix. 1.). 
cuts ÆB at right angles, and therefore bisects it; 
the centres, therefore, of all the circles that pass 
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through A and B are (Supp. iii. 1. Cor. 3.) in KX; 
therefore (Supp. i. 3.) KX cuts all the straight lines, 
which join the intersections of these circles, with the 
given circle CDF, at right angles; therefore (E. 
- xxviii. I.) the straight lines joining the several pairs 
of intersections are parallel to one another and to 
AB. l 

But, secondly, let the circle GLMH, which passes 
through the two given points G, H, cut the given 
circle CDF in L and M; and let the straight line 
joining L and M be not parallel to 4B; produce, 
therefore, LM to meet GH produced in N; and let 
any other circle GIFH, passing through G and H, 
cut the circle CDF in J and F; then are the points 
I, Fand N in the same straight line. 

For join N, F, and if NF, produced, do not pass 
through J, let it, if it be possible, pass otherwise, as 
NFPQ: Then (E. xxxvi. 3. Cor.) PN NF GN 
x NH ; also QNx NF- LNx NM, and LN x NM = 
GNx NH; . QNxNF=GNxNH; also PN x 
NF=GNx MH; QNxNF=PNxNF; ;. QN 
= PN; that is the less is equal to the greater, which 
is impossible; . VF, when produced, cannot pass 
otherwise than through the point Z, so that the 
three points J, F and N are in the same straight 
line. 


Pror, LX XXIII. 


108. Turorem. If a perpendicular be let fall 
from the right angle, of a right-angled triangle, on 
the hypotenuse, the rectangle contained by the hy- 
potenuse, and either of the segments, into which it is 
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divided by the perpendicular, is equal to the square 
of the side adjacent to that segment. 


Let the 2 BAC, of the a ABC, be a right angle, 
A. 


E D C 


and from A let 4D be drawn perpendicular to the 
hypotenuse BC: Then CBx BD- AB*, and BCx 
CD- AC. | 

For if upoh AC, asa diameter, a circle be de- 
scribed, it will pass (Supp. xxix. 1. Cor. 2.) through 
the point D, because (hyp.) the ADC is a right 
angle; and (E. xvi. 3. Cor.) it will touch 4B in 4, 
because the CA isa right angle; therefore (E. 
xxxvi. 3.) CB x BD = AB". 

And, in the same manner, it may be shewn that 
BC x CD = AC”. 


Pror. LXXXIV. 


109. Tueorem. To draw a tangent to a circle, 
such, that the part of it intercepted between two 
straight lines, given in position, but of indefinite 
length, shall be equul to a given finite straight line : 


1st, When the indefinite straight lines both pass 
through the centre of the circle. 


2dly, When they are parallel to one another. 
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3dly, When they are not parallel, but are equi- 
distant from the centre. 


Let AB be a given circle, and CDa given straight 


line; and first let AQ and KR be two given straight 
lines, of indefinite length, passing through the centre 
K of the circle: It is required to draw a straight 
line, touching the circle AB, so that the part of it 
intercepted between KQ and AR, shall be equal to 
CD. 

Upon CD describe (Supp. Ixi. 3.) a ACED, having 
its vertical ^ CED equal to the given z QKR, and 
its altitude EH = KB, the semi-diameter of the given 
circle; from KQ cut off KF=EC; and from F draw 
(E. xvii. 3.) the tangent FBG to the given circle: 
Then, the tangent FG CD. 

For let FG touch the circle in B, and join K, B; 
And since (E. xviii. 3.) the z KBF is a right angle, 
as is also (constr.) the < EHC, and that (constr.) 
EC-KF, and EH=KB, therefore (Supp. lxxiii. 1.) 
the ZECH- ; KFB; but (constr) the CED 
= ZFKG; and the side EC of the a ECD, is 
equal to the side AF, of the AKFG; therefore (E. 
xxvi. 1.) FG- CD. 
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Secondly, let 4B be the given circle, and PQ, 


RS, two indefinite but parallel straight lines: It is 
required to draw a tangent to the circle AB, such 
that the part of it intercepted between PQ and RS 
shall be equal to the given straight line CD. 

Take any point Æ in either of the two parallel 
straight lines, as PQ, aud from the centre E, at a 
distance equal to CD, describe a circle cutting RS 
in F; join E, F; .. EF- CD; lastly, draw (Supp. 
viii. 3.) the straight line GH, touching the circle 
AB, and parallel to EF; since, therefore, EGHF 
is a parallelogram, GH (E. xxxiv. 1.) EF; and 
EF was made equal to CD; therefore the tangent 
GH= CD. 

Thirdly, let the two indefinite straight lines PQ, 
PR, which meet in P, be equidistant from the centre 
K, of the circle AB: It is required to draw a straight 
line touching the circle 4B, so that the part of it 
intercepted between PQ and PH shall be equal 
to the given straight line CD. 


192 ' SUPPLEMENT TO EUCLID'S ELEMENTS. 


Join P, K; upon CD describe (E. xxxiii. 3.) 
segment of a circle CED, capable of containing an 


angle equal to the given < QPR, and complete the 
circle CEDG; from D draw (E. xi. 1.) DH per- 
pendicular to CD, and make DH KB the semi- 
diameter of the given circle 4B; through H draw 
(E. xxxi. 1.) HIF parallel to DC; bisect (E. xxx. 3.) 


FGI in G; from G draw (Supp. lxxv. 3.) GLE, so 
that LE= KP; join E, C and E, D; from PQ cut 
off PM= EC; and from M draw ( E. xvii. 3.) MBN 
touching the circle in B: The tangent MN=CD. 
For join C, L, and D, L, and K, M, and K, N, 
and K, B; and draw (E. xii. 1.) LT perpendicular 
to CD; . LTDH is a parallelogram, and (E. xxxiv. 
I.) LT- HD; and HD (constr) KB; LT= 
KB: Again, because (constr. and Supp. xxxv. 3.) 
CG = DG, therefore (E. xxvii. 3.) the 4 CEG — 
4 DEG; therefore the CEL is the half of the 
Z CED ; and because (%.) PQ and PR are equi- 
distant from the centre K of the circle 4B, therefore 
the „PR, or MPK, is the half of the PR, 
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which (constr.) is equal to the CED; therefore 
the .MPK = ¿ CEL, and the two sides MP, PK, 
of the a PKM, are equal (constr.) to the two sides 
CE, EL of the AELC, each to each; therefore 
(E. iv. 1. KM=LC, and the PMA, =zECL; 
and because in the two right-angled ^s KBM, LTC, 
KM — LC, and KB=LT;; therefore (Supp. Ixxiv. 1.) 
the zKMB= zLCT; and it has been shewn that 
the .PMK= ; ECL ; therefore the whole z PMN 
is equal to the whole 7 ECD; also (constr.) the 
<L MPN= ; CED, und the side PM, of the a PMN, 
is equal to the side EC, of the AECD:; therefore 
(E. xxvi. 1.) MN- CD. 


Prop. LXXXV. 


110. Tuxrorem. Jf from the intersection of any 
two tangents to a circle, any straight line be drawn, 
cutting the chord which joins the two points of con- 
tact and again meeting the circumference, it shall. 
be divided by the circumference and the chord inte 
three segments, such, that the rectangle contained 
by the whole line and the middle part, shall be 
equal to the rectangle contained by the extreme 


paris. 


From the intersection 4 of two straight lines 
AB and AC which touch the circle BCR in the 
points B and C, let there be drawn any straight 
line APR, cutting the circumference of the circle 
in P and R, and BC in Q: Then AR x PG AP x 
QR. | 

O 
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For since (Supp: xix. 3. Cor. 1.) AB=AC, the 
A ABC is isosceles, and 
A 


R 


therefore (Supp. iii. 2.) 4Q*--BQx QC A; 
and (E. xxxv. 3.) BQx QC=PQx QR; 
also (E. xxxvi. 3.) ABAP AR; 
.- AŒ --PQx QR z AP x AR; 
i. e. E i. 2.) 4Qx AP + AQxPQ+PQx 
QR=AP x AQ+4AP x QR; 


From these equals take away the commen rectangle 
AQx AP, and there remains 
AQ x PQ+QRxPQ=AP x OR; 
i. e. (E. i. 2.) ARx PQ=AP>x QR. 


Prop. LXX XVI. 


III. PaonLEM. To make a rectangle which shall 
be equal to a given square, and have the difference 
between its two adjacent sides equal to a given 
straight. line, 


Let 4C be the side of a square, pm let L be 
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a finite straight Ime: It is required to describe a 
rectangle whith shall be equal to the square of C 
and shali have the differerice between its two me 
sides. equal to: L. | 


Describe a cirtle | CBGF witli a diameter not t Tess 


A a 


than Z, and having its centre in a perpendicular to 
AC at the point C; the circle CBGF is, therefore, 
(E. xvi. 3.) touched by 4C in C; from the centre 
C, at a distance = L, describe a circle cutting the 
circumference of CBGF in B and draw B; CB 
= L; from the centre K of the circle CBGF, draw 
(E. xii. 1.) KD perpendicular to BC; and from K. 
as a centre, at the distance KD, describe the circle 
DEH, which therefore (E. xvi. 3.) touches BC in D; 
lastly, from A draw (E. xvii. 3.) a straight line 4FG 
touching the circle DEH in E, and let 4G cut the 
circumference of CBFG in F and G: Then is the 
rectangle contained by GA and AF that which was 
to be desüribed. 
62 
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For join X, E; therefore (constr. and E. xviii. 3.) 
the angles at E are right angles; . GF, which is 
the difference of GA and AF, is (E. xiv. 3.) equal to 
BC, which was made equal to L; .. GFL; also, 
since ÆC touches the circle CBGF, therefore (E. 
xxxvi. 3.) GA x AF. AC*. 

112. Cor. Hence, and from E. xiv. 2. a rectangle 
may be found which shall be equal to a given rect- 
angle, and which shall have the difference between 
its two adjacent sides equal to a given straight line. 


Prop. LXXXVII. 


113. ProsLem. From a given point without a 
circle, to draw a straight line cutting the circle, so 
that the rectangle contained by the part of it without, 
and the part within, the circle, shall be equal to a 
given square. 

Let ABC be a circle, D a point without the circle, 


and L a. finite straight line: It is required to 
draw, from D, a straight line cutting" the circle 
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ABC, so that the rectangle contained by the part 
of it without, and the part of it within, the circle, 
shall be equal to the square of L. 

Find (E. i. 3.) the centre K of the circle 4BC; 
take any diameter AKB, and produce it (Supp. Ixvit. 
3.) to E, so that 4B x BE=the square of L; from 
the centre K, at the distance K E, describe the circle 
EFG; from D draw (E. xvii. 3.) the straight line 
DF touching the circle EFG in F; join K, F, and 
let KF cut the circumference of 4BC in C; lastly, 
draw DC, and produce it to meet the circumference 
of ABC again in M: Then shall DC x CM be: 
equal to the square of L. 

For, produce CK to meet the ditti of 
ABC again in H; then (E. xv. Def. 1.) HC = AB, 
and CF= BE; . HC x CF = AB x BE; but 
(Supp. Ixix. 3.) DC x CM — HC x CF, and (constr.) 
AB x BE = the square of L;. DC x CM = the 
square of L. 


Pgor. LX XXVIII. 


114. Prosrem. To. describe a circle which shall 
touch a given straight (me, and pass through two 
given points,.botk on the same side E the given line, 
and in the sume plane with it. 


Let CD be a straight line, and A, B, two points 
without it, both on the same side of CD; it is re- 
quired to draw a circle through 4 and B, which shall 
touch CD. 

Join 4, B; and first, let 4B be parallel to CD: 
Bisect (E. x. 1.) 4B in L; through L draw (E. xi. 1 ) 
LH perpendicular to AB or CD; join 4, H; ut the 
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point 4, iu HA, make (E. xxiii. 1.) the angle HAK 


LN 


‘ a [| 
equal to the angle AHK, and join K, B; then (E. 
vi. 1. KH is equal to KA, and (E. iv. I.) KA is 
equal to KB; from the centre K, at the distance 
KA, or KB, or KH, describe the circle AHB; it 
shall pass through the three points 4, H, and B, and 

(E. xvi. 3. Cor.) shall touch CD in H. 
But if 4B be not parallel to CD, let 4B, pro- 


— à 
duced, meet CD in the point D. Upon 4B as a 
diameter describe the circle 4B E, and from D draw 
(E. xvii. 3.) the straight line DE touching it in E; 
from DC cut off DH (E. iii. 1.) equal to DE, and 
describe (E. v. 4.) the circle AHB passing through 
the three points 4, H, and B. The circle 4HB, 
which passes through A and B, touches CD in H. 
For (E. xxxvi. 3.) the rectangle contained by 4D 
and DB is equal to the square of DE, and, therefore, 
is equal also to the square of DH, because DH was 
made equal to DE; wherefore (E. xxxvii. 3.) the 
circle AHB touches CD in H. 
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115. Con. 4B subtends a greater angle at the 
point H, in the straight line CD, than at any other 
point whatever in CD. 

For, let P be any other point in CD; P is without 
the circle AHB; join 4, P, and B, P; let BP cut 
the circle in Q; also join A, Q. The angle AHB is 
equal (E. xxi. 3.) to the angle 4QB; but the ex- 
terior angle AQB is greater (E. xvi. 1.) than the 
interior opposite angle APB; wherefore, also, 4HB 
is greater than APB. 


Pror. LX XXIX. 


116. Progrem. To describe a circle which shall 
have tts centre in a given straight line, which shall 
pass through.a given point, and shall, also, touch 
another given straight line. 

Let 4 be a point, between two straight lines given 


in position; aud first let the two straight lines PQ, 
RS, between which 4 is posited, be parallel to one 
another: It is required to describe a circle, which 
shall have its centre in RS, which shall pass through 
the given point 4, and touch PQ. — 

Through 4 draw (E. xii. 1.) BAC perpendicular 
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to PQ; from A, as a centre, at a distance equal to 
CB, describe a circle, and let it cut RS in K; from 
K draw KE (E. xxxi. 1.) parallel to CB; therefore 
the figure EC is a parallelogram, and, therefore, 
(E. xxxiv. 1. and E, xxix. 1.) KE = CB, and the 
4 KEB isa right angle; also, since (constr.) KA = 
CB, and that CB, as hath been shewn, is equal to 
KE; .. KE = AA; and therefore a circle described 
from K as a centre, at the distance KE, will pass 
through E and 4; and, because the z KEB is a 
right angle, it will (E. xvi. 3.) touch PQ in E. 

Secondly, let K be a given point in the given 
straight line RQ which meets another given straight 
line PO in. O; and let it be required to describe a 
circle which, having its centre in RQ, shall pass 
through K, and which shall touch PQ. ` l 

From K draw (E. xii. 1.) KC perpendicular to 
PQ; bisect (E. ix. I.) the 2 CKQ by KB, and from 
. B draw (E. xi. 1.) BE perpendicular to PQ; there- 
fore (E. xxviii. 1.) BE is parallel to CK; therefore 
(E. xxix. 1.) the CRB C KBE; but (constr.) the 
4 EKB= ; CKB; therefore the EKB= z KBE; 
therefore (E. vi. 1.) EK = EB; and therefore a circle 
described from the centre E, at the distance EK, will 
pass through B, and (E. xvi. 3.) touch PQ in B, be- 
cause (constr.) the < EBQ is a right angle. 

Lastly, let the given point 4 be between two given 
straight lines PQ and RQ which meet in Q; and let 
it be required to describe a circle which shall: have its 
céntre in RQ, which shall pass through 4, and touch 
PQ. A | 

From 4 draw (E. xi. 1.) AÑ perpendicular to RQ, 
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aud produce AN to J, so that NI = NA; describe 


R 


Q 


(Supp. Ixxxviii. 3.) a circle which shall pass through 
A and I and touch PQ; and since RQ bisects 4/ at 
right angles, the centre of the circle will (E. i. 3. 
Cor.) be in RQ. 


Prop. XC. 


117. PaonLgw. To describe a circle which shall 
touch two given straight lines, and pass through a 
given point between them. i 


Let A be a point, between two straight lines PQ, 
TV, and, first, let PQ be parallel to TY: It is re- 
quired to describe a circle, which shall pass through 
A and touch both PQ and TT. 

Through A draw (E. xii. 1.) BAD perpendicular 
to PQ, and therefore (E. xxix. 1.) also perpendicular 
to TV; bisect (E. x. 1.) BD in C, and through C 


202 SUPPLEMENT TO EUOLID's ELEMENTS. 
draw (E. xxxi. 1.) RCS parallel to PQ, and therefore 
P! T 


Q S V 


(E. xxx. I.) also parallel to TV; lastly, describe 
(Supp. Ixxxix. 3.) a circle which shall have its centre 
in RS, shall pass through A, and touch PQ: It will 
also, since its semi-diameter is equal to CB or CD, 
touch TV. 

Secondly, let the given point 4 be between two 
straight lines 7'Q, and PQ, which meet in Q: 


| & 
bisect (E. ix. I.) the „TA by RQ, and since 
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(E. xxvi. 1.) the perpendicular distances of any point 
in RQ, from TQ, and PQ, are equal to one another, 
it is manifest, that, if (Supp. Ixxxix. 3.) a circle be 
described having its centre in RQ, passing through 
A, and touching either of the two lines TQ, PQ, it 
will touch the other also. 


Prop. XCI. 


118. ProsLem. To describe a circle which shall 
touch two given straight lines, and also touch a given 
circle, which does not lie wholly without the two given 
straight lines. | 


Let PB and TD be two straight lines, and 


let HG be a circle, which does not lie wholly without 
PB and TD: It is required to describe a circle 
which shall touch both PB and TD, and which shell 
also. touch the circle GH. 

Find (E. i. 3.) the centre L of the circle GH; 
from D draw (E. xi. 1.) DX perpendicular to TD, 
and make it equal to the semi-diameter of HG; 
through X draw (E. xxxi. 1.) XW parallel to TD; 
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also, as in Supp. xc. 3. draw AK, equidistant from 


Q. 


PB and TD; describe (Supp. Ixxxix. 3.) a circle 
which shall have its centre in RK, which shall pass 
through L, and touch WX; let K be the centre of 
the circle, so described, and let it touch WX in X; 
join K, Mand K, L; and let KMand KL cut TD, and 
the circumference of GH, in F and G, respectively: 
Then, since (E. xviii. 3.) the KM is a right 
angle, and that (constr.) WX is parallel to TD; 
therefore the ^ AFT is also a right angle; and, 
because (constr.) MD is a parallelogram, (E. xxxiv. 
1) MF=XD; but (constr) XD- LG; . MF= 
LG; and (constr. and E. xv. Def. 1) KM=KL; 
„*. KF= KG, and a circle described from the centre 
K, at the distance KF, will (E. xvi. 3. Cor.) touch 
TD in F, will pass through G, and (Supp. vi. 3.) 
will touch the circle HG in G. 
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Pror. XCII. 


119. Prostem. To describe a circle which shall 
touch both a given circle, and a given straight line, 
and which shall, also, pass, first, through a given 
point without the given circle; and, secondly, 
through a given point within the circle. 

Let BCH be a circle, PQ a straight line, and first 

» | 


let the given point 4 be without the circle: It is 
required to describe a circle which shall pass through 
A, and which shall touch both PQ and the circle 
BCH. 

Find (E. i. 3.) the centre K of the circle BCH, 
and draw (E. xii. 1.) the diameter BDKC perpen- 
dicular to PQ; join C, 4*, and produce C4 to E 
(Supp. lxvii. 3. Cor.) or divide it (Supp. ixxi. 3. 
Cor. 3.) so that EC x C4 = BC x CD; describe 


* If AC > BCxCD, then CA must be divided into two 
parts, so that the rectangle contained by AC and the segment 
toward C shall be equal to BC CD. Also, in this application 
of Supp. Ixvii. 3, CA must first be produced, so that the rectangle 
contained by CA and the part produced, shall be of the given 
magnitude; and then from the whole line, CE must be cut off 
equal to the part produced. 
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(Supp. Ixxxviii. 3.) a circle AEF, which shall pass 
through 4 and E, and touch PQ: It shall also 
touch. the circle BCH. | 


For, let the circle AEF touch PQ -in F; find its 
centre G; and draw the diameter FGL, which 
(constr. E. xviii. 3. and E. xxviii. 1.) is parallel to 
BC; join, B, F, and C, F; and let CF cut the cir- 
cumference of BCH in H; join, also, B, H and F, 
H and K, H; and let KH meet FL in G; upon BF 
as a diameter, describe the circle BDHF, which, be- 
cause the zs BDF, BHF (constr. and E. xxxi. 3.) 
are right angles, will pass (Supp. xxix 1. Cor. 2.) 
through D and H; therefore (E. xxxvi. 3. Cor.) BC 
CDS FC x CH; but (constr.) BC x CD=EC x 
CA; .. FC x CH = EC x CA, and, therefore, the 
point H is in the circumference of the circle AEF; 
otherwise (E. xxxvi. 3. Cor.) the greater of two 
rectangles would be equal to the less. The point is, 
therefore, common to both the circles 4EF, BCH. 

Aud, since (constr.) FL is parallel to BC, there- 
fore (E. xxix. I.) the 2 GFH= ; HCB; but, since 
(constr. and E. xxxi. 3.) the < BHC isa right angle, 
the < HCB+ < CBH = (E. xxxii. 1.) a right angle; 
therefore the < GFH4- ; KBH —a right angle; that 
is, (E. xv. Def. 1. and E. v. 1.) the z GFH+ ; KHB 
=a right angle; and (constr. and E. xxxi. 3.) the 
4 BHF is a right angle; therefore (E. xiii. 1.) the 
4 KHB + , GHF =a right angle; therefore, the 
4 GFH= + GHF, and (E. vi. 1.) GF=GH: Bit 
G is in the diameter of the circle 4EF; therefore 
(E. vii. 3.) G is the centre of the circle AEF, which 
therefore (Supp. vi. 3.) touches the circle BCH m H. 
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And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the given point 
be within the.given circle: It is manifest, however, 
that, in this latter case, the given straight line which. 
is to be touched cannot lie wholly without the given 
circle. — 


Pnor. XCIH: 
120. PROBLEM. In a straight line of indefinita: 
length, but given in position, which cuts a given 
circle, to find a point, from which if a straight line 


be drawn to touch the circle, it shall be equal to a 
given finite straight line. 


Let LM be a finite straight line, P4B a 
D 


P 


straight line given in position, but indefinite in 
length, cutting the given circle 450 in A and B: It 
is required to find a point in PB, from which; if a- 
tangent be drawn to the circle 4BC; it shall be equal 
to L. 
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Produce (Supp. Ixxiii. 3.) 4B to D so that AD x 
= LAM"; and from the centre D, at a distance = 
LM, describe a circle cutting the circumference of 
the circle of ABC in C; draw DC; . DC- LM; 
therefore but (constr.) AD x DB=LM'; .. AD x 
DB = DC’; .. (E. xxxvii. 3.) DC touches the circle 
ABC, in C; and (constr.) it is equal to LM, and is 
drawn from a point D in the given indefinite straight 
line PAB. 


Prop. XCIV. 


121. Prostem.. To describe a circle that shall 
touch a given straight line, and that shall also touch 
two given circles. 


Let 4B and CD be the two given circles, and PQ 


een 
46%. 
* . 
0 ee 
0 
C) 


— Hoo — S 
the given straight line; and first, let neither of the 
two given circles lie within the other: It is required 
to describe a circle which shall touch both the given 
circles AB and CD, and which shall also touch PQ. 

Find (E. i. 3.) the centres K and L of the circles 
AB and CD; and if the circles be unequal, let CD 
be the greater; from any semi-diameter, as LC, of 
the greater, cut off CF equal to a semi-diameter of 
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the less circle; from the centre L, at the distance LF 
describe the circle FGE; from any point P, in PQ, 
draw (E. xi. 1.) PR perpendicular.to PQ, and make 
PR also equal to the semi-diameter of the less circle 
AB; through R draw (E. xxxi. 1.) RS parallel to 
PQ; describe (Supp. xcii. 3.) a circle KHG, passing 
through the point K, touching RS, in H, and touch- 
ing the circle EGF, in G; let I be the centre of the 
circle KHG; join K, 1, and L, I, and J, H; there- 
fore (E. xviii. 3.) the < IHR is a right angle, and 
. (constr. and E. xxix. 1.) the exterior ^ IMP is, 
also, a right angle; and the figure PH is a parallel- - 
ogram; therefore (E. xxxiv. 1.) MH = PR; and 
(constr) PR=KB or DG; ... MH=KB or DG; 
. IB, IM and ID are all equal; and (E. xvi. 3. 
Cor. and Supp. vi. 3.) a circle described from the 
centre J, at the distance IM, will touch PQ in M, 
the circle AB in B, and the circle CD in C. 


But if the two circles 4B, CD, be equal to one 
another, find, as before, their centres K, and L, and 
draw RS at a perpendicular distance from PQ equal 
to the semi-diameter of 4B or CD: Then, if (Supp. 
Ixxxviii. 3.) & circle be described. passing through K 
and L, and touching RS, it is evident, that its centre 
will be the centre of the circle which is to be de- 
scribed, and its semi-diameter will be found, as in the 
former case, by joining that centre and the centre of 
either of the two equal and given circles. i 


And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the two given 
circles do not lie without one another. 


P 
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Pror. XCV. 


122. PaobLem. To describe a circle which shali 
touch a given circle, and pass through two given 
points, either both without the circle, or both within 
it. i 

Let 4, B, be two points, and CDE a circle: It 


O L i 
l p i M. 
A 
CG... F 


: N 

is required to describe a circle which shall pass 
through A4 and B, and which shall also touch the 
circle CDE. 

First, let the two given points, 4 and B, be with- 
«ut the circle CDE: And if 4 and B be equally 
distant from the centre of CDE, it is manifest (Supp. 
vi. 3.) that a circle described (Supp. v. 1. Cor.) so as 
to pass through the two given points, and through 
the extremity of a diameter of the given circle drawn 
perpendicular to the straight line joining those points, 
will touch the given circle. 
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But if the points, Æ and N, be not equally. distant 
from the centre of the circle CDE, take any point F, 
without the circumference of CDE, and through A, 
B and F, describe (Supp. v. 2. Cor.) the circle 4FB; 
draw (Supp. Ixxix. 3.) HX, so that the straight lines 
which are drawn from any point of it, touching the 
two circles CDE, AGB, shall be equal to one another, 
and let BA, produced, meet HX in H; from H draw 
(E. xvii. 3.) HC and HD, touching the circle CDE 
in C and D; lastly, describe (Supp. v. 1. Cor.) two 
circles, the one passing through B, 4, and C, and 
the other through B, 4, D; the circles so described 
shall touch the given circle CDE, in the points C and 
D, respectively. 

For, from H draw (E. xvii. 3.) HG, touching the 
circle AGB in G: Then (E. xxxvi. 3.) BH x HA 
= HG'; but (constr.) HG- HC; .. BH x HA= 
HC“; .. (E. xxxvii. 3. HC touches the circle de- 
scribed through B, A and hé ; and (constr.) it also 
touches the circle CDE; .. (E. iii. Def. 3.) the 
circle BAC which passes through 4 and B, touches 
the circle CDE in C. 

In the same manner it may be shewn, that the 
circle described so as to pass through 4, B and D, 
touches. the circle CDE in D: And by a like con- 
struction may the problem be solved, when the two 
given pointe are both within the given circle. 


Prop. XCVI. 


123. Pronsem. To find a point in a straight: 
line, given in position, from which if two straight 
lines be drawn to two given points, without the given 

P2 | 
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line, they shall have, first, their diference, and, 
secondly, their aggregate, equal to a given finite 
straight line. 


Let 4, B be two points, XY a straight line of 


indefinite length, but given in position; and let C 
_be a finite straight ‘line: It is required to find 
a point in XY, from which if two straight lines be 
drawn to 4 and B, they shall have, first, their differ- 
ence equal to C. 

From 4 draw (E. xi. I.) 4D perpendicular to XY; 
produce 4D to E, and make DE = AD; from the 
centre B, at a distance equal to C, describe the circle 
FG; also, describe (Supp. xcv. 3.) a circle EAF, 
which shall pass through Æ and 4, and which shall 
touch the circle GF, in F; let K be the centre of 
the circle EAF, which centre (E. i. 3. Cor.) is in 
XY: Then is K the point which was to be found. 

For join K, 4 and X, B; therefore (E. xi. 3. or 
E. xii. 3.) K B passes through the point of contact F; 
and (E. xv. Def. I.) KA= KF; .. KB- KA= BF; 
and (constr.) BF C; . KB—KA=C. 

And, by a like construction, may a point be found 
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in XY, from which if two straight lines be drawn, 
to 4 and B, their aggregate shall be equal to a given 
straight line. 

But, in this case, the two iiis Aand E must 
fall within the circle described from the centre B, 
at a distance equal to that given line; otherwise, the 
problem is impossible. 

124. Con. 1. Let 4B be (E. x. 1 .) bisected in 
I, let (E. xii. 1.) KM be drawn perpendicular to 
AB, and let the circumference EAF cut AB in A 
and R, and BK produced in H: Then it is manifest, 
(constr. and E. iii. 3.) that 27M — BR; and (E. 
xxxvi. 3. Cor) AB x BR = HB x BF; i. e. 2 ABx 
IM- HBxBF, or HFx BF 4- BF’ (E. iii. 2.) 

Let now IN be taken in ZM (Supp. lxvii. 3.) so 
that 2 AB x IV- BF*; therefore, if 24Bx IN be 
taken from 2.4B x IM, and if BF be taken from 
HF x BF+ BF, there will remain 2 AB x NM= 
HF x BF or 24K x BF; . AB x NM= AK x BF. 

125. Con. 2. There is only one point K, in FX, 
from which if straight lines be drawn to 4 and B, 
their difference shall be equal to the given line C. 


Prop. XCVIL. 


126. PROBLEM. The base and the altitude of a 
triangle being given, together with the aggregate, or 
the difference, of the two remaining sides, to con- 
struct the triangle. | 

Let BC be the base of a triangle, and BE, 


drawn perpendicular to BC, equal to its altitude: 
It is required to construct a triangle, which shall 
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have BC for. its base, its altitude equal to BE and, 


E 2 Y 


B 


first, the aggregate of its two remaining sides of a 
given length. 

Through Æ draw (E. xxxi. 1.) EF parallel to BC; 
find (Supp. xcvi. 3.) a point 4 from which, if 4B 
and AC be drawn, their aggregate shall be equal to 
the given aggregate ; if, therefore, 4, B and 4, € 
be joined, it is manifest that ABC is the triangle, 
which was. to be described. 

And, in the same manner, by the help of Supp. 
xcvi, 3., may the problem be solved if the difference, 
instead of the aggregate of the two sides of the tri- 
angle, be given. 


Pror. XCVIII. 


127. PROBLEM. Three points being given, to find 
a fourth, from which if straight lines be drawn 
to the other three, two of them skall be equal, and 
the difference between either of these and the third 
shall be equal to a given straight line. 


Let 4, B and L be three points, and M a finite 
straight line: It is required to find a fourth point, 
from which, if three straight limes be drawn to L, 
A, and RB, two of them shall be equal, and the 
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difference between either of these and the third 
shall be equal to M. 


A 


From L as a centre, at a distance equal to M, 
describe the circle CDE; describe (Supp. xcv. 3.) a 
circle CAB, which shall pass through A and B, and 
which shall touch the circle CDE; and let K be the 
centre of the circle CAB: Then is K the point 

which was to be found. 

For join K, L; therefore, (E. xi. 3. or E. xii. 3.) 
KL, produced, passes through the point C, in which 
the two circles CDE, CAB touch one another ; join, 
also, K, 4 and K, B; therefore (E. xv. Def. 1.) KA, 
KB and KC are equal to one another; and KL = 
KC- LC; but (constr.) LC M; therefore KL i is 
equal to the difference between KC and M, that i is, 
to the difference between K4, or KB and M. 


Pror. XCIX. 


128. Prosrem. To describe a circle that shall 
touch three given circles, of which two are equal to 
one another. 
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Let 4B, CD, EF be three circles, of which 
the two 4B and CD are equal to one another: It is 


required to describe a circle which shall touch the 
three given circles 4B, CD, and EF. 

Find (E. i. 3.) the centres G, H and J of the 
three given circles; find, also, (Supp. xcviii. 3.) a 
point K, the distances of which from G and H, shall 
be equal to one another, and shall either of them 
differ from the distance between the points K and J, 
by the semi-diameter of the given circle EF: if, then, 
GK, HK and IK be drawn, it is manifest that KB, 
KD, and KF, are all equal to one another, and, 
therefore, that & circle, BDF, described from the 
centre K at the distance KB, will pass through B, 
D and F, and (Supp. vi. 3.) will touch the circles 
AB, CD, and EF in the points B, D and F, re- 
spectively. 

Pror. C. 

129. PRosLEeM. To find a point, in the circum- 

ference of a given circle, from which if two straight 
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lines be drawn to two given points, without the 
circle, the chord joining the intersections of the lines 
so drawn and the circumference, shall be parallel to 
the straight line joining the two given points. 


Let CDE be a circle, and A, B, two points with- 


out it: It is required to find a point in the circum- 
ference of CDE, from which if two straight lines 
be drawn to 4 and B, the chord joining their in- 
tersections with the circumference of CDE shall be 
parallel to 4B. 

Find (E.i.3.) the centre K of the circle CDE; 
find, also, (Supp. xcviii. 3.) a point L, the distances 
of which from 4 and B, shall be equal to one an- 
other, and shall, either of them, differ from the 
distance between L and K, by the semi-diameter 
of the given circle CDE; join L, A and L, B and 
L, K, and produce LK to meet the circumference of 
CDE, in D: Then is D the point which was to be 
found. 

For (constr. LD is equal to LA or LB; and 
a circle 4DB, described from L as a centre, at the 
distance LA, will (Supp. vi. 3.) touch CDE in D, 


and will pass through B; draw DA and DB, cutting 
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the circumference of CDE in C and Æ; join, like- 
wise, C, E, and K, C and K, E: And since (constr.) 
the CARE is an angie at the centre, and the 
CDE is an angle at the circumference of the 
circle CDE, the CKE is (E. xx. 3.) the double of 
the z CDE; in the same manner, it may be shewn 
that the ALB is the double of the z4DB or 
CDE; therefore the < CKE = ALB; therefore 
(E. xxxii. 1. and E. v. 1.) the 2s KEC, LBA, at 
the bases of the isosceles as CKE, ALB, are equal 
to one another: Again, since (E. xv. Def. 1.) the 
as EKD, BLD are isosceles, the K DE= < KED, 
and the LDB or KDE = LB D; therefore the 
KED ;LBD ; and it has been shewn that the 
L KEC= LBA; therefore the whole CED 


the -whole z ABD; therefore (E. xxviii, 1.) CE is 
parallel to 4B. 


A 
SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 
PART I. 
| BOOK IV. 


Prop. I. 


1. Tueorem. Ir an equilateral triangle be de- 
scribed about a given circle, the straight lines joining 
the points of contact shall contain another equilateral 
triangle; and the side of the circumscribed triangle 
is the double of the side of the inscribed triangle so 
contained. 


Let ABC be a circle: About it describe (E. i. 1. 
and E. ni. 4.) the equilateral A DEF, tlie sides 
of which touch the circle in the points 4, B and 
C, respectively; draw AB, BC and C4: Then 
is ABC an equilateral triangle, and any side, as EF, 
of the a DEF, is the double of any side, as 4C, of 
the s ABC. 


290 SUPPLEMENT TO EUCLID’S ELEMENTS. 


For (constr. E. v. 1. Cor. E. xxxii. 1.) each of the 


4s D, E, F, is the third of two right angles; there- 
fore (Supp. xix. 1. E. v. 1. E. xxxii. 1.) each of the 
angles of the as DAC, EAB, FBC, is the third of 
two right angles, and they are all equal to one 
another; therefore (E. xxxii. 3. ) the A ABC is equi- 
angular; and, therefore, (E. vi. 1. " it is also 
equilateral. 

Again, since it has been rom that AB= AC, 


therefore (E. xxviii. 3.) AB=AC; therefore (Supp. 
Ix. 3.) DE is parallel to CB; and in the same manner 
it may be shewn, that EF is parallel to 4C, and DF 
parallel to 4B; therefore the figures ACBE ; ACFB 
are parallelograms; therefore (E. xxxiv. 1.) 4C= 
EB; also AC= BF; .. EB + BF, that is EF, is the 
double of 40. 

2. Con. 1. If K be the centre of the circle, and 
if K, and any angular point of the circumscribed 
equilateral triangle, as D, be joined, DK is bisected 
in G, by the arch 4GC, and KG is bisected in 
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H, by the side 4C of the inscribed equilateral tri- 
angle. | 

For draw AG, AK, CG, CK, and produce DK 
to meet EF: Then since (Supp. xix. 3. Cor. 1.) DA 
= DC, and (E. xv. Def. 1.) AK = CK, therefore 
(Supp. i. 3. Cor.) DK and AC bisect one another at 
right. angles in H; and the ADK = ; CDK; also 
ED-FD; .. (E. iv. 1.) DK produced bisects EF, 
and therefore passes through the point of contact 
B 


Again (E. xxxii.3.) the z EAB= 2 AGB or AGK, 
and (E. v. I.) the ¿KAG = 7 AGK; therefore (E. 
xxxii. I.) the angles of the A AK G are equal to the 
angles of the A4BE, which in the proposition was 
shewn to be equilateral and therefore equiangular; 
therefore (E. vi. 1. Cor.) the AK G is equilateral; _ 
therefore 4G — 4K; and in the same manner, it 
may be shewn that CG=CK; . . (Supp. i. 3. Cor.) 
HG = HK ; and it has been shewn that HD-HB; 
from these equals take the equals HG and HK, and 


there remains GD equal to KB or KG; :. AGC 
bisects DK in G, and AC bisects KG in H. 

3. Con. 2. A straight line which touches a circle, 
at the extremity of a diameter drawn from the point 
of contact of any side of an equilateral triangle 
described about the circle, and which is terminated 
by the two remaining sides, is the side of an equi- 


* From this corollary may be derived an easy practical method 
of inscribing an equilateral triangle in a given circle, and of de- 
scribing an equilateral triangle about a given circle. 
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lateral and equiangular hexagon described about the 
circle. 

For, from the point B, in which the side EF, of 
the equilateral a DEF, touches the circle ABC, let 
the diameter BG be drawn, which, as hath been 
shewn, passes through D, and draw (E. xvii. 1.) LM 
touching tbe circle in G; draw, also, AG and CG: 
Then, since it has been proved (Cor. 1.) that 4G 
and CG are each of them equal to the semi-diameter 
of the circle, therefore (E. xv. 4.) they are the sides 
of an equilateral and equiangular hexagon inscribed 
in the circle: And if two other tangents be drawn 
at the extremities of the diameters which pass through 
the two points 4 and C, the remaining points of 
contact may, in the same manner, be shewn to be 
the remaining angular points of the inscribed hex- 
agon of which 4G and GC are sides: And in the 
same manner as the pentagon described about a 
circle is proved, in: E. xii, 4. to be equilateral and 
equiangular, may the hexagon thus described about 
the circle 4BC be shewn to be equilateral and equi- 
angular. | 

4. Cog. 3. An equilateral triangle inscribed in 
a given circle is a fourth part of the equilateral tri- 
angle described about that circle. 


| Prop. II. 


5. Tueorem. lf a triangle be described about 
a given circle, the rectangle contained by the peri- 
meter of the triangle and the semi-diameter of the 
circle shall be double of the triangte. 
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Let FEG be a circle: Describe (E. iii. 4.) 


B 


any triangle, 4BC, the sides of which touch the 
circle in the points F, E, G: The rectangle con- 
tained by the semi-diameter of the circle, and the 
perimeter of the a 4BC, is double of the A ABC. 

For take D the centre of the circle FEG, and 
draw BF DG, DE, DA, DB and DC: Then 
(E. xli. 1.) the rectangle contained by DF and AB 
is double of the SADB, the rectangle contained 
by DE and BC is double of the ABDC, and the 
rectangle contained by DG and AC is double of 
the AADC; but (E. xv. Def. 1.) DF, DE and 
DG are equal to one another; if, therefore, AB, 
BC, and CA, be supposed to be placed in the same 
straight line, the rectangle contained by their ag- 
gregate and a semi-diameter of the circle FEG, is 
(E. i. 2.) double of the three As 4DB, BDC, CDA, 
that is, of the whole s ABC. | 

6. Con. 1. If any number of triangles with equal 
perimeters be described about a given circle, they 
shall be equal to one another. 

7. Con. 2. In the same manner it may be shewn 
that the rectangle contained by the perimeter of 
any rectilineal figure, described about a given cir- 
cle, and the semi-diameter of the circle is double 


9094 SUPPLEMENT TO EUCLID'S ELEMENTS. 


of the rectilineal figure: And, therefore, all rec- 
tilineal figures described about the same circle that 
have equal perimeters, are equal to one another. 


Prop. III. 


8. ProsLEM. Three straight lines being given, 
which, when produced, do not all three meet in the 
same point, and of which the middle line is not 
parallel to either of the others, to describe a circle 
which shall touch each of them. 


Let PQ, RS, TV, be three straight lines, 
which, when produced, do not all meet in the same 
point: It is required to describe a circle which shall 
touch PQ, RS and 77. | 

Let PQ and RS cut TV in A, and B; bisect 
(E. ix. 1.) the ^s PAB, ABR, QAB, ABS, by 


AC, BC, AD and BD, aud let AC and. BC meet 
in C, and 4D and BD in D; from C and D draw 
(E. xii. 1.) CE and DF perpendicular to AB: Then 
shall a circle described from the centre C, at the 
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distance CE, touch 4B and AP and BR; and a 
circle described from the centre D, at the distance 
DF, shall touch AB end AQ and BS. 

For draw (E. xii. 1.) from C, CG perpendicular to 
AP, and CH perpendicular to BR, and join C, A 
and C, B: And because (constr. the z E4C= 
4 GAC, and the angles at E and G are right angles, 
and that AC is common to the two triangles AEC, 
AGC, therefore (E. xxvi. 1.) CG= CE; and in the 
same manner it may be shewn that CE = CH; there- : 
fore CE, CG, and CH are equal to one another; 
and therefore a circle described from the centre C 
at the distance CE will pass through Gand H, and 
(constr. and E. xvi. 3. Cor.) will touch AB in E, AP 
in G, and BR in H. 

In the same manner it may be proved that a circle 
described from the centre D, at the distance DF, 
will touch 4B, 4Q and BS. MED. 

9. Con. The four points 4, C, B and D are in 
the circumference of a circle. 

For join C, D: The two zs CAE, DAE, to- 
gether, are (constr.) the half of the two 2s PAB, 
QAB taken together; that is the whole < CAD is 
(E. xiii. 1.) the half of two right angles; therefore 
the CAD is a right angle: In the same manner 
it may be shewn that the ¿CBD is a right angle; 
therefore (Supp. xxix. 1. Cor. 2.) a circle described 
upon CD as a diameter, will pass through 4 and 
B. 


Prop. IV. 


10. Tueorem. The three straight lines, which 
Q 
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bisect the three angles of a triangle, meet in the. same 
poini. 
Let ABC be a triangle: The three straight 


lines which bisect its angles, meet in the same 
point. 

For (E. ix. 1.) bisect the zs ABC, ACB, by BD 
and CD, which meet in D, and join 4, D; also 
from D draw (E. xï. 1.) DE perpendicular to BC, 
DF perpendicular to AB, and DG perpendicular to 
AC: Then it may be shewn as in the next preceding 
proposition, that DF= DG; end DA is common to 
the two right-angled As AFD, AGD; therefore 
(Supp. Ixxiv. 1.) the .FAD= 2 GAD; . AD bi- 
sects the < BAC, and the three straight lines which 
bisect the three angles of the, AAB meet in the 
same point D. | 


Prop. V. 


. M. TusougM. df a circle be inscribed in a 
right-angled triangle, the excess of the two sides, 
containing the right angle, above the third side, is 
equal tb the diameter of the inscribed circle. 


Let 4BC bea triangle having one of its: zs BAC, 
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aright angle; and let.(E. iv. 2.) the circle FEG, of 


which D is the centre, be inscribed in it. The ex- 
cess of 4B+ AC above BC is equal to the diameter 
of the circle FEG. 

For join the centre D, and the points of contact 
E, F, and G; join, also, D, 4: Then since (Supp. 
xix. 3. Cor. 1.) BE- BF, and CE = CG, it is evident 
that JF A, or 2AF, is the excess of 4B+AC 
above BC: Again, since A4F= AG, and FD = GD, 
and. AD is common to the two As AFD, AGD, 
therefore (E. viii. 1.) the. < FAD= z GAD; but (M.) 
the FAG is a right angle; therefore the 2 FAD 
is balf of a right angle; also (constr. and E. xviii. 3.) 
the < AFD is a right angle; therefore (E. xxxii. 1.) 
the FDA is half of a right angle; therefore the 
£FAD- FDA; therefore (E. vi. 1.) AF= FD, a 
semi-diameter of the circle FEG; .. 2A4F, which 
was shewn to be the excess of 4B+ AC above BC, 
is equal to the diameter of FEG? ^ 


Prop. VI. 


12, Taxonku. The. straight line bisecting: any 
angle af a triangle, inscribed in a given cirele, cuts 
the circumference, in a point which rs equidistant . 

Q 2 
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from the extremities of the side opposite to the bi- 
sected angle, and from the centre of a circle inscribed 
in the triangle. 

Let KEF be a triangle inscribed in the circle 
KEG, and let KG, which bisects the EHF, meet 


the circumference in G: The point G is equidistant 
from E and F, and from the centre of the circle 
inscribed in the AKEF. 

For, join G, E, and G, F; draw (E.ix. 1.) E 
bisecting the KEF: therefore (E. iv. 4.) I is the 
centre of the circle inscribed in the A KEF: And 
since (hyp.) the ZEKG- ZFKG, therefore (E. xxvi. 3.) 


GE=GF. and therefore (E. xxix. 3.) GE=GF: 
Again, because (E. xxi. 3.) the 4 GEF. 2 GKF, 
therefore (consir.) the two zs GEH, HEI, that is, 
the < GEZI, are equal to half of the two zs EKF, 
FEK; also the exterior < EIG, of the EIK, is 
(E. xxxii. 1.) equal to the two zs IKE, KEI, that 
is (constr.) to half of the two 2s FKE, KEF; there- 
fore the z EIG = < GEI; therefore (E. vi. 1.) GE 
=æ GI; and it has been shewn that GE-GF'; there- 
fore G is equidistant from E, and F, and from the 
centre Jof the circle inscribed in the a KEF. 
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- Pror. VII. 


13. ProsLem. In a given circle, to inscribe three 
equal circles, touching each other and the groen 
circle. 


Let 4BC be the given circle: It is required to 


inscribe it in three equal circles, touching each 
other, and also touching ABC. | | 
About the circle ABC describe (E. i. 1. and E. iii. 
4.) the equilateral A DEF, the sides of which touch 
the circle in the points 4, B and C: Take the centre 
K, and draw KD, KE and KF: It is manifest, 
from the demonstration of E. iv. 4., and of Supp. i. 
4. Cor. 1., that, if a circle be inscribed in each of 
the equal As DKE, EKF, FKD, these inscribed 
circles will be equal, and will touch one another. 


Prop. VIII. 


14. Prosprem. To inscribe three: circles in an 
equilateral triangle, touching each other, and each 
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of them touching two of the three sides of the tri- 
angle. 


Let ABC be an equilateral triangle. It is re- 


quired to inscribe in the a ABC, three circles that 
touch one another, and two sides of the triangle. 
Bisect (E. ix. 1.) the vertical < BAC by AD; 
therefore (E.iv. 1.) the two ^s ADB, ADC, are 
right-angled at D; in the 44DB inscribe (E. iv. 4.) 
the circle JG; and in the a ADC inscribe the. circle 
IH: Then, it is manifest, from the demonstration of 
E. iv. 4, that the two circles IG and IH touch AD 
in the same point J, and therefore touch one another 
in that point, and that they are equal to one another; 
take their centres E and. F, and draw EF, which 
(E. xii. 3.) passes through I; and since the two 
circles are equal, EF is bisected: in I; join, also, 
E, G, and F, H > E ig (E. xvii. 3. and E. xxviii. 
1.) parallel. to FH; atid B= H, tlieréfore (E. 
xxxiii. 1.) EF is parallel to BC, and (E. xxix. 1.) 
the <s AIE, AIF, are right angles; if, therefore, 
from the centre. E, at the distance EF, a circle be 
described, cutting Al in K, and if K, F be joined, AF 
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(E. iv. 1.) XE, and the a- KEF is equilateral; 
and its EKF. which (E. xxxii. 1.) is equal to 
the < BAC, is bisected by AKI; therefore the 
LEKI = z BAD; therefore (E. xxviii. 1. XE is 
parallel to AB; join E, N, and draw (E. xii. 1.) 
KL perpendicular to AB, and therefore (E. xxviii. 
1.) parallel to EN; .. KLNE is a parallelogram, 
and (E. xxxiv. 1.) KL=EN, or EI, or the half of 
ER; and if KM be drawn perpendicular to AC, it 
is equal (constr. and E. xxvi. 1.) to KL. It is evi- 
dent, therefore, that a circle, LM, described from the 
centre K; at the distance KL, or KM, will (E. xvii 
3. Cor. and Supp. vi. 3.) touch AB and AC, and 
each of the circles GI, and HI: And thus will 
three circles have been inscribed in the equilateral 
SABC touching one another, and each of them 
touching two sides of the triangle. 


Prop. 1X. 


15. Tneorem. Phe square, inscribed in a circle, 
is equal to the half of the square upon its dia- 
meter. 


Let ABCD be a circle: Inscribe in it (E. vi. 4.) 
by drawing the diameters 4C, and BD perpendicular 
to one another, the square 4BCD, and describe 
about it (E. vii. 4.) the square EFGH: And since 
(E. xli. 1.) the ABAD is half of the C3E BDH, and 
the ABCD. is half of the cC BFGD, the two As 
BAD, BCD are, together, half of the two Cs 
EBDH, Bron; that is, the inscribed square 
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ABCD is half of the circumscribed square EFGH, 


H 


which is equal to the square upon the diameter, 
because (E. xxxiv. 1.) its side F'G equal the diameter 
BD of the circle, 


Prop. X. 


16. PnosLEM. In a given circle, to inscribe a 
^. rectangle equal to a given rectilineal figure, not 
exceeding the half of the square upon the diameter. 


Let 4 be the given rectilineal figure, and BCD 


the given circle: It is required to inscribe, in the 

circle BCD, a rectangle equal to the figure 4. 
Draw any diameter CD of the given circle; find 

(Supp. lv. 1. Cor.) a triangle equal to 4; and te 
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CD apply (E.xliv. 1.) a COCDEF, equal to that 
triangle, and, therefore, equal to the given figure 4; 
let the side EF of the C3CDEPF cut the circum- 
ference of the given circle CBD in B; draw the 
diameter BHG, and join C, B, and B, D, and C, G 
and D, G: And, since (E. xxxi. 3.) each of the 
4s CBD, BDG, DGC, GCB, are right angles, 
therefore (Supp. xxxvi. 1. BDGC is a rectangular 
parallelogram; and therefore (E. xxxiv. I.) it is 
double of the a CBD; also (E.xli. 1.) the C3EDCF 
is double of the ACBD; therefore the rectangle 
CBDG=CEFCD, which has been shewn to be 
equal to 4; therefore the rectangle CBDG = 4. 


Prop. XI. 


17. Tueorem. If from any point, in the circum- 
ference of a given circle, straight lines be drawn 
to the four angular points of an inscribed square, 
the aggregate of the squares of the four lines, so 
drawn, shall be the double of the square of the 
diameter. 


Let ABCD be a circle; inscribe in it (E. vi. 4.) 


the square BADC, and from any point P, 
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in the circumference, let there be drawn to the 
angular points 4, B, C, D, PA, PB, PC and PD: 
Then PL+ PB + PC’'+ PD shall be double of 
the square of the diameter. 

For let K be the centre of the circle, and 4KC, 
DKB the two diameters perpendicular to one an- 
other, by joining the extremities of which (E. vi. 4.) 
the square. was inscribed in the circle: Then since 
(E. xxxi. 3.) the -zs APC, BPD: are right angles, 
therefore (E. xlvii. 1.) P4°4+PC?= AC", and PR 
+ PD* = DB: or AC’: . P4+PB+PC + PD 
=2 AC". 


Pror. XII. 


18. PnonLEM. Ina given circle, to inscribe four 
circles equal to each other, and in mutual contact 
with each other and.the given cirole. ` 

Let ABCD be the given circle: It is required 


to inscribe in it four equal circles touching one 
another, and the circle ABCD. 

About the circle 4BCD describe (E. vii. 4.) the 
square EFGH, and draw its diagonals EG, HF, 
which cut one another in the centre A, so that 
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(E. xxvi. 1.) the four: as EKF, FKG,- GKH, HKE, 
have their sides and angles respectively: equal io one 
another: It is. manifest, therefore, from the demon- 
stration of. E. iv. 4.,. that if a circle bo. inscribed in 
each of the four equal triangles, the. cireles so de- 
scribed, will be equal, aud will touch one. another; 
and the given circle ABCD. _ 

19. Cor. In-the same-manner, four MT circles 
may be inseribed in a given square, touching cacl 
other and the sides of the square. 


‘Prop. XIII. | 

90. Prosiem. To inscribe d circle in a given 

trapezium, of whick two opposite sides are, together, 
equal to the other two sides taken together. 

Let ABCD be the given trapezium, having the 

two sides 4D and BC equal, together, to the two 


remaining opposite sides 4B and DC: lt is required 
to inscribe a circle in the trapezium 4BCD. 

Bisect (E. ix. 1.) each of the zs BAD, ADC, by 
AK and DK, which meet in K; from K draw (E. 
xii. 1.) KE perpendicular to 4D, KF perpendicular. 
to 4B, KL perpendicular to BC, and KN perpen- 
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dicular to CD: Then (demonstr. of Supp. iii. 4.) 
KE, KF, and KN are equal to one another; as are, 
also, AF and AE, and DE and DN; and KL is 
equal to KFor KN: For if KL be not equal to KF 
or KN, it is either greater or less; if it be possible, 
let KL>KF or KN; aud join K, 4, and K, D, and 
K, C, and K, B: Then (constr. and E. xlvii. 1.) 
KB! = KF*-- BF; and, likewise, KB'-KL*4- BL’ 
<. KF’ + BF’ = KL! + BL’; but KL? > KF; 
*. BL’ < BF”, and BL < BF: In the same manner 
it may be shewn that LC < CN; . BL+LC, or 
BC, BF CN; add AD to BC, and AF + DN, 
which = 4D, to BFA CN; . AD -- BC« AB+DC, 
which is contrary to the supposition; .. KL is not 
» KF; and in a similar manner it may be shewn 
that KL is not < AF; .. KL = KF, or KN, 
or KE: From K, therefore, as a centre, at the 
distance AF, describe a circle EFLN, and it will 
pass through the points L, G, and E, and (E. xvi. 3. 
Cor.) will touch 4B, BC, CDand DA, respectively, 
in the points F, L, N, and E. 

21. Con. If two opposite sides of a trapezium be 
together equal to the other two sides, taken together, 
the four straight lines, which bisect the four angles 
of the figure, all of them meet in the same point. 


Pror. XIV. 
22. ProsLem. Upon a given finite straight line, 
to describe an equilateral and equiangular decagon. 
Let AB be the given straight line: It is required 


to describe upon. it an equilateral and equiangular 
decagon. 
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Describe (E. x. 4.) the a PQR, having each of 


the ^s PQR, PRQ, double of the 4 P; at the 
points 4 and B, in AB, make (E. xxiii. 1.) the 
4s BAK, ABK, each of them equal to the ^ PQR, 
or PRQ; ~. (Supp. xxvi. 1.) the < AAB= ; QPR, 
and the <s KAB, KBA, are each of them the double 
of the < AKB, which angle is, therefore, the fifth 
part of two right angles; from the centre K, at the 
distance KA or KB, describe the circle ABCD, 
cutting 4K and BK, produced, in C and D; bisect 
(E. ix. 1.) the 2 DKA by EKF, which (E. xv. 1.) 
also bisects the z CKB; again bisect the 2s DKE, 
EKA, by GKH, LKM, which also bisect the angles 
FKB, CKF; lastly, draw BH, HF, FM, MC, 
CD, DG, GE, EL and LA: The ten-sided figure 
ABHFMCDGEL is an equilateral and equiangular 
decagon. 

For the < AKB has been shewn to be the fifth 
part of two right angles; therefore (E. xiii. 1.) it is 
the fifth part of the zs AKB, AKD; therefore the 
£ AKD=4 AKB: therefore (constr.) the angles 
BKA, AKL, LKE, EKG, GKD, and (E. xv. 1.) 
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their vertical angles are equal to one another; there- 
fore (E. xxvi. 3. and E. xxix. 3.) the ten-sided figure 
is equilateral! and since (constr. and E. xxxii. 1.) 
the isosceles triangles, into which it is divided by the 
straight lines drawn from K to its angular points, 
have the angles at their bases all equal, the figure is 
also equiangular. 

23. Cor. 1. It is manifest from this proposition, 

and from E. x. 4., that if the semi-diameter of a circle 
be divided into two parts, so that the rectangle con- 
tained by the whole and the lesser part may be equal 
to the square of the greater part, the greater segment 
shall be equal to the side of an equilateral and equi- 
angular decagon inscribed in the circle; and thus 
may such a decagon be inscribed in a given circle. 
..94. Cor. 2. In the solution of the proposition, is 
shewn the method of describing, upon a given finite 
straight line as a base, an isosceles triangle, having 
each of the angles at the base double of the third 
angle. NE 

25. Con. 3.. The figure 4BHFMCDGEL being 
an equilateral and equiangular decagon, if the points 
A, H, and H, M, and M, D, and D, E, and E, A, 
be joined, it may be shewn, from E. iv. 1., that the 
figure AHMDE is an equilateral and equiangular 
pentagon. | | | 

In the same manner, if an equilateral and equi- 
angular rectilineal figure of any even number of sides 
be given, such a figure, having half that number of 
sides, may be constructed: Also, if a circle be de- 
scribed about the given figure, which can always be 
done by the method used in E. xiv. 4., and, each of 
the equal angles of the figure having (E. ix. I.) been 
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bisected, if the points in which tħe circumference. is 
met by the bisecting lines, and tlie'angulár points of 
the given figure bé joined, a figure of twice as many 
sides as the given figure will have been constructed, 
which (E. xxvi. 3., and E. xxix. 3.), is equilateral, 
and, therefore, equiangular: For in the same man- 
ner, that an equilateral pentagon, inscribed in a 
circle, is shewn (E. xi. 2.) to be equiangular, may 
any other equilateral rectilineal figure, inscribed in a 
circle, be shewn to be equiangular. 

Thus, by the help of E. ix. 1, E. ii. 4, E. vi. 4, 
E. xi. 4, and E. xvi. 4., equilateral and equiangular 
figures may be inscribed in a given circle, of three, 
six, twelve, &c., equal sides ; of four, eight, sixteen, 
&c. equal sides; of five, ten, twenty, &c. equal sides; 
and of fifteen, thirty, sixty, &c. equal sides. 


Prop. XV. 


26. Prosiem. Upon a given finite straight line, 
to describe an equilateral and equiangular pentagon. 


if upon the given finite straight line an isosceles 
triangle be described (Supp. xiv. 4. Cor. 2.) having 
each of the angles at the base double.of the third 
dugle, and if, also, a circle be described (E. v. 4.) 
about that triangle, it will be manifest, that the equi- 
lateral and equiangular pentagon inscribed in the 
circle, according to the method used in E. xi. 4., is 
the figure which was to be constructed. 


Prop. XVI. 


27. 'TuxkonkgM. The angle of a regular pentagon 
exceeds a right angle by one-fifth part of a right 
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angle ; and is three times as great as the angle con- 
tained by any two sides of the figure, which are not 
adjacent to each other, produced so as to meet. 


Let ABDCE be the given equilateral and equi- 


angular pentagon, and let any two of its sides, as 
EA, DB, be produced, so as to meet in H: Any of 
its angles exceeds a right angle by one-fifth part of a 
right angle, and is three times as great as the angle 
AHB. 

About the pentagon ABDCE describe (E. xiv. 4.) 


the circle AEC DB; bisect (E. xxx. 3.) AB, in G, and 
join C, 4 and C, B, and C, Gand E, Gand E, B: And 


since (hyp. and E. xxviii. 3.) the circumferences CE, 


EA, CD, DB, are equal, CEG=CDG; ju CEG 
is the semi-circumference of the circle, and (E. 
xxxi. 3.) the 2 CEG is a right angle; also (E. xxi. 
3.) the < AEG= 2 ACG; and it is manifest from 
the demonstration of E. xi. 4. E. xxxii. 1., that the 
4 ACB is the fifth part of two right angles; and 
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therefore that its half, namely the < AEG, is ‘the 
fifth part of a right angle; therefore the < AEG, 
which is the excess of the < CEA above a right 
angle, is the fifth part of a right angle. 

Again, the two opposite <s AEC, CBA, of the 
trapezium AECB are (E. xxii. 3.) together equal to 
two right angles; and (E. xxvii. 3.) the 2 CBA= 
< BCE; therefore the 2 AEC + ; ECB = two 
right angles, and therefore (E. xxviii. 1.) CB is 
parallel to EA or EH; therefore (E. xxix. 3.) the 
4 EHD= + CBD, which, since (E. xxvii. 3.) the 
three zs CBD, CBE, and EBA, are equal to one 
another, is a third part of the 7 ABD of the penta- 
gon ABDCE. | 

28. Com. Itis manifest from the demonstration, 
that the straight line joining the extremities of the 
first and second side of an equilateral and equiangular 
pentagon is parallel to the fourth side of the figure; 
the sides being taken in order from any one of them 
assumed as the first. 


| | Pror. XVII. 
29. 'THEOREM. The square of the side of a re- 
gular pentagon, inscribed in a given circle, is equal 
to the square of the side of a regular decagon, to- 
gether with the square of the side of the regular 

hexagon, both inscribed in that given circle, 

Let AECB be the given circle, of which K is the 
centre, and AB the side of a regular decagon in- 
scribed (Supp. xiv. 4. Cor. 1.) in it: Place, in the 
circle,. BC = AB, and join 4, C; therefore (Sapp. 
xiv. 4. Cor. 3.) AC is the side of a regular pentagon 
inscribed in the circle, and if XA, AB, and AC be 

R 
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| drawn, any one of these lines, as KA, is (E. xv. 4.) 


the side of a regular hexagon inscribed in the circle: 
Then AC = Kf + AB’. 

For, in KA take KD- AB, draw BD and pro- 
duce it to meet the circumference in E; also, draw 
KE, KC, CE and CD: Then, it is manifest from 
Supp. xiv. 4. Cor. 1. and E. x. 4., that the z KBD 
= 4 AKB; but (constr. and E. viii. 1.) the 2 4KB 
= 4 BKC; therefore the DBK or EBK = ; BKC; 
therefore (E. xxvii. 1.) ED is parallel to KC: 
| — (E. xx. 3.) the 4 EKA or EKD=2 ; EBA; 

but (E. xxxii. 1:) the exterior < EDK is equal to the 
DRB + £ KBB, that is, (constr.) to twicé the 
LKBE, or to twice the L EBA; therefore the 
LEKD-LEDK; . ED EK; and (E. xv. 
Def. 1.) EK = KC: - ED = KC, and it has been 
shewn that. ED. is parallel to KC; therefore (E. 
xxxiii. 1.) EK is equal aud parallel to DC, and the 
figuré EKCD is a rhombus; therefore (Supp. xlv. 1.) 
KD is bisected at right angles in H, by CE: And 
since KD is bisected in H and ., to A, there- 
fore (E. vi. 2.) 
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|. KAx AD+ DIT: = AH*; 
. KAx AD+ DIP 4. HC: = AH? + HC; 
but (constr. and Supp. xiv. 4. Cor. 1.) 
KAx AD — wack 
and (E. xlvii. 1.) t s 
DH* + HC* x DC'*, or KC: or KA; 
"d AH? + HC* — AC"; | 
|. ASKE TAB. 
30. Cor. Bue if ABC be a given circle, 


and 4C, BK two diameters drawn (E. xi. 1.) at 
right angles te one another, if KC be (E. x. 1.) bi- 
sected in D, and if from DA there be cut off DE= 
DB, EK is the side of a regular decagon inscribed in 
the circle ABC, KB is the side of a regular hexagon 
inscribed in it, and EB is the side of a regular pen- 
tagon inscribed in it. 

For (E. xi. 2.) EK is equal to that part of KB, 
the square of which equals the rectangle contained 
by KB and the remaining part of KB; therefore 
(Supp. xiv. 4. Cor. 1.) EK is the side of a regular 
decagon; and KB (E. xv. 4.) is the side of the 
regular hexagon, inseribed in the circle ABC; since. 

R 2 
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therefore, (constr. and E. xlvii. 1.) EB'— EK + 
KD’, EB is (Supp. xvii. 4.) the side of a regular 
pentagon inscribed in the circle 4BC*. 


Pror. XVIII. 


31. Prosen. Upon a given finite straight line, 
to describe an equilateral and equiangular heragon. 

Upon the given straight line, as a base, describe 
(E. i. 1.) an equilateral triangle; from its vertex as 
a centre, at the distance of either of its sides, describe 
a circle: Then, if a regular hexagon be inscribed in 
the circle by the method used in E. xv. 4., taking 
either extremity of the base of the equilateral tri- 
angle, for the centre of the circle to be next described, 
it is manifest that the given straight line will be one 
of its sides. 


Pror. XIX. 


32. ProsLem. A circle being given, to describe 
six other circles, each of them equal to it, and in 
contact with each other and with the given circle. 


Let IGH be the given circle: It is required to 
describe six other circles, equal each of them to the 
circle JGH, and touching that circle and each other. 

Find (E. i. 3.) the centre K, of the circle IGH; 


take any of its semi-diameters, as KG; produce KG 


* This corollary furnishes the best practical method of deter- 
mining the sides of a regular pentagon, and of a regular decagon, 
to be inscribed: in a given circle; and thus makes it easier to 
describe a regular pentagon, or a de decagon, on a given 
finite straight line. l 
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to A, and make GA — UR; from the centre K, at 
the distance KA, describe the circle ABCD; and in 
the circle ABCD inscribe (E. xv. 4.) the equilateral 
and-equiangular hexagon 4BFCDE ; bisect (E. x. 1.) 
the side AB of the hexagon in L: Then since (E. 
xv. 4.) IB. KA or KB, and (constr.) AG and BH . 
are, each of them, the half of KA or KB; .. AG 
and BH are each of them equal to IL or BL: If, 
therefore, from the centres 4 and B, at the distance 
AG, or BH, two circles be described, they will be 
equal to one another and to the given circle, and they 
will touch (Supp. vi. 3.) the given circle in G and H, 
aud will, also, touch one another in L. 1n the same 
manner, from the points E, D, C, F, as centres, may 
four other circles be described, each equal to the 
given circle and in contact with it, and touching also 
each other. 
ra 


ae 


WO 


A A i p L 
" 
33. Con. No more than six circles can be de- 
scribed touching one another and a given circle, and 
each of them equal to the given circle. 
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Prop. XX. 


34. PRoBLEM. In a given circle to inscribe six 
circles equal to one another, touching, each of them, 
the given circle, and touching, also, one another. 


Inscribe (E. xv. 4.) an equilateral and equiangular. 
hexagon in the given circle, and through the points, 
in which are its angles, draw, (E. xvii. 3.) straight 
lines touching the circle; and.it may be shewe, hy 
the method used in E. xii..4., that the:figure can- 
tained by these. tangents is en equilateral end equi- 
angular hexagon; from the:centre of the citcle:draw 
straight lines to the several angles of the .circumr 
scribed hexagon, thus dividing it into six equal equi- 
lateral triangles; and if (E. iv. 4.) a circle be- ia- 
scribed in each of these triangles, it will bé -manifest 
from the demonstration of E. iv. 4., that thelairdias, 
so inscribed, will be equal, and that they will touch 
one another in common points of the sides of the 
triangles, and will, also, touch the given circle, each 
of them in one of the points of contact of the circum- 
scribed hexagon. 


A 


SUPPLEMENT 


ELEMENTS OF EUCLID. 
PART I. 


BOOK V. 


LI 
——— — © 


Prop. I. 


Tusorem. lf the first of four proportional 
eit be greater than the second, the third is 
also greater than the fourth ; if ia W and 
if less, less. 


Let 4: B:: €: D; and first, let 4 > B; then 
C » D. 

Take the doubles of the four magnitudes; and 
since (Ap.) 4 > B, twice A > twice B; pei 
(hyp. aud v. Def. 5.) twice € » twice D; C» D. 

In like manner it can bé shewn, if 4-B, that 
C=D; and if 4< B, that C « D. 


Pior II. 


2. Turonzw. If four magnitudes are propor- 
tionals, they are proportionals also when taken ùt- 
versely. 
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Let 4: B:: C: D; then B: A4: D: C. 

Let there be taken of A and C any equi-multiples 
pA, pC, and of B and D any equi-multiples 9B, gD: 
Then (p.) A: B:: C: D; therefore (v. Def. 5.) 
if pd > qB, pC > qD; if p4—qB, pC=qD; if pA 
< qB, pC « qD; therefore accordingly as 9B is 
greater than, equal to, or less than p4, qD is greater 
than, equal to, or less than pC; 

therefore (v. Def. 5.) B: 4: D: C. 


Peor. III. 


3. 'TuronEm. If the first of four magnitudes be 
the same multiple of the second, or the same part of 
tt, that the third is of the fourth, the first is ta the 
second, as the third is to the fourth. 


First, let 4=pB, and C-pD; . 
then 4 : B:: C: D. 

Let there be taken of 4 and C any equi-multiples 
gA, qC, and of B and D any — rB, rD. 
And since 4 = pB, accordingly as q4 is greater, 
equal to, or less than rB, will g times pB be greater, 
equal to, or less than rB, that is, 9 times p will be 
greater, equal to, or less than r; and therefore q 
times pD will also be greater, equal to, ‘or less than 
rD; that is, (hyp.) gC will be greater, equal to, or 
less than rD; therefore I Def. 5.) 

4: B:: C: D. 
Secondly, let pA = B, aud pC= D; then, also, 
4: B:: C: D. 
For i in that case, as hath been shewn, 
B: A:: D: C: 
therefore (Supp. ii. 5.) 
A: B:: C: D. 
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Prop. IV. 


4. Tueorem. If the first of four proportional 
magnitudes be a multiple, or a part, of the second, 
the third is the same multiple, or the same part, of 
the fourth. | S 


If 4 : B:: C: D, and if A=pB, then C=pD. 
For (hyp. and Supp. iii. 5.) A: B: pD: D; 
and (Ap.) A: B:: C : D; 
therefore (E. xi. 5.) C: D:: pD : D; 
therefore (E. ix. 5.) C=pD. 

Again, if 4: B:: C: D, and if pA4- B, then 

pC =D. ö 
For (p.) 4: B:: C: D; 
*. (Supp. ii. 5.) B: 4: D: C; 
and (p.) B= A; therefore, as in the former case, 
D=pC; that is, C is the same part of D, that A is 
of B. 
Pror. V. * 

5. 'aronEM. If any number of equal ratios be 
each greater than a given ratio, the ratio of the sum 
of their antecedents to the sum of their consequents, 
shall be greater than that given ratio. 


Let the ratios (4 : B), (C: D), (E: F), &c» 
be equal to one another, and let each of them be 
greater than the ratio (P : Q); then (/4-- C--E : 
B+D+fF)>(P: Q.) 

For (E. xii. 5.) A+ CE: B+D+F:: 4: B; 

and (Ap.) (A : B) - (P: Q); 
.*. (AT CE: B+D4+F)>P: Q. 
Prop. VI. 
6. Tneorem. F the first of four magnitudes have 
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a greater ratio to the second than the third has to 
the fourth, the second shall have to tke first a less 
ratio than the fourth has to the third. 


If (4: B) (C: D), then is (B: 4) « (D: C. 
For, let E be a magnitude such that 
(E : B) (C: D); 
and since (hyp.) 
(4: B) 3 (C: D; . (4: B) (E: By; 
therefore (E. x. 5.) E « 4; 
therefore (E. viii. 5.) (B: E) > (B : A): 
But (hyp. and Supp. ii. 5.) (D: C) :: (B: E); 
therefore (E. xiii. 5.) (D: C) » (B: A): 
Or, (B: 4) « (D : C). 


Pnor. VII. 


7. 'TuxonkM. If the first of four magnitudes, of 
the same kind, have a greater ratio to the seeond 
than the third hag to the fourth, the first shall have 
to the third a greater ratio than the second has fo 
the fourth. 


If (4 : B) be greater than (€ : D), then j 3s 
(A: C) > (A: D). 
For, let E be a magnitude such that 
(E: B) :: (C: D); 
therefore (hyp. and E. x. 5.) A> E; 
therefore (E. viii. 5.) (4 : C) » (E: O); 
Bot (E. xvi. 5. and hyp.) (E: C) :: (B: D); 
^ (A: CO) » (B : D). | 


Prop. VIII. 


8. Tueorem. If four magnitudes of the same 
kind be proportionals, and if the first of them bé the 


AOR V. . 2l 


greatest, the fourth shall be the least; but if the 
first of them be the least, the fourth shall be the 
greatest. 


Let 4, B, C, D, be four magnitudes of the same 
kind, which are proportionals; and, first, let 4 be 
the greatest ; then D shall be the least of them. 

For, since (hyp.) A>C; therefore (E. xiv. 5.) 
B>D; 

in since e (hyp.) A:B:C:D; 
therefore (E. xvi. 5.) 4: C:: B: D: 
But (Ap.) 4 > B; therefore (E. xiv. 5.) C» D: 
And it has been shewn that B > D; therefore D is 
in this case the least of the four proportionals. And, 
if A be the least of the four proportionals, it may, in 
like manner, be proved that - will be the greatest 
of them. 

9. Cos. If four —Á of the same kind, be 
continual propertionals, the differenee between the 
two extremes is greater then the difference between 
the two means.. : 


| Prop. IX. | 


10. Treonem. If the first, together with the 
second, of four magnitudes, Rave a greater ratio to 
the second, than the.third, together with the fourth, 
has to the fourth, the first shall have.¢ greater ratio 
to the second than the third has to the fourth. 


If (4B : B) 2 (C« D : D), 
then is (d : B) » (C: D). 
For, let E bea magnitude such that 
(ETB: B) :: (C+D: Dy; 
therefore (E. x. b.) A+B > E--B; 
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*. AN E; | 
therefore (E. viii. 5.) (4 : B) > (B : B): 
But (hyp. and E. xvii. 5.) (E: B) = (C: D); 
^. (A: B) 2 (C: D). 


Prop. X. 


II. Taronzu. If the first of four magnitudes 
have a greater ratio to the second than the third has 
to the fourth, the first, together with the second, shall — 
have to the second, a greater ratio than the third, 
together with the fourth, has to the fourth. 


if (4: B)> (C: D); 
then is (4--B : B)>(C+D : D). 
For, let E bea magnitude such that 
(E: B) :: (C: Dy; 
therefore (E. x. 5.) Æ > E; 
„. 44+ B> EB; 
therefore (E. viii. 5.) (4+B : B)>(E +B : B): 
But (E. xviii. 5. and Ayp.) 
(ETB: B) :: (C+D: D); 
therefore (E. xi. 5.) (4+B : B)>(C+D : D). 


Pror. XI. 


12. Tneorem. Ifthe first term of a ratio be less 
‘than the second, the ratio shall be increased by adding 
the same quantity to both terms; but if the Arat 
term be greater than the second, the ratio shall be 
diminished by adding the same quantity to both. 


Let 4 K B, and let C be any other magnitude : 
Then is (4--C : B--C) » (A: B). 

For, (E. xviii. 5. and p.), (C: 4) » (C : B); 

therefore (Supp. x. 5), (4+C : 4) >(B+C: B); 
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therefore (Supp. vii. 5.) (4+C: B-- C)» (A : B). 

And, if 4 be greater than B, it may, in the same 
manner, be shewn that 

(ATC: B+C) » (A: B). 

13. Cor. If a< A and b< B, a fourth proportional 
to A+ B, A and B, shall be greater than a fourth 
proportional to a+b, a and ö. 

For, let Ab: A:: b: D, and a+6:a::6:d. 
And, since (12) (a4-b: a) 2 (4d--b: 4) Ded. In 
like manner, if 47 B: B:: A: E, it may be shewn 
that EY D: Much more, then, is Ed. 


Prop. XII. 


14. Tueorem. If the first of four magnitudes, 
of the same kind, have a greater ratio to the second 
than the third has to the fourth, the first, together 
with the third, shall have to the second, together 
with the fourth, a greater ratio than the third has 
to the fourth, and a less ratio than the first has to 
the second. 


If (4: B) be greater than (C: D), then is 
(ATC: B4-D) » (C: D); 
and (4+C: B+D) « (A: B). 
For, (Supp. vii. 5. and hyp.) (4: C) (4: D); 
therefore (Supp. x. ), (44 C: C)» (BTD: D); 
therefore (Supp. vii. 5.), (4+ C: BTD) (C: D): 
Again, since (hyp. and Supp. vi. 5.), (B: 4) < 
D: €), or (D: C) » (B : A), it may be shewn, in 
the same manner, that 
(4--C : BTD) KA: B. 
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Prop. XIII. 


15. Tueorem. If the first, together with the 
second, have to-the sécond, á- greater tatia than the 
third, together with: the fourth, has to the fourth, 
then shall the first, together with the second, have 
to the first, a less ratio than the third, together wth 
the fourth, has to the third. 


If (ATB: B) be greater than (C+D: D), then 
is (.4 - B: 4) « (C+D: C). 

For (Supp. ix. 5. and yp.) (A: B) 2 (C: D); 
. therefore (Supp. vi. 5.) (B: 4)«(C: D); 
therefore (Supp. x. 5.) (4+B: 4)<(C+D: €). 


Pror. XIV. 


. Turorem. F the first; together with the 
waa have to the third; together with the fourth 
a greater ratio than the first has to the third, then 
shall the second have to the fourth a greater ratio, 
than the first, together with the second, has to the 
third, together with the fourth. 

If (4-- B: C+D) be greater than (4: C), then 
is (B: D) > (A+B: C+D). 

For (hyp. and Supp. vii. 5.) 

(A+B: A)>(C+D:C); 

therefore (Supp. xiii. 5.) (4+ B: B) (CHD: C); 

therefore (Supp. vii. 5.) (AT B: C+D)<(B: D); 
Or, (B: D)>(44 B: C+D). 


Prop. XV. 
17. Tuxonkx. F four magnitudes be propor- 
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tionals, they are also proportionals by conversion : 
that is, the first is to its excess àbove the second, 
as the third to its excess above the fourth.. 


Let A+B: B: C+D: D; then A+B: A: 
C+D:C. 
For EEN A: B:: C: D; 
therefore (invertendo). B: A:: D: C; 
therefore.(componendo) A+B: A:: C+D: C. 


Pror. XVI. 


18. 'THkonEgM. Jf the first of four magnitudes 
of. the, same kind, have a greater ratio to the second, 
than the third has to the fourth, and if the aggregate 
of the first and second be greater than the aggregate 
of the third and fourth, the first shall be greater 
than the third. 


Let (.4 : B) 7 (C: D), and let (4+ B) » (C - D); 
then 42 C. 
For let E be a megnitade, such that 
A: B:: C: E; then (hyp and E. xiii. 5.) 
(C: E)>(C: D); therefore (E. x. * E«D; 
and since (hyp) A.: B:: C: E, 
therefore (componendo aud convertendo,) 
A+B: A:: C+E: C: but (hyp.) (A 1 B)» (C4 D); ; 
(do B)»(C + Ej; therefore (E. xiv. 5.) 4» C. 


Prop. XVII. 


19. Tusorem. F any number of magnitudes be 
continual proportionals, their differences shall, also, 
be proportionals. 
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Let 4: B:: B: C:: D, &c., then shall 
4-3: B- C:: B-C: C- D, and so on. 
For (hyp. and E. xix. 5.) 
A: B:: A-B:B-—C; 
and B: C:: B C: C-; 
therefore (hyp. and E. xi. 5. Cor.) 
A—B:B-C: B-C: C-D. 

20. Cor. From the demonstration it is manifest, 
that, if three magnitudes, Æ, B, C, are proportionals, 
the excess of the greatest, 4, above the mean B, 
is greater than the excess of the mean B above the 
least, C. E 
For it has been shewn that 4: B:: 4—B: B-C; 

And (hyp.) 4>B; therefore (Supp. i. 5.) 

A—~B>B-C. 


Pror. XVIII. 


21. Tnrorem. If there be three magnitudes, and 
other three, and tf the first have a greater ratio to 
the second, tn the former set, than the first has to 
the second, in the latter ; and if, also, the second 
have to the third, in the former set, a greater ratio 
than the second has to the third, in the latter; then 
Shall the first have a greater ratio to the third, in 
the former set, than the first has to the third, in the 
latter. 


Let A, B, C, be. three magnitudes, and D, E, F, 
three other magnitudes: If (4: B) be greater than 
(D : E), and (B : C) greater than (E : F), then is 
(A: C) » (D: F). 
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For let G be a magnitude such that d C) :: 
(E: F); 
therefore (hyp. and E. x. 5. B>G; 
therefore (E. viii. 5.), (4: G) » (A: B). 
Again, let H be a magnitude such that (H: G) 
: (D: E): 
therefore (hyp. and E. xiii. 5.). (H.: G) « (A: B); 
Much more then is (H: G) « (4: G); 
therefore (E. x. 5), A> H: 
therefore (E. viii. 5.), (4: C) (H: €); 
But (hyp. and E. xxii. 5.), (H: C) :: (D: F); 
.. (A: €) (D: H. 


Pror. XIX. 


21. Turorem. If there be three magnitudes, and 
other three, and if the first have to the second, in 
the former. set, a greater ratio than the second has 
to the third, in the latter; and , also, the second 
have to the third, in the former set, a greater ratio 
than the first has to the second, in the latter; then 
shall the first have to the third, in the former set, 
a greater ratio, than the first has to the third, in 
the latter. | 


Let A, B, C, be three magnitudes, and D, E, F, 
three other magnitudes: If (4: B) be greater than 
(E : F), and (B : C) greater than (D : E), then is 
(A: CO) » (D: F). 

For let G be a magnitude such that (G : €) :: 
(D:E) . 

therefore (hyp. and E. x. 5.) B»G; 
therefore (E. viii. ~ (4 : G) » (4: B). 
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Again, let H be a magnitude such that (H: G) 
: (E: F); 
therefore (hyp. and E. xiii. ö.), (H: G)«(4 : 6); 
therefore (E. x. 5), A. H; 
therefore (E. viii. 5.), (4: C) (H: C): 
But n and E. xxiii. 5.) (H: €) :: (D: F); 
(A: C) 2 (D: F). 


Pror. XX. 


29. TREOREM. If three magnitudes. be propor- 
tionals, the two extremes are, together, greater than 
the double of the mean. 


Let 4, B, C, be three magnitudes which are pro- 
portionals: Then A+C>2 B. 
For (hyp. and E. vi. Def. Book v.), (4: B) :: 
(B : €); 
therefore (È. xxv. 5.) A+ C>B+B, 
that is, 4+ C23. 
23. Cor. An arithmetic mean proportional, be- 
tween two given magnitudes, is greater than a 
geometric mean proportional between the same two 
magnitudes. 


"Phor. XXI. 


94. Tueorem. Jf there be two sets of magni- 
tudes, the one geometric, and the other arithmetic, 
proportionals, and if the two first magnitudes be the 
same tn both, any other magnitude in the former 
set, shall. be greater than the corresponding mag- 
nitude in the latter. 
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Let the magnitudes A, B, C, D, E, &e. be geo- 
metric: proportionais, and let. the magnitudes A, 
B, c, dz e, &c. de arithnietic proportionile ; -— 
is Coe, Dod, T, and u om: e 

For, mind 1a " ‘be: the e host megniéede; in ack 
series; ' 
therefore (Supp. xvii. 5. Cor:) C-B»B-4: 
But, from the property of arithmetic propor- 
tion, 
| B-4- S -; 
. C- B »c- B; | 
. Cre. | 


Again, T xvii, 5. Cor.) D- CY C—B, and 
as hath been chewn, C-B»c—B or d-: 
D—-C»d-e; and CY c; Dad. In the same 
manner it may be shewn that Exe, and so on, 

Secondly, let A be the greatest — in 
each series: 

Then (Supp. xv. 5. Cor) A-B > B-C; 

But, from the property of arithmetic propor- 
tion, ; 

A-B=B-c; 
8 "mos > B-C; 
.C>c. 


Again, (Supp. xvii. 5. Cor.) B- C» C-D; and 
it has been shewn that C>c; much more then is 
B- -e> C-D: 

But, p TN 
^ e+d>C—D; 
D >d. 

And, in the same manner, it may he "en that, 

in this case, also, E >e, and sg. on. 
82 
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25. Con. The two first magnitudes, in both 
the sets, being the same, if the second of the geo- 
metric .proportionals be greater than the second of 
the arithmetic proportionals, then, much more, 
will every other megnitude, in the former set, be 
greater than the — magnitude in the 


"» 


| '  Pgor. XXII. 


26. 'Tngonkw. Jf there be two series of magni- 
tudes, the one arithmetically proportional, the other 
geometrically proportional, but each having the same 


magnitude for its first term, and if the last term 
oy the arithmetic series be not less than the last term 


óf the geometric series, any other term of the former 
series skall be greater than nem 
in the latter. 


Let the magnitudes 4, B, C, D, E, fe. Q, be 
geometrie proportionals; and let the magnitudes 
A, b, c, d, e, &c. q, be arithmetic proportionals ; 
then if 9 be not less than Q, 5» B, c» C, d» D, and 
so on. 

For (Supp. xxi. 5. and Cor.) if B be equal to 8, 
or greater than 6, Q9; which is contrary to the 
hypothesis; . b» B. 

Again, in the two series B, C, D, &c. O, b, c,d 
&c. q, let b, which has been shewn to be greater 
than B, be supposed to become equal to B, and q 
to remain of a magnitude not less than -Q; then it is 
manifest, from the nature of arithmetic. proportion, 
that the intermediate terms C, d, &c. must each, 
alsó, become less than they are.in the given arith- 
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metic series; and yet, as hath. been shewn, the 
second of them will be gteater than C; much mote, 
- then, is the term c, in that given series, greater than 

C: And, in the same manner, it may be proved that 
d»D; and so on. 


M 
SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


PART I. 


BOOK VI. 


Pnor. I. 


1. Tneorem. If the bases of four rectangles be 
proportionals, and their altitudes be also propor- 
tionals, the rectangles themselves shall likewise be 


proportionals. 
Let the four rectangles AC, DF, GI, KM, have 


Hug 


their bases 4B, DE, GH, KL proportionals, and 
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let their altitudes BC, EF, HI, LM, also, be pro: 
portionals: Then 4C : DF :: GI : KM. 

For, in EF and LM, produced if necessary, take 
EN=BC, and LP-— HI, and complete the rect- 
angles DN and KP. 

Then since (hyp-) AB : BE:: GH: KL, 
therefore (constr. E. i. 6. and E. xi. 5.) 
AC: DN:: GI: KP; 
Also, (hyp. and constr.) EN: EF :: LP: LM; 
', (E. i. 5. and E. xi. 5.) DN: DPF:: KP: KM; 
therefore (E. xxii. 5.) 4C : DF :: GI: LM. 

2. Con. 1. If four straight lines be proportionale, 
their squares shall also be proportionals. 

3. Con. 2. Conversely, if four squares be pro- 
portionals, their sides shall likewise be proportionals. 


Prop. II. 


4. Tagonzu. Jf the outward angle of a triangle, 
made by producing one of its sides, be divided into 
two equal angles, by a straight line which also cuts 
the base produced, the segments between the deciding 
line and. the extremities of the base have the same 
ratio, which. the other sides of the triangle have to 
one another: And tf the. segments of the base, pro- 
duced, have the sume ratio which the other sides of 
the triangle have, the. straight line, drawn from the 
vertex to the point of section, dipides the outward 
angle of the . into i two equal angles. 


First, let the outward < CAE, of any AABC. be: 
annt into two equal angles, by 4D, which cuts 
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the base BC, produced, in D: Then BD : DC:: 
BA : 4C. 

Through C draw (k. xxxi. 1 ) CF parallel to AD; 


therefore (E. xxix. 1.) the < ACF = CAD: hat 
(hyp.) the CAD- 2 DAE; therefore the ACF 
= DAE. Again (constr. and E. xxix. 1.) the 
4 DAE = z CFA: and it has been shewn that the 
L ACF = , DAE; therefore the 24CF = z CFA, 
and (E. vi. 1.) 4F=AC. Also (constr. and E. ii. 6.) 
BD: DC:: BA: AF; i.e. BD: DC:: BA: AC, 
because 4F-AC. 
Secondly, let BD: DC:: BA: AC, and let AD . 
be drawn; then the < CAD = z DAE. 
The same construction having been made, since 
(Ap.) BD: DC:: BA: AC, 
and (conetr. and E. ii. 6.) BD: DC:: BA: AF, 
therefore (E. xi. 5.) BA: AC :: BA : AF; 
therefore (E. ix. 5.) AC=4F. — 
Wherefore (E. v. 1.) the 24FC- 4 AC,: but 
(constr. and E. xxix. 1.) the < EAD= 2 AFC, and 
the < CAD = z ACF: therefore the z EAD= 
< CAD. 
5. Cor. 1. Hence a given finite straight line 
may be cut in harmonic proportion. 
For let BD be the given finite straight line: Take 
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any point 4, out of BD, and through 4 draw BAE; 
join 4, D; at the point A, in DA, make (E. xxiii. 1.) 
the DAC 2; DAE, and bisect (E. ix. 1.) the 
£BAC by AG: Bw is BD cut harmonically in 
the points G and C. | 

For (constr. and E. iii. 6.) BG : 6e | BA: AC; 

And (constr. and Supp. H. 6.) 

BA: AC :: : BD: DC; 
therefore (E. xi. 5.) BG: GC:: BD: DC; 
therefore (E. xvi. 5.) BG : BD :: GC: DC; 
that is, BG : BD :: BC- BG : BD—BC; 

which is the property of harmonic proportion. 

6. Con. 2. If any straight line be drawn between 
BE and BD, it may, in the same manner, be shewn 
to be cut harmonically by the straight lines AG, 
AC, and 4D. 


Prop. III. 

J. Tueorem. Either of the equal sides ofian iso- 
sceles triangle, is a mean proportional between the 
base, and the half of the segment of the base, pro- 
duced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the 
egual side. 


Let ABC be an isosceles triangle, having the side 
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AB= AC, and let 4D,: drawn: perpendicular to, AB, 
meet BC, produced, if it he necessary, in D; alio; 
let BD he. bisected- in E: . AB :: : AB: 
BE.- 

For draw AE; and (Supp. xxix. ij EA = EB; 
therefore (E. v. 1.) the z E4B= 2 ABE= 2 ACB; 
therefore (E. xxxii. 1.) the < AEB = « BAC; there- 
fore (E, iv. di CB: .BA :: BA: BE. 


P Mor. Iv. 


. 8. Tuorem. The diameter of a circle is a mean 
proportional between the sides of an equilateral tri- 
angle and hexagon described about the circle. 

Let DEF be an equilateral triangle, described 
about the circle ABC, of which the centre is K; 
let the sides of the A DEF touch the circle in the 


points 4, B, C; let D, B be joined, cutting the cir- 
cumference in G, and let LM be drawn touching the 
. circle in G; so that (Supp.i. 4. Cor. 2.) LM is the 
side of a regular hexagon described about the circle 
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MBC, -aht GB passes through the center AN 
BE: ‘GB: LM. 

“Por j join. AK? therefore (E. xviii. 1 Y the sigles 
DAK; DGL; are Yight'argles; ahd the < “ADK is 
common to thé two'ss DAK; DGL, which (Supp. 
xxvi. 1:) ate, therefore, equiangzular ; 

therefore (E. iv. 6.) DA: AR : DG : GL. 
But (Supp. i. 4. and Cor. 1, 2.) DE is double of 
DA; the diameter GB is'double of 4K, or of DG, 
which (Supp. i. 4, Cor. 1. ji is equal to AK; and LM 
is double of LG; 

therefore (E. xv. 5.) DE : GB x GB : LM. 


"Prop. V. 


9. THEOREM. Equiangular parallelograms 3 
to ant ahother the sume ratio as the rectangles con- 


kee by eke- sides: about equal angles in. tach. 
Let AC, DF, be two. .equiangular parallelograms, 


having the < 4BC- DEF: 
Then AC: DF :: ABx BC : DEx EF. 

For draw (E. xi. 1.) BG and EJ perpendicular to 
AB and DE respectively; make BG = BC, and EI 
EF; and complete the rectangles 4BGH and 
DEIK ; and produce the sides of the given paralle- 
lograms, that are opposite to Ah. and DE, to meet 
AH and-DK, in Mand. P, respectively. 
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And, since (Up.) the < 4BC = ; DEF, and 
(constr.) the < ABL = DEN, therefore. the 
4 LBC= NEF; aleo (hyp.) the 2 LCB= 2 NFE; 
therefore (Supp. xxvi. 1.) the two As LBC, NEF, 
are equiangular; therefore (E. iv. 1.) 

BL :. BC or mri : EN: EF or. EI: 
But (E. i. 6. 
f BL : BG: AL : 4G; 
Also, EN: EI :: DN: DI; 
therefore (E. xi. 1.) 
| AL: AG:: DN: DI; 
therefore (E. xvi. 5.) TREE 
AL: DN:: AG : DI: 

But (E. xxxv. I.) C AL. CAC: and g DN 
7 DE; -. 

+, AC: DF: AG or r AB x BC: DI or DE x EF. 

En" Con. Triangles, having equal vertical angles, 
are to one another as the rectangles contained by the 
sides about those equal angles. 


Prop. VI. 


11. Taronzu. The straight lines, drawn from 
the bisections of the three sides of a triangle to the 
opposite angles, meet in the same point. 

Let the sides 4B, AC, of the 4 ABC, be bisected 


` L 
. (E. x. 1.) in E and F; and let BF and CE cut one 
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another in the point R: The straight line which is 
drawn from 4, to the bisection of BC, n also pass 
through R. 


For join A, R, and produce AR to meet BC in D; 
join, also, E, F; and through R draw (E. xxxi. 1.) 
PRQ parallel to BC. 


And, since (constr. and E. ii. 6.) EF is parallel to 
BC; therefore (E. xxix. 1.) the two 4s BFE, BRP, 
are equiangular; as are, also, the as CEF, CRQ; 

therefore (E. ii. 6.) BF: BR:: CE: CR; 
Also (E. iv. 6.) BF: BR:: EF: PR; 

And CE: CR :: EF : RQ; 
therefore (E. xi. 5.) EF.: PR :: EF: RO: 
therefore (E. ix. 5.) PR=KQ; po 

therefore (Supp. lxi. 1.) BD-DC; 

therefóte, D is the bisection of BC; and there can- 
ift. be two straight lines joining the same two points 
A and D, which do not coincide; therefore. the 
straight line, drawn from Æ to the bisection of BC, 
men p. the dun R. 


Prop. VII. 


12. Prostem. To find, within a given rectili- 
neal angle, first, the locus of all the points, from each 
of which, if two straight lines be drawn, to the lines 
containing the given angle, so as always to be parallel 
to two straight lines given in position, they shall be to 
one another in a given ratio: And secondly, to find 
the locus of all the points, from each of which if two 
straight lines be drawn in like manner, théy shall cut 
off from two given parts of the straight lines contain- 
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ing the gwen angie, segments that shail .be te one 
another in a given ratio. 

Let CAB be the given angle; let ak, AL, be the 


; D B B 
two straight lines given in position; and let AL be to 
AK in the given ratio: It is required, first, to find, 
within the < CAB, the- locus of all the points, from 
which, if straight lines be drawn to 4C and AB, 
parallel to AL and AK, respectively, they shall be de 
one another as AL to AK. 

Through. K and L draw (E. xxxi. I.) KM, and 
LM, parallel to 4B and AO, respectively, and raeet-- 
ing in M; draw AM, and' produce it, indefinitely, 
toward X; AX is the locus which was to be found. 

For take any point P in AA, and from P draw 
PQ parallel to 4L, and PR perallel to AK: And, 
since (constr. and E. xxix. 1.) the. as APR, KAM. 
are equiangular, as are, likewise, * A8. 4720, 
MAL; 


therefore (E. iv. 6.) 

PR: AK :: AP: AM:: PQ: AL; 
, therefore (E, xi..5.) 

PR: AK :: PQ: AL; 
therefore (E. xvi. 5.) 

PR: PQ:: AK: AL. 


BOOK VI. 271 


Secondly, let B and C be two given points in 4B: 
and AC: It is required to find the locus of all the 


points, from which if straight lines be drawn parallel: 
to AK and AL, they shall cut off from CA and Bf 
two segments, which are always to one another ih the 
same ratio as the given finite straight lines 4K and 
AL. 

From CA cut off CE = AK, and from BA cut off 
BF= AL; from C and B, draw (E. xxxi. 1.) CD 
parallel to AL, and BD parallel- 10 4K, and let CD 
and BD meet in D; likewise from E and F draw 
EG parallel to 4L. or CD, and FG parallel to AK 
or BD, and let EG and FG meet in G: Through 
D and G draw the straight line DGX: "Then is 
DG X the locus which, in this case, was to be found. 

For take any point in it, as P, and draw PH 
parallel to DC, and PI parallel to DB: Then it is 
manifest from the demonstration of E. x. 6. that 

HC: EC: PD: GD :: IB: FB; ` 
therefore (E. xvi. 5.) HC: IB :: EC: FB: 
That is (constr.) HC is to IB in the given ratio: 
And it is easily shewn, ex absurdo, that no point 
which is ont of the locus so determined, has the 

property described in the proposition. 
13. Con. The intersection of the one locus with 
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the other, determines a point, from which if two 
straight lines be drawn to 4B and AC, in the given 
directions, they shall be to one another in the same 
given ratio as the segments are, which they cut off 
from CA and BA. 


Prop. VIII. 


14. Tueorem. If a circle be touched, in the 
same point, both externally and internally, by two 
other circles, and through the point of contact two 
straight lines be drawn, the parts of them inter- 
cepted between the' circumference of the given circle, 
and that of the circle which touches it internally, 
shall have to one another the same ratio as the parts 
which are chords of the other circle. 


Let the circle 4BC be touched in the same point 


4, internally by the circle DAE, and externally by 
the circle FAG; and through A let there be drawn 
any two straight lines, BAG, CAF, each cutting the 
three circles ABC, DAE, Tad: 
Then BD : CE :: AG :. AF. 
For, draw BC, DE, and FG; and through 4 draw 
(E. xvii. 1.) HAL touching the circle BAC, in A, 
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and therefore touching the two circles DAE, FAG: 
And since (E. xv. 1.) the < DAH = ż LAG, and 
that (E. xxxii. 3.) the < DAH « 7 DEA, and the 
4 LAG=2AFG:; therefore the DEF z EFG, 
and therefore (E. xxvii. 1.) FG is parallel to DE: 
Also, since (E. xxxii. 3.) the 2 DAH or BAH, is 
equal to each of the 4s DEA, BCA, they are equal 
to one another, and therefore (E. xxviii. 1.) BC is 
parallel to DE; therefore (E. ii. 6.) 
BD: CE :: AG: AF. 


Prop. IX. 


15. ProsLem. From the centre of a given circle, 
to draw a straight line to meet a given tangent to 
the circle, so that the segment of the line between 
the circle and the tangent shall be any required part 


of the tangent. 
Let ABC be a circle, of which K is the centre, 


and let BD touch the circle in B: It is reqüired to 
draw a straight line from K to BD, so that the seg- 
T 
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ment of it, between the circle and BD shali be any: 
required part of the tangent BD. 

Draw KB; divide (Supp. xlix. 1.) KB into a num- 
ber of equal parts, equal to the number of times 
which the tangent of BD is to contain the segment 
of the straight line to be drawn from K to BD; and 
from BD cut off BF equal to one of them; from F 
draw (E. xvii. 3.) FC touching the circle ABC in C; 
through C draw KCD: 'T'hen shall CD be the re- 
quired part of BD. 

For (constr. and Supp. xxvi. 1.) the two as KBD, 
DCF, are equiangular ; also (constr. and Supp. xix. 3. 
Cor. 1.) FB=FC; 
therefore (E. iv. 1.) KB: BD :: CFor BF: CD; 
therefore (E. xvi. 5) KB: BF:: BD: CD; 
therefore (constr. and Supp. iv. 5.) CD is the re- 
quired part of BD. 


— Pror. X. 


16. Prostem. From a given triangle to cut off 
a rhombus ; the base of the rhombus being part of 
the base of the triangle, and having its extremity in 
a given point of that base. 


Let ABC be the triangle, and D the point in its 
base BC: It is required to cut off from the A 4BC 
a rhombus, having its base in BC, and terminated by 
the given point D. 

Draw AD, and produce it; from the centre B, at 
the distance BC, describe a circle, e, cutting AD pro- 
duced in E, and join B, E; .. BE. BC; through 
D draw (E. xxxi. 1 ) DF parallel to EB; also through 
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F draw FG parallel to BC, and through G draw GĦ 


parallel to FD or BE; therefore the figure FDHG 
is a parallelogram: And since (constr. and E. xxviii. 
1.) the as BAC, FAG, are equiangular, as are, 
algo, the 48 ABE, AFD, | 

therefore (E. iv. 6. AB: BC or BE:: AF: FG: 

And AB: BE:: AF: FD; 
therefore (E. xi. 5.) AF : FG :: AF: FD; 
therefore (E. ix. 5.) FG = FD: 
But (E. xxxiv. 1.) FG = DH, and FD = GH; 

therefore the figure FDHG, having its base DH in 
BC, and terminated by the point D, is a rhombus. 


Prop. XI. 


17. 'TuromkM. Jf two triangles have one angle 
of the one, equal to one angle of the other, and also 
another angle of the one, together with another angle 
of the other, equal to two right angles, the sides 
about the two remaining angles shall be propor- 
tronals. 

T 2 
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Let the two As ABC, DEF, have the ; BAC — 


—. — 
A B D G E 


4 EDF, and another angle, as 4CB, of the one tri- 
angle, together with another angle, as DEF, of the 
other, equal to two right angles : 

Then AB: BC :: DF: FE. 

From F draw (Supp. xxv. 1.) FG making with 
DE an 2 FGE = FEC; therefore (E. vi. 1.) 
FG=FE: And since (hyp.) the 2 4CB4- ; DEF 
=two right angles, and that (E. xiii. 1.) the < DGF 
+ 4 FGE =two right angles; therefore the 2 4CB 
+< DEF= 2 DGF+ 2 FGE; but (constr.) the 
4 FGE = FEG; therefore the! ACB = z DGF; 
and (hyp.) the < BAC= + GDF; therefore (Supp. 
xxvi. 1.) the two As ACB, DGF, are equiangular ; 
therefore (E. iv. 6.) —. 

AB: BC :: DF: FG or FE. 


Pror. XII. 


18. 'THgonEM. Jf, from the extremities of tke 
. base of a gwen triangle, there be drawn two straight 
lines, both on the same side of the base, and each 
equal to the adjacent side, and making with that 
side an angle equal to the vertical angle of the tri- 
angle, then the straight lines which join the extre- 
mities of the lines so drawn, and the further extre- 
mities of the base, shall cut off, from the sides, equal 
segments towards the verter; and each of those 
segments shall be a mean proportional between the 
other segments, that are towards the base. 
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From the extremities B and C of the base BC, of 


the a ABC, let BD be drawn (E. xxxi. 1.) parallel 
to AC, and made equal to AB; and let CE be drawn 
parallel to 4B, and made equal to 4C; so that (E. 
xxix. 1.) each of the <s ABD, ACE, is equal to the 
vertical 4 BAC; also, let DC and EB be drawn, 
cutting 4B and AC in L and M, respectively: Then 
AL = AM; and BL : LA :: AM or LA: MC. 
For (constr. and E. xv. 1.) the As DLB, ALC, 
are equiangular, as are, also, the as EMC, AMB; 
therefore (E. iv. 6. DB or AB: AC :: BL: LA; 
therefore (E. xviii. 5.) 4B + AC: AC:: AB: AL: 
Again (E. iv. 6.) CE or AC: AB:: CM: MA; 
therefore (E. xviii. 5.) 4C+AB: AB :: 40: AM; 
therefore (E. xvi. 5.) 4C-- AB : 4C :: AB: AM; 
therefore (E. ix. 5.) AL= AM. 
Also, since it has been shewn, that 
AB: AC :: BL: LA, 
and 4C : AB:: CM: MA, 
therefore (Supp.ii.5.) 4B : AC :: AM: CM; 
therefore (E. xi. 5.) BL: LA :: AM or LA: MC. 


Prop. XIII. 


19. Turorem. Jf at the extremities of the hypo- 
tenuse of a right-angled triangle two straight lines 
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be drawn, on the same side of the hypotenuse as the 
right angle, each equal to, and each perpendicular 
to, the adjacent side, the two straight lines joining 
each of their extremities and the further extremity of 
the hypotenuse, shall cut each other in the same point 
of the perpendicular drawn to the hypotenuse from 
the right angle. 


From the extremities 4 and B, of the hypotenuse 


BC of the right-angled 4 ABC, let BD and CE be 
drawn perpendicular to 4B and AC, and equal to 
AB and AC, respectively, and let AK be drawn 
perpendicular to BC: Then if D, C and E, B be 
joined, DC and ÆB shall cut one another in the 
same point of 4K. | 

For, if it be poshible, let DC cut AK in P, and let 
EB cut AK in H; and from D and E draw (E. 
xii. 1.) :DF and EG perpendicular to BC produced 
both ways; therefore (Supp. xxxviii. 1.) FB = GC, 
and therefore FC=BG: And, since (constr.) the 
4s PKC, DFC, are right angles, and that the angle 
PCK is common to the two 4s PCK, DCF; there- 
fore (Supp. xxvi. 1.) the two 4s PCK, DCF are 
equmngaálar; and, in the same manner, the two 
As HKB, EGB may be shewn to be equiengelar; 
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therefore (E. iv. 6.) CF: FD :: CK : KP. 
But (Supp. xxxviii. 1. Cor.) 
FD = BK, and CK= GE; 
and it has been shewn that CF= BG; 
therefore BG : BK : GE: KP; 
But (E. iv. 6.) BG : BK : GE: KH; 
therefore (E. ix. 5.) KH= KP; 
which is absurd; ..:. DC and EB cannot cut the 
perpendicular drawn from 4 to BC, in two different 
points. 


Prop. XIV. | 


20. Turorem. The semi-circumference of a circle 
having been divided into any number of equal parts, 
and chords having been drawn, from either extremity 
of the diameter, to the several points of division, the 

first chord has to the second, the same ratio which 
the second has to the aggregate of the ferst and third ; 
or the same ratio which any other chord has to the 
aggregate of the two chords that are next to it. 


Let the semi-circumference AEL of a circle, be 


divided tato any number of equal parts, in the points 
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B, C, D, E, F, &c.; and let 
AB, AC, AD, AE, AF, &c., 
be drawn: Then 
AB: AC: AC: AB+AD : AD : AC AE, 
and so on. 

For, from C, as a centre, at the distance CA, de- 
scribe a circle cutting 4D, produced, in M, and 
join B, C, and C, D, and C, M; and since (hyp.) 
AB - BC; therefore, (E. xxix. 3.) AB = BC ; also 
(E. xxvii. 3.) the 2 BAC= CAD; therefore (E. 
v. 1. and Supp. xxvi. 1.) the isosceles As ABC, 
ACM, are equiangular; therefore (E. iv. 6.) 

AB: AC: AC: AM, or DM+AD: 

But (E. xxii. 3.) since ABCD is a quadrilateral 
figure inscribed in a circle, the z ABC + 2 ADC= 
two right angles; also (E. xiii. 1.) the 2 ADC + 
4 CDM= two right angles; therefore the < CDM 
= 4 ABC; and the 4 BAC CAD, or (consir. 
and E. v. 1.) < CMD; and the side CM, of the 
^ CDM, is equal to the side C4, of the a ABC; 
therefore (E. xxvi. I.) DM — AB; and it has been 
shewn that 


AB: AC : AC: DM+ AD; 
therefore 4B : AC : AC : AB4+ AD: 
And, by a similar construction, and a similar method 
of proof, the remaining part of the proposition may 
be demonstrated. 


Prop. XV. 


21. Prostem. From a given point, either within 
or without a given rectilineal angle, to draw a 
straight line cutting off from the lines which contain 
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the angle, segments, towards the summit of the angle, 
which shall be to one another in a given ratio. 


Let PAQ be the given angle, and first let B be a 


A 


given point without it: It is required to draw, from 
B, a straight line which shall cut off from 4P and 
AQ, two segments, towards A, which shall be to one 
another in a given ratio. 

From 4P and 4Q cut off 4C and AD, equal to 
the two straight lines which exhibit the given ratio, 
each to each; join D, C; and through B draw (E. 
xxxi. 1.) BEF parallel to DC: Then, since (constr. 
and E. xxix. 1.) the two as 4DC, AEF ere equi- 
angular, 

therefore (E. iv. 6.) AF: AE :: AC : AD; 

therefore (constr.) AF is to AE in the given ratio. 

And the problem may be solved in the same man- 
ner, when the given point is within the given angle. 


Prop. XVI. 


22. PRosLEM. To draw through a given point a 
straight line cutting the lines which contain a gtoen 
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reciihneal angle, so that the. segment of it, between 
those lines, shall be divided by: the straight line that 
bisects the given angle, into two parts, which are to 
one another in a given ratio. 


Let PAQ be the given angle; let ÆR be drawn 
A. 


P R Q 

(E: ix. 1.) bisecting it; and let B be the given point: 
It is required to draw, from B, a straight line cutting 
AP and AQ, so that the segment of it, between AP 
and AQ, shall be divided by AR, into two parte, 
which are to one another in a given ratio. 

Draw (Supp. xv. 6.) BEF, so that AF shall be to 
AE in the given ratio, and let BF cut AR in H; 
then, (E. iii. 6.) since IH bisects the ^ FAE, H: 
HE :: AF: AE; that is, FH is to HE in the given 
ratio. 

Prop. XVII. 


. 99. Taronxx. If two trapexiams have an angle 
of the one equal to an angle of the other, and if, alse, 
the sides of the two figures, about each of their 
angles, be proportionals, the remaining angles of the 
ene shall be equal to the remaining angles of the 
other. 
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Let the two trapeziums ABCD, EFGH, which 


A. 
have the sides about each of their angles propor- 
tional, have the z ABC equal to the z EFG: 
The two figures shall be equiangular. | 
For draw AC and EG: Then (hyp. and E. vi. 6.) 
the ^s 4BC, EFG, are equiangular, and have their 
equal angles opposite to the homologous sides. 
Therefore (E. iv. 6.) BA: AC:: FE : EG; 
and (kyp.) DA: BA:: HE : FE; 
therefore (E. xxii. 5.) DA: 4C :: HE: EG: 
And in the same manner it may be shewn, that 
DC: CA: HG: GE: 

And (Ayp.) AD: DC:: EH: HG; 
therefore (E. v. 6.) the 4s ADC, EHG, are equi- 
angular, and have their equal angles: opposite to the 
homologous sides; and it has been shewn, that the 
as ABC, EFG, are likewise equiengular; therefore 
‘the trapeziums 4BCD, EFGH are equiangular. 


D 


Pror. XVIII. 

24. Tarorem. Jf two straight lines touch a circle 
at opposite extremities-of ts diameter, any other tan- 
gent of the circle, terminated by them, -is so divided 
ix tts point af contact, that the radius of the circle 
is a mean proportional between us segments. 


For (Supp. xx. 3. Cer.) the tangent, so terminated, 
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subtends at the centre of the circle a right angle, and 
(E. xviii. 3.) the straight Jine drawn from the centre 
to the point of contact, meets that tangent at right 
angles, and is, therefore, (E. viii. 6. Cor.) a mean 
proportional between the segments of the tangent. 


Prop. XIX. 


95. Tuzorem. If two given circles touch each 
other, and also touch a given straight line, the part 
of the line between the points of contact, is a mean 
proportional between the diameters of the circles. 


Let the two circles 4BC, EBD, which touch one 


N t 
XL 


another in B, be each of them touched by CD in the 
points C and D: Then is CD a mean proportional 
between the diameters of the two circles ABC, 
£BD. 

For draw the diameters C4 and DE, which (E. 
xviii. 3.) are perpendicular to CD; also draw 
(E. xvii. 3.) BF touching each of the circles in B, 
and join 4, B, and C, B, and E, B, and D, B: 
Then, since (Supp. xix. 3. Cor. 2.) FB= FC, and 
FB= FD, a circle described from the centre F, at 
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the distance FB, would pass through C and D; 
therefore (E. xxxi. 3.) the < CBD is a right angle, 
as is, also, the ^ EBD; therefore (E. xiv. 1.) CB 
and BE are in the same straight line; and, in the 
same manner, it may be shewn that 4B and BD are 
in the same straight line; but (E. viii. 6.) the < CAD 
= £ DCB or DCE; therefore (Supp. xxvi. I.) the 
two right-angled 4s EDC, DCA are equiangular ; 
therefore (E. iv. 6.) ED: DC:: DC: CA. 


Prop. XX. 


26. Prostem. The two straight lines being 
gwen, which are the two first of a series of propor- 
tionals, to find the rest, and, if the series decrease, 
to find a line which shall be greater than the aggre- 
gate of any number, whatever, of its terms, but to 
tohich the aggregate may approximate indefinitely. 

Let 4, B be the two first of a decreasing series of 


C A. 


286 SUPPLEMENT TO EUCLID'S ELEMENTS. 


proportionals: It is required to find a line which 
shall be the limit of the aggregete of the propor- 
tionals. 

Make CD =A, and EF = B; and let EF be drawn 
(E. xxxi. 1.) parallel to CD; join C, E and D, F, 
and let CE and DF be produced, so as to meet, in 
G; join E, D, and through G draw GL parallel to 
ED, and let it meet CD, produced, in L: 'Then is 
CL the line which was to be found. 

For, through F draw HFQ parallel to ED; and 
through H draw HI parallel to EF or CD: 

Then (constr. and E. xxxiv. 1.) DQ = EF; also, 
(constr. and E. ii. 6.) 

CD: DQ : CE: EH : DF: FI: 

But since (constr. and E. xxvii, xxviii. 1.) the 

As EFD, HIF are equiangular. 
therefore (E. iv. 6.) DF: FI :: EF: HI; 
therefore (E xi. 5.) CD: DQ or EF :: EF: HI: 

So that HI is the next of the proportionals to EF; 
and, by a similar construction, the next of them NP, 
may be found; and so on: ` 

But CL CD + DQ -- QR - &c.; 
and, by the construction, DQ, QR, &c. are equal to 
the several proportionals: It is manifest, therefore, 
that CL is their limit. 

27. Con. The first term of a decreasing series of 
proportionals is a mean between the excess of the 
first term above the second, and the line which is the 
limit of all the terms. 

. For draw EV parallel to DG; then since (E. 
xxix. 1.) the 4s CVE, CDG are equiangular, as 
are, also, the As CED, CGL, 
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therefore (E. iv. 6.) C: CD:: CE: CG: CD: CL: 

therefore (E. xi. 1.) CV : CD :: CD: CI. 

And, since (E. xxxiv. 1. VD EF; . CV- CD 
F. 


Peor. XXI. 


28. Prostem. To describe a square which shall 
have a given ratio to a given rectilineal figure. 


Find (E. xiv. 2.) a square that shall be equal to 
the rectilineal figure, and from its side, produced if 
it be necessary, cut off (E. x. 6.) a part, which shall 
be to the side itself in the given ratio: The rect- 
angle, contained by the side of the square and the 
part so cut off, will (E. i. 6.) have to the given square 
the given ratio: If, therefore, lastly, a square be 
found (E. xiv. 2.) thet is equal to the rectangle, it 
will have to the given square the given ratio. 

29. Cor. Hence a square may be cut off from a 
given square, which shall be any required part of it. 


Pror. XXII. 


30. Prosiem.. To divide a given finite straight 
line into two parts, the squares of which shall be to 
one another in a given ratio. 


Let AB be the finite straight line: It is required 
to divide it into two parts, the squares of which shall 
be to one another in a given ratio. 

Draw (E. xi. 1.) AX perpendicular to 4B; find 
(Supp. xxi. 6.) the sides of two squares, which shall 
be to one another in the given ratio, and from 4X 
cut off 4C equal to one of them, and CD equal to 
the other; join D, B; and from C draw (E. xxxi. +.) 
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CE parallel to DB: Then is AB divided in E, so 
E B 


that the squares of 4E and EB are to one another 
in the given ratio. 

For (constr. and E. ii. 6.) AE: EB :: AC: CD; 
therefore (Supp. i. 6. Cor. 1.) AE: EB: :: AC*: CD: 
But (constr.) AC” is to CDF in the given ratio; 

*. AE is to EF in the given ratio. 


Prop. XXIII. 


31. PmosLEM. To find two points, situated in two 
adjacent sides of a given oblong, at equal distances 
from two opposite angles, from which, if two straight 
lines be drawn parallel to the sides of the figure, they 
shall cut off from it any part required. 


Let ABCD be the given oblong: It is required 
to find in two of its adjacent sides, as in 4B and BC, 
two points equidistant from the 4s 4 and C, from 
which if straight lines be drawn parallel to BC and 
BA, they shall cut off a given part of the oblong 
ABCD. 
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From AB cut off 4E- BC; produce CB; find 


PI — 


(Supp. xxi. 6.) a square which shall be the same part 
of the oblong, as that which is to be cut off, and in 
CB, produced, make FF equal to the side of that 
square; bisect EB in G; from the centre G, at the 
distance GF, describe the circle HFL, cutting 4B. 
produced in L, and AB in H; from CB cut off CM 
= 4H: Then are H and M the points which were 
to be found. 

For, since (constr.) AE = BC, and 4H = CM, 
therefore, HE — BM: Again, since (constr.) HG = 
GL and EG=GB: .. HE = BL; and it has been 
shewn that HE = BM: BL- BM; but (constr. 
and E. xxxv. 3.) HB x BL=BF*; . HB x BM 
BF’; .. (constr.) HB x BM is the required part of 
AB x BC; and the points Hand M are equidistant 
from A and C. 


Pror. XXIV. 

32. Prosiem. Within a given oblong, to describe 
another oblong which shall be any required part of 
it, and shall have its four sides all equally distant 
from the four sides of the given rectangle, 

U 
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Let ABCD be the given oblong: It is required to 


describe within it another oblong, which shall be a 
given part of ABCD, and have its sides equally 
distant from the sides of ABCD, each from each.’ 

From ABCD cut off (Supp. xxiii. 6.) the oblong 
HBMV, the same part of it as that which is to be 
described, is required to be, and having the extre- 
mities H and M, of its sides BH and BM, equally 
distant from A and C; let HV, produced, meet DC 
in 7; bisect (E. x. 1.) DI in K, and CM in N; 
"^. DKz CN; from K draw (E. xxxi. 1.) KQ pa- 
rallel to BC, and from N draw NR parallel to AB; 
from BC and NR cut off BP and NS, each equal to 
DK or CN; through P draw PQ parallel to AC, 
and through S draw ST parallel to BC; therefore 
the figure QRST is an oblong: And it is manifest, 
from the construction, that RS= HB and RQ = BM, 
and that, therefore, the gnomon QR is equal to 
the gnomon HBN, for the one may evidently be 
applied to the other so as to coincide with it; add to 
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these equals the rectangle XT, and it is plain that 
the oblong QRST is equal to the oblong HM, which 
was made the required part of the given oblong 
ABCD. 


Prop. XXV. 


33. PnonrnkM. The base, the vertical angle, and 
the ratio of the two sides of a triangle being given, 
to construct it. 


Let EF be a straight line: Upon EF, as a 
* | 


G 


base, it is required to construct a triangle, having its 
vertical angle equal to a given angle, and its two re- 
maining sides in a given ratio to one another. 

Upon EF describe (E. xxxiii. 3.) a segment of a 
circle EKF, capable of containing an angle equal to 
the given angle, and complete the circle EKFG; 
divide (E. x. 6.) EF in H, so that EH isto HF in 
the given ratio; bisect (E. xxx. 3.) ÉGF in G; 
draw GH, and produce it to meet the circumference 
in K; lastly, join Æ, K, and F, K: Then is EKF 
the triangle which was to be constructed. 

U 2 
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For since (comstr.) EG = FG; therefore (E. 
xxvii. 3.) the EAG FKG, so that the z EKF 
is bisected by KH; 

therefore (E. iii. 6.) KE : KF :: EH: HF: 
That is (constr.) KE is to KF in the given ratio, 
and the vertical 2 EKF is equal to the given angle. 


Prop. XXVI. 


34. ProsLem. A given finite straight line being 
divided into any two given parts, to divide it again, 
so that the rectangle contained by the two former 
given parts shall have a given ratio to the rectangle 
contained by the two latter parts. 


Describe (Supp. xxi. 6.) a square which shall be 
to the rectangle, contained by the given parts of the 
given line, in the given ratio; and divide (Supp. 
Ixxi. 3.) the given line into two parts, so that the 
rectangle contained by them shall be equal to the 
square so described: It is manifest that this rect- 
angle will be to the rectangle, contained by the two 
given parts, in the given ratio. 


Prop. XXVII. 


35. PmoBLEM. To draw a straight line to touch 
a given arch of a circle, so that being terminated by 
the semi-diameters, produced, which bound the arch, 
it shall be divided by the point of contact, into two 
parts that are to one another in a given ratio. 


Let LBM be an arch of the circle ALBM, 
terminated by the two semi-diameters KL and KM: 
It is required to draw a tangent to the circle, so that, 
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being terminated by KL and KM, produced, it shall 


be divided, by the point of its contact, into two seg- 
ments, that are to one another in a given ratio. 

Take any straight line CD, and divide it (E. x. 6.) 
in H in the given ratio; draw (E. xi. 1.) HE per- 
pendicular to CD, and let HE be cut in E, bya 
segment of a circle described (E. xxxiii. 3.) upon 
CD, capable of containing an angle equal to the 
4 LKM; and join C, E, and D, E; therefore the 
‘4 CED= 2 LKM; lastly, draw (Supp. viii. 3. Cor.) 
FBG touching the circle 4LBM, and making with 
KL, produced, an KFG ECD: Then is the 
tangent FG divided in B, so that FB is to BG in 
the given ralio. 

For join K, B; therefore (constr. and E. xviii. 3.) 
the angles at B are right angles; as are, also, the 
angles at H; and (constr.) the < ECH= 2 KFB; 
therefore (Supp. xxvi. 1.) the As ECH, KFB are 
equiangular; and since the ¿CEH = <FKB, and 
that (constr.) the whole < CED equal whole < FKG, 
therefore the z HED = < BKG, and (Supp. xxvi. 1.) 
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the As EHD, KBG are equiangular, as are, like- 
wise, the As CED, FKG ; 
therefore (E. iv. 6.) CH: HE :: FB: BK; 
and HE : HD :: BK: BG; 
therefore (E. xxii. 5.) CH: HD:: FB: BG: 
But (constr. CH is to HD in the given ratio; 
therefore FB is to BG in the given ratio“. 


Prop. XXVIII. 


* 36. PROBLEM. Two points being given, one in 
each of two parallel straight lines, and a third point 
being also given, without them, to draw, from that 
third point, a straight line so to cut the parallels, as 
that the segments of the parallels, between tt and 
the two first points, shall be to one another in a given 
ratio. 


Let PQ and RS be the two given parallel straight 


lines; A and B the two given points in them; and 


.* Hence, to construct a triangle, of which the vertical angle 
(OKR), the perpendicular (KB), and the ratio af the segments 
of the base (that of CH to HD) are given. 

From the centre K, at the distance K,. B, describe the circle 
ALM, and draw the tangent (Prop. 27.) FG, divided by the 
point of contact B, so that FB: BG :: CH: HD. 
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C a given point without them: It is required to 
draw from C a straight line cutting PQ aud RS, 
so that the segments of PQ and RS, between the 
cutting line and the given points 4 and B, shall be 
to one another in a given ratio. i 

Join 4, B; and divide (E. x. 6.) 4B in D, so 
that 4D is to DB in the given ratio; throngh D 
draw CEF, cutting PQ and RS, in E and F: Then 
is CEF the straight line which was to be drawn. 

For, since PQ. is (kyp.) parallel to RS, therefore 
(E. xxix. 1.) the AEF z EFB; and the z EAB 
= ABF; also (E. xv. 1.) the . ADE - < FDB; 
so that the ^s ADE, BDF are equiangular; 

therefore (E. iv. 6.) 4E : BF:: AD: DB: 

But (constr.) AD is to DB in the given ratio; there- 
fore AE is to BF in the given ratio. | 


Pror. XXIX. 


37. PRonLEM. To find a point within a given 
triangle, from which if three straight lines be drawn 
to the three. angles of the triangle, it shall thereby 
be divided into three parts that are FÉ! to each in 
given ratios. 


Let - ABC be the sivi triangle, and let PQ, QR, 
RS, placed in the same straight line, be three given 
straight lines: It is required to find a point within 
the AABC, from which if straight lines be drawn 
to 4, B and C, the triangle shall thereby be divided 
into three parts that are to one another as PQ, oR, 
and RS. | 
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Through A draw (E. xxxi. 1.) DAE parallel to 


BC, and from B and C draw (E. xi. 1.) BD and CE 
perpendicular to BC; in like manner, describe upon 
AB another rectangle ABGF, about the A ABC; 
divide (E.x. 6.) DB in H, so that PS: PQ:: 
DB: BH; divide, also, BG in K, so that PS: 
R:: BG: BK; through H draw HI parallel to 
BC, and through K draw KL parallel to BA, and 
let HI and KL cut one another in M: Then is M 
the point which was to be found. 

For draw MA, MB, and MC: And since (E. xli. 
1.) each of the rectangles DBCE, ABGF, is double 
of the a ABC, they are equal to one another; also 
(E. xli. 1.) AK is double of the AHB, and HC is 
double of the A BMC. 

But (E. i. 6.) 

HBCI: DBCE :. HB: DB:: PQ: PS; 
and 4BGF : ABKL :: KB: GB:: PS: QR; 
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therefore (E. xxii. 5.) HBCI: ABKL :: PQ: QR; 
therefore (E. xli. 1. and E. xv. 5.) 

ABMC : AMB :: PQ: QR. 
Whence it follows, also, that 

AHB: a AMC :: QR: RS. 


Pror. XXX. 


38. ProsLem. To divide a given circular arch 
into two parts, so that the chords of those parts shall 
be to each other in a given ratio. 


Let EKF be the given circular arch: It is re- 
E d m 


G 


quired to divide it into two parts, the chords of which 
shall be to one another in a given ratio. 

Join E, F; and describe (E. xxv. 3.) the circle 
KEGF, of which EKF is a given segment; bisect 
(E. xxx. 3.) EGF in G; divide (E. x. 6.) EF in H, 
so that EH shall be to HF in the given ratio; draw 
GH, aud produce it to meet the circumference in K; 
lastly join Æ, K and F, K. 

Then, since (constr. and E. xxvii. 3.) the  EKF 
is bisected by KHG, therefore (E. iii. 6.) 


298 SUPPLEMENT TO EUCLED’S ELEMENTS. 


KE: KF :: EH: HF; 
that is, (constr.) KE : KF in the given ratio. 


Prop. XXXI. 


39. PnoBLEM. To inscribe a square in a given 
trapezium, which has the two sides about any angle 
equal to one another, and the two sides about the 
opposite angle also equal to one another. 


Lei AKCL be a trapezium having the side 
A 


G 
C 


KA=KC, and also the side LA=LC: It is required 
to inscribe in 4KCL a square. 

Draw the diameters of the figure, 4C and KL; 
divide (E. x. 6.) AK in F, so that 

AF : FK :: AC: KL; 

draw (E. xxxi. 1.) FG parallel to £C, and GTI and 
FH parallel to KL; and join H, I: Then is the 
inscribed figure FHIG a square. 
For (Supp.i.3. Cor) KE bisects AC at right 
angles; therefore (constr. and E. xxxiv. 1.) the 
angles at F and G are right angles: Again tbe 
As AFH, AKL (E. xxix. 1.) are equiangular, as 
are, also, the ss AFG, KAC; 
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therefore (E. iv. 6.) AK: KL :: AF: FH: 
And (constr) KL: AC:: KF: AF: 
therefore (E. xxiii. 5.) 4K : AC :: KF: FH: 
But (E. iv. 6.) AK: AC :: KF: FG; 
therefore (E. ix. 5.) FG = FH: 
And since (E. ii. 6.) CG: GK :: AF: FK, it may, 
in like manner, be shewn that GI=GF; and (constr.) 
GI is parallel to FH; therefore (E. xxxiii. 1.) ZH 
is equal and parallel to GF; therefore the figure 
FHIG ìs an equilateral parallelogram ; and its angles 
GFH, FGI, have been shewn to be right angles ; 
therefore (E. xxxiv. 1.) all its angles are right 
angles; therefore (E. xxx. Def. 1.) FHIG is a 
square. 


Prop. XXXII. 


40. PRosLEM. To inscribe a square in a given 
trapesium. 


Let 4BCD be the given trapezium: It is required 
to inscribe in it a square. 

Since (E. xxxiv. Def. 1.) 4BCD is not a paral- 
lelogram, one pair, at least, of its opposite sides must 
meet if they be far enough produced; let, therefore, 
DA and CB be produced so as to meet in T': Take 
any straight line fg and upon it describe (E. xlvi. 1.) 
the square fg A1; join f, h; and upon hf, kg, and 
hi describe (E. xxxiii. 3.) segments of circles, ich, 
fth, and gbh, capable of containing angles equal, 
respectively, to the <s T, B, and C, and let k, J, and 
m, be the several centres of the circles; draw km, 
and divide it (E. x. 6.) in p, so that mp: pk :: 
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CB: BT; also join p, l; through k draw (E. xii. 1.) 


chq perpendicular to pl produced, and meeting it 
in q; also let cg, produced, meet the circumference 
fih in t, the circumference gbh in b, and the cir- 
cumference ich in c: Again, divide (E. x. 6.) BC 
in H, so that BH: HC:: bh: hc; make (E. xxiii. 
1.) at the point H, in BH, the ; BHG= zbhg, 
the z BHF- <4 bhf, and the Z2 CHI — cchi; lastly, 
join F, G and F, I: Then is the inscribed figure 
FGHI a square. 

For draw (E. xii. 1.) kr and pq, perpendicular to 
tc: Then, since (constr. and E. iii. 3.) b4=2qh, and 
Àc-2hs, it is manifest that bc 298; and, in the 
same manner, it may be shewn that th=2 19 

therefore (E. xv. 5.) tb : be:: rq : qs: 
But (constr. and E. x. 6.) 

79:98 :: K: pm:: TB: BC; 

therefore (E. xi. 5.) tb : bc :: TB: BC. 

Again (constr. and Supp. xxvi. I.) the As gbh, 
GBH are equiangular, as are, also, the As ic , 


ICH ; 
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therefore (E. iv. 6.) hg: hb :: HG: HB: 
And (constr.) hb : hc :: HB: HC: 
Also (E. iv. 6.) hc: hi :: HC: HI; 
therefore (E. xxii. 5.) Ag : hi :: HG: HI. 
But (constr.) hg=hi; . HG- HI; and it is 
manifest, also, from the construction, that the 
< GHI = cghi, of the square fghi; therefore the 
< GHI is a right angle. 
Again, since (constr.) bh: hc :: BH: HC, 
therefore (comp. and div.) th: bh :: TH: BH. 

Lastly, (constr. and Supp. xxvi. 1.) the two As tfh, 
TFH, are equiangular, as are, also, the two As bhg, 
BHG ; 

therefore (E. iv. 6.) FR: th:: FH: TH: 

And th: BR:: TH: BH; 

Also (E. iv. 6.) bh : hg :: BH: HG; 

therefore (E. xxii. 5.) fh : hg :: FH: HG. 
Wherefore, the two As fhg, “FHG, having their: 
sides about the equal 2s fhg, FHG, proportionals, 
are (E. iv. 6.) equiangular; therefore the 7 FGH is 
a right angle; and (E. iv. 6.) FG- GAH. because 
(constr.) fh g: And, as hath been shewn, the 
£8 FGH, GHI, are right angles; therefore (E. xxviii. 

1.) GF is parallel to H7. 

It has been shewn, also, that HI = HG ; therefore 
(E. xxxiii. 1. and E. xxxiv. 1.) the figure FGHI is 
equilateral and rectangular: That is (E. xxx. Def. 1.) 
it is a square. | 


Prop. XXXIII. 


4l. PnosLEM. To determine the locus of the 
summits of all the triangles which can be described 
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on a given base, so that each of them shall have its 
two sides in a given ratio. 


Let AB be a finite straight line: It is re- 


quired to determine the locus of the summits of all 
the triangles which can be described upon A, as 
a base, having their two remaining sides, in each, 
in a given ratio to one another. 

Divide (E.x. 6.) 4B in C, so that AC shall be 
to CB in the given ratio; from the greater segment 
AC, cut off CD=CB;; find (E. xi. 6.) a third pro- 
portional to AD and CB, and in AB, produced, 
make BK equal to it; from the centre K, at the 
distance KC, describe the circle CPE: The cir- 
cumference CPE is the locus which was to be 
determined. 

For, take any point P, in the circumference 
CPE, and draw PA, PB, PC, and PK: Then 
since; 

(constr.) AD: CB :: CB: BK, 
therefore (E. xviii. 5.) 
AD+CB or AC: CB :: CK: BK; 
therefore (E. xvi. 5.) AC: CK :: CB: BK: 
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therefore (E. xviii. 5.) AK: CK :: CK: BK; 
that is, (E. xv. Def. 1.) AK: KP:: KP: KB; 
therefore (E. vi. 6.) the two 2s APK, BPK, are 
equiangular ; 
therefore (E. iv. 6.) PA: PB :: AK: PK or CK: 
And it has been shewn that 
AK : CK :: CK: BK:: AC: CB; 
therefore (E. xi. 5.) PA: PB :: AC : CB. 
And (constr.) AC is to CB in the given ratio; there- 
fore PA is to PB in the given ratio, wherever, in 
the circumference CPE, the point P is taken’. 


Prop. XXXIV. 


. 42.. PRoBLEM. The base, the perpendicular dis- 
tance of the vertex from the base, and the ratio 
of the two sides of a triangle being given, to con- 
struct it. 


Draw (E. xxxi. 1. and E. xi. 1.) a "— line 
parallel to the given base, and at a perpendicular 
distance from it equal to the given perpendicular 
distance; draw, (Supp. xxxiii. 6.) the locus of the 
summits of all the triangles, which can be described 
on the given base, having their sides to one another 
in the given ratio; and it is manifest that the point, 
in which this locus meets the line drawn parallel to 
the base, will be the summit of the triangle which 
was to be described, 


. * Tf the given ratio be a ratio of equality, the locus to be de- 
termined is, manifestly, the straight line drawn at right angles 
to AB, through the point which divides AB into two equal 
parts. 
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Prop. XXXV. 


43. PRoBLEM. The segments into which the per- 
pendicular, drawn from the vertex to the base of 
a triangle, divides the base, and the ratio of the 
two remaining sides being given, to construct the 
triangle. l 


The segments being placed in the same straight 
line, upon their aggregate draw (Supp. xxxiii. 6.) 
the locus of the summits of all the triangles, which 
can be described on that line, as a base, so as to 
have their remaining sides in the given ratio: And 
it is evident that a perpendicular drawn (E. xi. 1.) 
to this base, from the point, which is common to 
the two segments, will cut the locus in a point, 
which is the vertex of the triangle that was to be 
described. 


Pror. XXXVI. 


44. Prosrem. To find a point, from which if 
three straight lines be drawn to three given points, 
they shall be each to each in given ratios. 


Upon the straight line joining two of the given 
points, describe (Supp. xxxiii. 6.) the locus of the 
summits of all the triangles, having that line for a 
base, and having their sides to one another in one 
of the given ratios; upon the straight line, also, 
joining the third given point, and either of the other 
two, describe the /ocus of the summits of all triangles 
having thatline for a base, and having their sides 
in another of the given ratios: 'Then it is manifest, 
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that the point, in which the one locus cuts the . 
is the point which was to be found. ; 


Prop. XXXVII 


45. PnosLEM. 4 straight line being divided into 
three given parts, to find a point without it, at which 
the three parts shall subtend equal angles. . 


Upon the aggregate of the first and second of the 
given parts, describe (Supp. xxxiii. 6.) the locus of 
the summits of all triangles, having that line for a 
base, and having their sides to one another, as the 
first is to the second of the given parts: Again, 
upon the aggregate of the second and third of the 
given parts, describe the /ocus of the summits of all 
triangles having that line for a base, and having their 
sides to one another as the second of the given parts 
is to the third: 'Then it is manifest, from E. iii. 6., 
that the point, in which the one locus cuts the other, 
is the point which was to be found. 


Pror. XXXVII. — 


46. PuosLEM. To find a point in a given line, 
from which, if two straight lines be drawn to two 
given points, both on the same side of the given line, 
they shall be to each other in a given ratio. | 


. Upon the straight line joining the two given - 
points, describe (Supp. xxxiii. 6.) the locus of the 
summits of all triangles having that line for a base, 
and having their sides in the given ratio; and it 
is evident, that the point, in which the .locus, so 

X 
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described, cuts the given line, is the point which 
was to be found. 


Prop. XXXIX. 


47. PaoBLEM. In a given parallelogram to in- 
scribe a parallelogram that shall have its two ad- 
jacent sides in a given ratio to one another, and 
that shall be the half of the given parallelogram. 


Let ABCD be the given parallelogram: It is 
required to inscribe it in a parallelogram, which shall 
be the half of 4BCD, and which shall have two 
adjacent sides in a given ratio to one another. 

Bisect (E. x. 1.) 4B in E, and through E draw 


(E. xxxi. 1.) EF parallel to 4D or BC: And, first, 


BH. M C 
if the given ratio be a ratio of equality, bisect, also, 
EF in K; through K draw (E.xi. 1.) LKM per- 
pendicular. to EF; and draw EL, LF, FM, aud 
ME: Then ELEM is an equilateral parallelogram, 
and it is the half of the m ABCD. 

For (E. x. 6.) LM is divided, in K, in the same 
manner as 4B is divided in E;. XL KM; 
therefore (constr. and E. iv. 1.) EL, and LF, and 
FM, and ME, are equal to one another ; and there- 
fore (Supp. xviii. 1.) the figure LEMF is a paral- 


BOOK Vi. : b? 307 


lelogram: And since (E. iv. 1.) the 4 BEF is the 
half of the AEF, and the EMF is the half of 
the C3 EBCF, therefore the whole figure ELFM 
is the half of the given CH ABCD. 

But, secondly, let the given ratio be not a ratio 
of equality: In this case, upon EF describe (Supp. 
xxxiii. 6.) the locus of all the triangles having EF 
for a base, and having their sides in the given ratio, 
and let it cut 4D in G; join E, G, and F, G; from 
CB cut off CH- 4G, and join E, H and F, H: 
Then is EGFH the parallelogram. which was to be 
described. 

For (constr. and Supp. xlii. 1.) EGFH. is a pa- 
rallelogram ; and it may be shewn to be the half of 
the given CZ ABCD, in the same manner as ELEM 
was shewn to be half of ABCD; and (constr.) the 
adjacent sides EG and GF, are to one another in the 
given ratio. 


Pror. XL. 


48. ProsLem. From a given point, ether within 
or without a given rectilineal angle, to draw a 
straight line cutting the two lines which contain 
the angle, so that the distances of the two inter- 
sections from the given point, shall be to one another 
in a given ratio. ! 

Let PAQ be the given rectilineal angle, and, 
first, let B bea point without it: It is required ta 
draw from B a straight line cutting AP and 4Q, 
so that the distances of its intersections with AP 
and AQ, from B, shall be to one another in a given 


ratio. 
x2 
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Through B draw BC to any point C.in AP; 


A 
B 


P 0 


find (E. xii. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and 
to BC; and from BC cut off BG equal to that 
fourth proportional; through G draw (E. xxxi. 1.) 
GE parallel to 4C, and meeting 4Q in E; join 
B, E and produce it to F: Then shall FB be to EB 
in the given ratio. 

For (constr. and E. xxix. 1.) the two As BFC, 
BEG, are equiangular: 

therefore (E. iv. 6.) FB: EB :: CB: GB: 

But (constr.) CB is to GB in the given ratio; 
. FB is to EB in the given ratio. 

And, by the same method of construction, the 

problem may be solved, when the given point is 
within the given angle. 
. 49. Cor. It is manifest that the problem admits 
of the same method of solution if one of the given 
lines, as AP, be a straight line of indefinite length, 
and if the other 4Q be a line of any kind, in the 
same plane with 4P. 


Pror. XLI. 


50. PRonrEM. To find, between two given parallel 
straight lines, the locus of all the points, from each of 
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which if two straight lines be drawn to the two given 
parallels,.so as always to make with them, towards 
the same parts, given angles, they shall be to ome 
another in a given ratio. 


Let VW and XY be the two given parallels; let 


1 


V. W 
S T 
X i " Y 


AB and AC, drawn from any point 4 in XY, be in 
the two given directions: It is required to find, 
between VW and XY, a locus, from any points of 
which if two straight lines be drawn to VW and XY, 
the one parallel to 4C and the other parallel to 4B, 
they shall be to one another in a given ratio. 

Find (E. xii. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and to 
AB; and from C4, produced, cut off AD equal to 
that fourth proportional; join B, D; through 4 
draw (E. xxxi. 1.) AE parallel to DB, and through 
E draw EF parallel to CA, and let it meet AB in F; 
lastly, through F draw F parallel to VW or to 
XY: Then is ST the locus which was to be found. 

For take any point P, in ST, and from. P draw 
PQ parallel to 4B, and PR parallel to 4C. 
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And since (cemeir. and E. xxix. 1.) the As AEE, 
ABD are equiangular, 
therefore (E. iv. 6.) Ed: FE :: AB: AD: 
But (constr. and E. xxxiv. 1.) H= PQ, and F£ = 
PR; also (constr.) AB is to AD in the given ratio; 
*. PQ isto PR in the given ratio. 


Prop. XLII. 


51. Prostem. To divide a given straight line 
into two parts, such, that the rectangle contained by 
the whole line and one of üs parte, shall have a 
given ratio to the square of the other part*. 


Let 4B be the given straight line: It is required 


" L i 
to divide it into two parts, such that the rectangle 
contained by 4B and one of the parts shall have to 
the square of the otber part a given ratio. 

Find (E. xii. 6.) a fourth proportional, L, to the 
two straight lines, which exhibit the given ratio, and 
to AB; and divide (Supp. lxxxi. 3.) 4B into two 
parts, in C, so that 4C x L = CB*: And since, 
E. i. i. 6.) ACx4B : 4CxL or CB’: AB: L, 
it is manifest that 4B has been divided in C, so 
that AC x AB is to CH in the given ratio. | 


* This inves gore! preblam, of whieh E. xxx. 6. is « par- 
ticular ease. 
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Prop. XLIII. 


52. ProsLem. One given circle lying within an- 
other, to find a point from which, if two tangents be 
drawn, one to each of the given "- they shall be 
to each other in a given ratio. 


Let ABC, DEF, be two circles, of which 


DEF lies within ABC: It is required to find a 
point from which if tangents be drawn to touch the 
two circles 4BC, DEF, they shall be to one another 
in a given ratio. 

Draw (E. xvii. 3.) 4L touching the lesser circle 
DEF in any point E, and let AL meet the circum- 
ference of ABC in 4 and B; bisect (E. x. 1.) 4B 
in G, and from E draw (E. xi. I.) EH perpendicular 
to 4B; find (E. xii. 6.) a fourth proportional to the 
two straight lines, which exhibit the given ratio, and 
to 4G; und make EH equal to it; from the centre 
G, at the distance Gd or GB, describe the circle 
AKB; from H draw (E. xvii. 3.) HK touching the 
circle AK B in K; and produce HK to meet AB, 
produced, in L: Then is L the point which was to 
be found. 
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For, from L draw LC touching the circle ABC in 
C; and join G, K ; therefore (constr. and E. xvin. 3.) 
the ^ GKL is a right angle, as is, also, (constr.) the 
4 LEH; therefore (Sapp. xvi. 1.) the as LAG. 
LEH, are equiangular; 
therefore (E. iv. 6.) LE : LK :: EH : GKor GA: 
Bat, since (E. xxxvi. 3.) AL x LB is equal to LK’, 
and also to LC’; . LK LC; and (constr.) EH is 
to GA in the given ratio; therefore the tangent LE 
is to the tangent LC in the given ratio. 


Pror. XLIV. 


53. Prostem. From a given point, to draw a 
straight line to cut a given circle, so that the dis- 
tances of the two intersections from the given point, 
shall be to each other in a given ratio. 


Let CFE be the given circle, and 4 the given 


point without it:. It is required to draw from 4 a 
straight line cutting CFE, so that the distances of its 
two intersections from 4 shall be to one another in 
a given ratio. 


From A draw (E. xvii. 3.) IF touching the circle 
CFE in F; find (Supp. xxi. 6.) a square, which shall 
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be to the square of 4F, in the given ratio; from the 
centre A, at a distance equal to the side of the square 
thus found, describe a circle cutting the circumference 
of CFE in Q; and draw AQ, which is, therefore, 
equal to the side of that square; produce 4Q to 
meet the circumference of CFE againin P: Then 
shall 4 be to AQ in the given ratio. 

For (E. i. 6.) AP : AQ :: AP x 40: AQ*: 
But (E. xxxvi. 3.) AP x AQ = AF"; and (constr.) 
AT" is to 4 in the given ratio; . AP is to AQ 
in the given ratio. 


Pror. XLV. 


54. PnonLEM. Two given circles lying wholly 
without one another, through a given point, which 
ts between the two circles, and which is posited in the 
straight line joining their centres, to draw a straight 
line that shall be terminated by the convex circum- 
ferences, and divided, by the given point, into two 
parts, that are to one another in a given ratio. 


Let BD and EF be two circles, and A a 


point in CK, which joins the two centres C and 
K: It is required to draw, through 4, a ‘straight 
line, which being terminated by the convex circum- . 
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ferences of the circles BD and EF, shall be divided 
by A into two parts, that are to one another in a 
given ratio. 

Produce CK indefinitely toward X: Find (E. 
xii. 6.) a fourth proportional to the two lines, which 
exhibit the given ratio, and to CA, and from 4X cut 
off 4H equal to it; find, also, a fourth proportional 
to the same two given lines and any semi-diameter, 
CD, of the circle BD; and from HX cut off HI 
equal to it; from the centre H, at the distance HI, 
describe a circle, and let it cut the circumference of 
EF in G; draw HG, which therefore is equal to 
HI; draw (E. xxxi. 1.) CB parallel to HG; and 
join B, A, and G, A: Then shall BA and AG be 
in the same straight line; 

for (constr. and E. xi. 5.) CA: AH :: CB: GH; 

therefore (E. xvi. 5.) CA: CB : AH: GH; 
and (constr. and E. xxix. 1.) the < BCA = < AHG, 
and two remaining <s BAC, HAG, of the as CBA, 
AGH, are of the same species, each of them being, 
necessarily, less than a right angle; therefore (E. 
vii. 6.) the BAC S 2 GAH; therefore BA and 
AG are in the same straight line; otherwise (E. xv. 1.) 
the greater of two angles would be equal to the less: 
And since (E. vii. 6.) the two As CBA, 4GH, are 
equiangular, 
therefore (E. iv. 6.) BA: AG :: CA: AH; 
that is, (constr.) BA is to AG in the given ratio. 


Pror. XLVI. 


55. Proses. To find a point, from which if 
three straight lines be drawn to meet as many gwen 
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straight lines, which cett one another, so as to make, 
each with the line on which it falls, an angle equal to 
a given angle, the lines so drawn shall be, each to 
each, in given ratios. 


Let AB, BC, and CA, be the three given straight 


B M C 


lines, and D the given angle: It is required to find 
a point from which if three straight lines be drawn 
to 4B, BC, and CA, each making with each an 
angle equal to the z D, they shall be to one another 
in given ratios. 

Straight lines being supposed to be drawn at the 
point B making, with AB and BC, angles each equal 
to the < D, draw (Supp. vii. 6.) the locus BK of all 
the points from which if parallels be drawn to them 
meeting 4B and BC, these parallels shall be to one 
another in the first of the given ratios; then (E. 
. xxix. I.) shall the parallels so drawn make with 4B 
and BC, angles each equal to the given 4 D. 


In like manuer draw the locus CK of all the points 
from which if straight lines be drawn to AC and CB, 
making with them angles equal each to the < D, 
they shall óc to one another in the second of the 
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given ratios: And let BK and CK meet in K. It 
is manifest that K is the point which was to be 
found. 

Pror. XLVII. 


56. Prostem. To make. an isosceles triangle, 
which shall be equal to a scalene triangle, and shall 
also have an equal vertical angle with it. 


Let ABC be the scalene triangle: It is required 
A 


B 


to make an equal isosceles triangle, which shall have 
the < BAC for its vertical angle. 

Find (E. xiii. 6.) a mean proportional between the 
two unequal sides 4B and AC, of the given a ABC, 
and from 4B, the greater side, cut off 4D equal to 
the mean proportional so found ; also produce AC to 
E, so that AE = AD, and join D, E: Then is ADE 
the triangle which was to be described. 

For (constr.) BA : AE :: AD : AC; 
therefore (E. xv. 6.) the isosceles A ADE is equal 
to the 4 ABC. 


Pror. XLVII. 


57.. Tuzonem. Jf a straight line, drawn from 
the vertex of an isosceles triangle cutting the base, 
be produced to meet the circumference of a circle 
described about the triangle, the rectangle contained 
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by the whole line so produced, and the part of it 
between the vertex and the base, shall be equal to the 
square of either of the equal sides of the triangle. 


Let AD drawn from the vertex, 4, of the isosceles 


D 


A ABC, inscribed in the circle ABDC, cut the base 
of the triangle in E, and the circumference of the 
circle in D: 

Then DA x AE = AB. 

For join B, D, and since (hyp.) AB — AC, there- 
fore (E. xxviii. 3.) 4B = AC, and therefore (E. 
xxvii. 3.) the < BDA, of the 4 ABD, is equal to 
the < ABE, of the a AEB; and the z BAD is 
common to the two triangles; therefore (Supp. 
xxvi. 1.) they are equiangular ; 

therefore (E. iv. 6. DA: AB:: AB : AE; 

therefore (E. xvii. 6.) DA x AE= AB. ` 


Pror. XLIX. 


58. 'luronEM. Jf from a given point, without a 
circle, two straight lines be drawn to the concave 
circumference, they shall be reciprocally proportional 
to the parts of them between the given point and the 
convex circumference. 
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For (E. xxvi.:3. Cor.) the rectangle contained by 
the one of the lines, so drawn, and the part ef it 
without the circle, is equa) to the rectangle con- 
tained by the other line and the part of it without 
the circle; therefore (E. xvi. 6.) the two straight 
lines so drawn are reciproeally proportional to the 
parts of them, between the point and the convex 
circumference. 


Prope. L. 


59. PnaonLEM. To divide a gwen finite straight 
line into two parts, such that another given straigM 
line, not greater than the half of tke former, shall be 
a mean proportional between them. 


Make (Supp. lxxi. 3.) a rectangle, which shall 
have its two adjacent sides, together, equa} to the 
given straight line, that is to be divided, and which 
shall be equal to the square of the other given straight 
line. Then (E. xvii. 6.) shall this latter be a mean 
proportional between the parts of the former straight 
lines, that are equal to the adjacent sides of the 
rectangle. | 

Pnor. LI. 

60. PnomLEM. Of four straight lines which are 

continual propartionals, the two extremes being given, 


and also a line which is equal to the difference of the 
other two, to find those two lines. 


Let 4B and. BC, placed in the same straight hue, 
be the two extremes, and L the difference of the two 
mean terms, of four proportionals: It is required to 
determine the two mean terms. . 
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Bisect (E. x. 1.) 4C in D, and from thecentre D, 


at the distance DA or DC, describethe circle 4ECF; 
likewise, upon DB, as a diameter, describe the circle 
DGB; and, since (Supp. iv. 5. Cor. and hyp.) the 
double of DB is greater than L, in the circle DGB 
place (E. i. 4.) BG equal to the half of L; and 
produce GB both ways to meet the circumference 
in E and F: Then are BE and BF the two mean 
proportionals, which were to be found. 


For join D, G; and because the < DGB is ina 
semi-circle, it is (E. xxxi.3.) a right angle; therefore 
(E. iii. 3.) GF=GE; whence it is manifest that the 
double of BG, which was made equal to the half of 
L, is the difference between BF and BE; also 
(E. xxxv. 3.) 

| AB x B= BF x BE; 
therefore (E. xvi. 6.) AB: BF:: BE: BC*. 
* The method used in this proposition furnishes another, and 


perhaps 2 neater, mode of solving the problems contained in 
Supp. IXxxvi. 3. and its corollary. 
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Prop. LII. 


61. Prosrem. To make a triangle, which shall 
have its two sides equal to two given straight lines, 
‘each to each, and shall have its base equal to the 
perpendicular distance of the vertex from the base. 


Let AC and CB be two straight lines: It is 


required to describe a triangle, which shall have its 
base equal to the perpendicular drawn to it from the 
vertex, and shall have its two remaining sides equal 
to AC and CB, each to each. 

Let 4C and CB be placed in the same straight 
line; and from the centre C, at the distances C4 and 
CB, describe the circles ADE, BFG; from the 
centre 4, at the distance CB, describe a circle 
cutting the circumference BFG in F; and join 4, 
F; so that 4F = CB; produce FA to meet the 
circumference BFG again in G; upon AC asa 
diameter describe the circle 4H'C, and in it place 
AH= 4G; draw CH and produce it to meet the 
circumference BFG in J; lastly, join J, A, and 
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produce L4 to meet the cireumference BFG in K: 
Then is CAK the triangle which was to be de- 
scribed. 

For, draw (E. xii. 1.) CL perpendicular to 4K; 
therefore (E. xxxi. 3. and Supp. xxvi. 1.) the 
4s CLI, AHI, are equiangular; and since (E. 
XXXV. 3.) [n] 

AI x AK= AG x AF, 

that is, (constr.) AI x AK AH x CK, 
therefore (E. xvi. 6.) AI : AH :: CK : Ax: 

But (E. iv. 6.) AI: AH : Cl or CK : CL: 

therefore (E. ix. 5.) AK = CL. 

And the given straight line AC is one of the sides of 
the A CAK; and CK, which (E. xv. Def. 1.) is 
equal to CB; is the remaining side. " 


Prop. LIII. 

62. Tueorem. If from any point in the diameter, 
or the diameter produced, of a given parallelogram 
perpendiculars be let fall on the two adjacent sides, 
produced, if necessary, which meet the diameter, the 
perpendiculars shall be reciprocally proportional to 
the sides on which they fall. 


Let DB be the diameter of the M ABCD; let P 


be any point in DB, and Q any point in. DB pro- 
Y 
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duced; and let PK and QN be perpendicular to 
AB, and PL and QM perpendicular to BC: Then 
AB: BC :: PL: PR:: QM: QN. i 
For draw AC, and AP, and PC; and let AC cut 
BD in E; 
therefore (Supp. xlii. 1.) 4E- EC; 
therefore (E. xxxviii. 1.) 
A ABE = 4 CBE; and a APE= 4 CPE; 
therefore ^ APB=A CPB; 
therefore (E. xli. 1.) 4B x PK=BC x PL; 
therefore (E. xvi. 6.) 4B : BC :: PL : PK. 
Again, since (constr. E. xv. 1. E. xxxii. 1.) the 
as BKP, BNQ, are equiangular, as are, also, the 
As BLP, BMQ; 
therefore (E. iv. 6.) QM : BQ :: PL: PB; 
and BQ : QN :: PB: PK; 
therefore (E. xxii. 5.) QM : QN :: PL: PK: 
And it has been proved that 4B : BC :: PL: PK; 
therefore (E. xi. 5.) 4B : BC :: QN : QM. 
In the same manner, also, the proposition may be 
shewn to be true, if perpendiculars be let fall from 
Q on the sides DA, and DC, produced. 


Pror. LIV. 

63. Prosiem. From a given point, tn the base of 
a scalene triangle, to draw a straight line, which 
shall cut off equal segments from the two remaining 
sides, the less of those sides having been produced. 

Let D be a given point in the base BC of the 
scalene A ABC: It is required to draw from D a 
straight line which shall cut off from the greater side 
AC, and from the less side AB, produced, -— 
segments. 
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From AC cut off (E. iii. I.) CE 4B; through 


D draw (E. xxxi. 1.) DF parallel to 4B, and DG 
parallel to AC; and, accordingly as the point F falls 
between E and C, or between E and 4, take in AG, 
or in GA produced, AH = EF; produce HG, or 
GH, (Supp. Ixxiii. 3. Cor.) to K, so that GK x KH 
z GÀ x AF; lastly, join D, K: Then shell DK 
cut off from 4C a segment CL equal to the segment 
BK, which it cuts off from 4B produced. 

For, since (constr.) GK x KH is equal to GA x 
AF, or (constr. and E. xxxiv. 1.) to DF x GD, 

therefore (E. xvi. 6.) GX: GD :: DF: KH: 
But (constr. E. xxix. 1. and Supp. xxvi. 1.) the two 
^s KGD, LFD, are equiangular; . 

therefore (E. iv. 6.) GK: GD: DF: FL: 

| . therefore (E. ix. 5.) KHz FL: 

But (constr.) BH CF; to these equals add the 
equals HK, and FL, and it is manifest, that the 
segment CL is equal to the segment BK. 


Pror. LV. . 

64. '"l'umonrw. {f an angle of a triangle be hi- 
eected by a straight line, which alao cuis, the base, 
the. rectangle, contained by the sides of the triangle, 

Y2 
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is equal to the rectangle contained by the segments of 
the base, together with the square of the straight line 
bisecting the angle. 

Let ABC be a triangle, and let the 4 BAC be bi- 


VAN 


sected by AD; then BA x AC=BD x DC + AD. 
Describe (E. v. 4.) the circle ACB about the 
triangle; produce AD to the circumference in E, 
and draw EC. And, because (E. xxi. 3.) the z ABC 
= AEC, and (hyp.) the ; BAD= ; CAE; there- 
fore (E. xxxii. 1.) the 4s 4BD, AEC, are equi- 
angular ; 
therefore (E. iv. 6.) BA : 4D :: EA: AC; 
therefore (E. xvi. 6.) BA x AC=EA x AD; 
that is, (E. iii. 2.) BA x AC ED DAAD: 
But (E. xxxv. 3.) ED x DA- BD x DC; 
therefore BA x AC = BD x DC + AD’. 


Prop. LVI. 


65. Tasorem. Jf from any angle of a triangle a 
straight line be drawn perpendicular to the base, the 


rectangle contained by the sides of the triangle, iè 
equal to the rectangle contained by the perpendi- 
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cular and the diameter of the circle described about 
the triangle. 
Let ABC be a triangle, and AD the perpendicular 


from the 2 BAC to the base BC; then is BA x AC 
equal to the rectangle contained by 4D,.and the 
diameter of the circle described about the A 4BC. 

Describe (E. v. 4.) the circle 4CB about the 
triangle; draw its diameter AE, and join E, C: 
Because the ECA in a semi-circle is equal (E. 
xxxi. 3.) to the right 4 BDA, and that (E. xxi. 3.) 
the AEC ABC; therefore (E. xxxii. 1.) the 
as ABD, AEC are equiangular, 

therefore (E. iv. 6.) BA : 4D :: EA : AC; 

therefore (E. xvi. 6.) BA x AC=EA x AD. 


Pror. LVII. 

66. Tarorem. The rectangle contained by the 
diagonals of a quadrilateral rectilineal figure, in- 
scribed in a circle, is equal to both the rectangles 
contained by its opposite sides. 

This is Prop. D. Book VI. of Euclid’s Elements, 
as edited by Simpson. 
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Prop, LVIII. 


67. TuronEw. Ff, from the centre of the circle, 
described about a given triangle, perpendiculars be 
drawn to the three sides, their aggregate shall be 
equal to the radius of the circumscribed circle, to- 
gether with the radius of the circle inscribed in the 

given triangle. 

Let ABC be the given triangle; bisect (E. x. 1.) 
AB, BC, and AC in the points D, E, and F; and 


from D, E, and F draw (E. xi. 1.) DG perpendicular 
to 4B, EG perpendicular to BC, and FG perpen- 
dicular to AC; then (Supp. iv. 1.) these perpen- 
diculars meet in the same point G, which is the 
centre of the circle that can be described about the 
A ABC; find, also, (E. iv. 4.) the centre K, and the 
semi-diameter KH, of the circle that can be mscribed 
in the a ABC; and draw GA: Then” 

GD4 GEX GF GA + KH. 


* The straight lines GD, GE, GF, are tg be supplied in the 
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For draw DE, EF, and FD; therefore (Supp. 
Ixix. 1. Cor. 1. and E. xxxiv. 1.) $ AC, CF AB, 
and FD=4 BC; drew GB, and GC; And, since 
(constr.) the angles at D, E, F, are right angles; 
therefore (E. xxxii. 1. Cor. 1.) the two zs DAF, 
DGF, are, together, equal to two right angles; 
therefore (Supp. xxviii. 3.) & circle may be described 
about the &mpezium ADGF; and in the same 
manner it may be shewn that circles may be de- 
scribed about BDGE, and CFGE: 
therefore (Supp. lvii. 6.) 4G x DF+BG x DE + 
CG x FE = AF x DG + AD x GF-- BD x GE+ 
BE x DG + CEx GF+ CFx GE: And if to the 
doubles of these equals be added the rectangles 

GE x BC+ GF x AC+GD x AB, 
which (E. xli. 1.) make up the double of the A ABC, 
it will be manifest, from E. i. 2., that the rectangle 
contained by the perimeter of the A ABC, and by 
GA, together with the double of the A ABC, is 
equal to the rectangle contained by the perimeter of 
ABC, and by the aggregate of GD, GE, and GF: 
Bat (Supp. ii. 4.) the double of the a ABC is equal 
to the rectangle contained by the perimeter of the 
triangle and the semi-diameter, KH, of the circle 
mscribed in it; therefore (E. i. 2.) the rectangle 
contained by the perimeter, and by the aggregate of 
GA and KH, is equal the rectangle contained by the 
perimeter, and by the aggregate of GD, GE, and 
GF; 
therefore GD-- GE -- GF= GA-- KH. 
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Prop. LIX. — 


68. Prosrem. To find a point, from which if 
three straight lines be drawn to three given points, 
their differences shall be severally equal to three 
given straight lines; the difference of any two of the 
straight lines to be drawn, not being greater thun 
the distance of the two points to which they are to be 
drawn. 


Let A, B, C, be the three given points, and R, S, 


B MG EK 8 

two of the given differences: It is required to find a 
point, from which if three straight lines be drawn to 
A, B, and C, the difference of the first and second 
shall be equal to R, the difference between the 
second and third equal to S, and therefore the differ- 
ence between the first and third equal to the third of 
the given differences. 

Draw AB, BC, and CA; bisect (E. x. 1.) AB in 
D, and BC in E; from DB cut off DF, equal to a 
third proportional (E. xi. 6.) to 2.4B, and to S; 
likewise from EB cut off EG, equal to a third pro- 
portional to 2 BC, and to R; and through F and G 
draw (E. xi. 1.) FH perpendicular to 4B, and GH 
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—— to BC, and let them meet in H; find 
(E. xii. 6.) a fourth proportional, (T), to AB, S. 
and BC; through H draw (Supp. vii. 6.) the locus, 
IH, of all the points, from which if perpendiculars 
be drawn to 4B and BC, respectively, they shall cut 
off from GB and FB segments that are to one 
another as R is to T; lastly, in ZH find (Supp. 
xcvi. 3.) a point K, such that the difference of its 
distances from: C and B, shall be equal to R: Then 
is K the point which was to be found. 


For if not, let P be the point ; and, if it be possible, 
let the point P be out of JH; join P, 4, and P, B, 
and P, C; and draw, from P (E. xii. 1.) PL per- 
pendicular to 4B, and PM perpendicular to BC: 
Then (constr. E. xvii. 3. and Supp. xcvi. 3. Cor. 1.) 

FL x AB= BP x S; and GM x BC- BP x R; 

therefore (E. xvi. 6. and constr.) 

BP: FL:: AB: S:: BC: T; 

and GM: BP :: R: BC; 

therefore (E. xxiii. 5.) GM: FL :: R : F. . 
therefore (constr. and Supp. vii. 6. Cor.) the point 
P cannot be out of IH; therefore (consir. and 
Supp. xcvi. 3. Cor. iie K is the. point which was to 
be found. 


Prop. LX. 


69. Prosiem. To describe a circle, which shall 
pass through a given point, and touch two given 


Find a point (Supp. lix.6.) such that the difference 
between its distance from the centre of the one circle, 
and its distance from the given point, ‘shall be equal 
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to the semi-diameter of that circle; and that the 
difference between its distance from the other centre, 
and from the given point, shall likewise be equal to 
the other gives semi-diameter: It is manifest (Supp. 
vi. 3.) that the point, so determined, is the point 
which was to be found. 


. OTHERWISE. 


Let BCD and EFG be the two given circles, and 


A a point without them: It is required to de- 
scribe & circle which shall pass through 4, and 
touch the two circles BCD, EFG. 

Find (E. i. 3.) the centres, K and L, of the two 
given circles; draw KL and let it, produced, meet 
the circumference of BCD in B, and the circum- 
ference of EFG in E and G; and let it meet CH, 
which is drawn (Supp. lii. 3.) so as to touch both 
the circles, in M; join H, 4; find (E. xii. 6.) a 
fourth proportional to 4H, HB, and HG, and from 
HA cut off HI equal to it; so that (E. xvi. 6.) 

BH HG = AH x HI; 
lasily, describe (Supp. xev. 3.) a circle AMT, passing 
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throagh A and I, end touching either of the ciscles 
BCD, ix some point, M; it shall, also, if HM be 
drawn, pass through the point M. in which HM cuts 
the circumference of the circle EFG, and shall touch 
EFG in the point N. 

For, if it be possible, let the circumference of the 
circle AH cut HM in some other point, as P: 
Then (E. xxxvi. 3.) 

MH x HP = AH x HI; 
but (constr.) AH x HI= BH x HG, 
and (E. xxxvi. 3.) BH x HG= M SAN 
. MH x HP-MH x HN; :: 

'. HP is ins to HN, the less to the ele 
which i is absurd; therefore the circumference of the 
circle MIA cannot but meet the circle EFG in the 
point where it is cut by MH; and it touches the 
circle EFG in that point. 


For draw KM, KC, KD, LQ, LF ‘ad LP, and 
let MK and PL, produced, meet in R: Then since 
(constr. and E. xvii. 3.) the as HFL, .HCK, 
having a common angle at H, have the 2s HFL, 
HCK, right angles, they are (Supp. xxvi. 1.) equi- 
angular; therefore (E. iv. 6.) 

HL : LF or LQ :: HK : KC or KM: 
And the as HLQ, HKM, have a common angle at 
H, and have the two remaining <8 HQL, HMK of 
the same species; for since MH cuts both the circles, 
the ^s HQL, HMK, are (E. xvi. 3. Cor.) each of 
them less than a right angle; therefore (E. vii. 6.) 
the < HQL= < HMK; therefore (E. xv. Def. 1. 
and E. v. 1.) the < LNQ, or RNM, equal < HMK, 
or NMR; therefore (E. vi. 1.) RM=RN; but, 
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since the circle 4MI touches the circle BCD, of 
which K is the centre; therefore (E. xi. or xii. 3.) 
the centre of 4MI must be in MR; and since RM 
= RN, that centre (E. vii. 3.) must be in R; since, 
therefore, the diameters of the two circles MAI 
EFG, have a common extremity at N, the two circles 
(Supp. vi. 3.) touch one another “. 


Prop. LXI. 


70. Prostem. To describe a circle that shall 
touch three groen circles. 


Find a point (Supp. lix. 6.) such that the difference 
between its distances from the centres of the first 
and second of the given circles, shall be equal to the 
difference of the diameters of those circles, and such 
that the difference between its distances from the 
centres of the first and third of the given circles, 
shall be equal to the difference of the diameters of 
those circles: Then it is manifest, that the difference 
between its distances from the centres of the second 
and third of the given circles, will be equal to the 
difference of their diameters; and that, if from the 
point so determined, as a centre, a circle be described 
touching any one of the given circles, it will (Supp. 
iv. 3.) also touch the other two. 


* It is evident that Prop. lix. may be deduced from this pro- 
position, as it is thus independently demonstrated ; and that the 
proposition immediately following, which is one of some celebrity, 
may be deduced from either of them. 
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Prop. LXII. 


71. PRosLEM. Upon a given finite straight line, 
to describe an equilateral and equiangular figure 
Raving the number of its sides equal to four, eight, 
Sirteen, &c.; or to three, siz, twelve, &c.; or to five, 
ten, twenty, &c.; or to fifteen, thirty, sixty, &c. 
sides. 


In any circle inscribe (Supp. xiv. 4. Cor. 3.) an 
equilateral and equiangular rectilineal figure of any 
number of sides that is specified in the proposition ; 
then upon the given finite straight line describe 
(E. xviii. 6.) a rectilineal figure similar to it, and 
the problem will have been solved. 


Pror. LXII. 


72. Tueorsem. Similar triangles, and similar 
polygons, are to one another as any rectilineal figure 
described upon any side of the one, is to a similar 
rectilineal figure similarly described upon the homo- 
logous side of the other. 


For (E. xx. 6.) the two given figures, and two 
similar figures thus similarly described, will have to 
one another the same duplicate ratio of that which 
the homologous sides have. 


Pror. LXIV. 


73. Prosrem. To cut off from a given triangle 
any part required, by a straight line drawn parallel 
to a given straight line. 
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Let ABC be the given triangle, and 4X a given 


straight line: It is required to cut off, from the 
4 ABC, any assigned part, by a straight line drawn 
parallel to 4X. 

First, let 4X be parallel to BC; find (Supp. xxi. 
6.) a square which shall be the same part of the 
square of AB, that the triangle, to be cut off, is 
required to be of the given triangle, and make 4D 
equal to its side; through D draw (E. xxxi. 1.) DE 
parallel to 4X or BC: Then is 4DE the triangle 
which was to be cut off from 4 BC. 

For, (constr. and E. xxix. I.) the ^s ADE, ABC, 
are equiangular ; 
therefore (E. iv. 6. and Supp. Ixiii. 6.) 
JA. AÈ :: 4ADE : ABC. 

Therefore (constr. and Supp. iv. 5.) the 4 ADE 
is the required part of the a ABC. 

Secondly, let AA be not parallel to BC, and let 
it meet BC, produced, if necessary, in F: Find 
(Supp. xxi. 6.) a square which shall be the same part 
of the rectangle KB x BC, that the triangle, to be 
cnt off, is required to be of the A 4BC, and make 
BG equal to its side; through G draw GH parallel 
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to FA: Then is BHG the triangle which was to be 
cut off from ABC. 
For (constr. and E. xxix. 1.) the ^s BHG, BAF, 
are equiangular ; 
therefore (E. iv. 6. and Supp. Ixiii. 6.) 
BG : BP :: a BHG : a BAF; 
And (E.i. 6. and E. xi. 5.) 
BF : BFx BC:: a BAF : a BAC; 
therefore (E. xxii. 5. 
BG* : BFx BC :: BHG: 4 BAC; 
therefore (constr. and Supp. iv. 5.) the a BHG is 
the required part of the A ABC. 


Pror. LXV. 


74. Prosrem. To describe a polygon, similar to 
a given polygon, and having a given ratio to it. 


Upon any side of the given polygon describe 
(E. xlvi. 1.) a square; find (Supp. xxi. 6.) a square 
which shall have to the square first described the 
given ratio; and upon its side describe (E. xviii. 6.) 
a polygon similar, and similarly situated, to the given 
polygon: It is manifest, from E. xx. 6., that it will 
have to the given polygon the given ratio. 


Pror. LXVI. 


75. 'TuxonzM. Any regular polygon, insoribed in 

a circle, is a mean proportional between the inseribed 

nm CM pO 
number of sides. 


Let BGFA be a polygon inscribed im the circle 
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BG, and let HH and CD be polygons of half the 


number of sides, the one EH inscribed ia the circle 
(Supp. xiv. 4. Cor. 3.) by joining the sides of the 
figure BGFA, and the other CD described about 
the circle, by drawing tangents to it through the 
angular points 4, B, G, and F; so that (E. xviii. 3. 
E. xxviii. 3. E. xxvii. 3. E. xxvi. 3. and Supp. xix. 3.) 
it is equilateral and equiangular: Then is the poly- 
gon BGFA a mean proportional between the poly- 
gons EH and CD. 

Find (E. i. 3.) the centre K of the circle BGA, 
and join K, B, and K, C: It is manifest, from the 
construction, that KB bisects, at right angles, the 
sides of the figures EH and CD, which it cuts, and 
that KC passes through the angular point E: 

And (E.i. 6. and E. iv. 6.) 

ACBK : sEBK:: CK: EK :: CB: EL: 
But, the figure CD is the same multiple of the 
a CRX, that the figure BGFA is of the AEBK; 
also a side of .CD is double of CB; and a side of 
EH is double of EL; therefore (E. xv. 5.) CD is to 
BGFA as a side of CD is to a side of EH; and 
(E. xx. 6,) CD has to EH the duplicate ratio, of that 
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which a side of CD has toa side of EH; therefore 
CD has to EH the duplicate ratio, of that which it 
has to BGFA; that is, (E. x. Def. 5.) the figure 
BGFA is a mean proportional between CD an 
EH. | 


Prop: LXVII. ` 


76. Tneorem. If from two points similarly 
situated, one in each of any two homologous sides 
of two similar polygons, two straight lines be drawn 
making equal angles with those sides, they shall cut 
off from the polygons two similar figures ; and the 
one 8hall be the same part of the one polygon, that 
the other is of the other. 


Let 4C and FH be two similar polygons, and P 
and Q two points similarly situated in the two ho- 
mologous sides CD and HK: If from P and Q 
straight lines be drawn, making equal angles with 
CD and HK, they shall cut off similar figures from 
the polygons ; and the one shall be the same part of 
the one polygon that the other is of the other. 

' First, let PM and QN, making the z MPD = 
NR, cut the sides DE and KL, adjacent to CD 
and HK: And since (hyp. and Supp. xxvi. 1.) the 
two as MPD, NOH, are equiangular, they are 
(E. iv. 6.) similar to one another, and they are to 
one another (E.xix. 6.) in the duplicate ratio of 
their homologous sides PD and QK, that is (Ap.) 
in the duplicate ratio of CD and HK; therefore 
(E. xx. 6.) they are to one another in the same ratio 

Z 
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as the polygons are, and therefore whatever part thé 


A 
SN 
B E Eg L 
4 A : 
C P D H QK 


AMPD is of the polygon ABCDE, the same part 
is the ANQK of the polygon FGHKL. 

Secondly, let PR and QS cut any other sides of 
the polygons, as 4E and FL, which are not adjacent 
to the sides CD and HK: Draw PE and QL ; and 
since (hyp. and E. xxvi. 1.) the As EPD and LQK 
are equiangular, the As RPE and SQL are also 
equiangular; whence it may be shewn, (as in E. xx. 
6.) that RPDE, SQKL, are similar figures; there- 
fore (E. xx. 6.) they are to one another in the du- 
plicate ratio of the homologous sides DE and KL; 
or in the ratio of the polygon ABCDE to the poly- 
gon FGHKL; .. RPDE is the same part of 
ABCDE that SQKL is of FGHKL. 


Prop. LXVIII. 


71. Treorem. Jf any two chords of a circle in- 
lersect each other, the straight lines joining their 
extremities shall cut off equal segments from the 
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chord which passes through the common intersection: 
of the two former chords and is there bisected.. 


Let AB and CD be two chords of the circle 


ACBD, cutting one another in E; through E draw 
(Supp. ii. 3.) the chord FG, so that FG is bisected 
in E; and join C, B and 4, D: Then shall HE = 
EI. | 
For through J draw (E.xxxi. 1.) KIL parallel to 
BC, and meeting CD in K, and BA, produced, in 
L:. Then (constr, and E. xxix. 1.) the 4 CBL= 
4 BLK, and that (E. xxi. 3.) the 2 CBA = CDA. 
therefore the < ALI = < IDK; and (E. xv. 1.) 
the < AIL, of the ALAI, is equal to the KID, 
of the a DKI; therefore (Supp. xxvi. 1.) these two 
triangles are equiangular, as are also (constr. and 
E. xxix. 1.) the two As CEH, IEK, and the two 
As HEB, IEL; | 
therefore (E. iv. 6.) AT : IL :: NI: ID; 
therefore (E.xvi.6.) JE x KI= 4I x ID: 
Again (E. iv. 6.) CH : HE : IK : IE, 
and BH : HE :: IL : FE, 
Z2 
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therefore (E. xxii. 6.) 

CH x BH : HE? :: IK x IL or AIx ID: TE’: 
therefore (E. xviii. 5.) 

- CHx BH-- HE : HE' :: Alx ID + IE* : TE’; 
therefore (E. xxxv. 3.) 

FH x HG+ HE' : HE? :: FIxIG--IE* : IE: 
But (hyp. and E. v. 2.) FHxHG+ HE’, and FIx 
JG IE", are each of them equal to EF or EG, 
and therefore they are equal to one another; there- 
fore (E. xiv. 5.) HE*-—IE^; .., HE-IE. 


Prop. LXIX. 


78. Prostem. Two similar rectilineal figures 
being given, to find a third figure also similar to 
them and a mean proportional between them. 


Find (E. xiii. 6.) a mean proportional between 
any two homologous sides of the given figures, and 
upon it describe (E. xviii. 6.) a rectilineal figure 
similar to either of them, and therefore (E. xxi. 6.) 
similar, also, to the other: Then (E.xxii.6.) will 
the rectilineal figure, so described, be a mean pro- 
portional between the two given figures. 


Pnor. LXX. 


. 79. PnosLEM. F two sides of a trapezium be 
parallel, and a straight line be drawn cutting them, 
and meeting also the other two sides, (any of the 
sides being produced, if necessary) the two rect- 
angles contained by the respective segments of the 
parallel sides, have to each other the same ratio, as 
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the two rectangles contained by the segments into 
which the line, so drawn, is severally divided wid 
each of the two parallels. 


Let the side AD, of the trapezium ABCD, be 


parallel to the opposite side BC, and let EF cut 40 
and BC, in G and H, and AB and DC, produced, 
in Fand E: Then 

AGx GD : BH HC:: GFx EG : HF x EH. 

For (hyp. and E. xxix. 1.) the As 4GF, BHF, 
and the As EGD, EHC, are equiangular; therefore 
(E. iv. 6.) 
AG : BH :: GF: HF; 

and GD: HC:: EG : EH; 

therefore (Supp. i. 6.) 

AGxGD : BH x HC :: GF x EG : HF x EH. 
Which conclusion may also be arrived at by means 
of. E. xxiii. 6. 


Prop. LX XI. 
. 80.: ProsLem. To cut off from a given parallelo- 
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gram a similar en which — be ang 
required part of it. 
Let 4BCK be the given FCR : It is 


required to cut off from it a similar parallelogram, 
which shall bé any required part of it. 

Draw the diameter AC, and from the 4 ABC cut 
off (Supp. Ixiv. 6.) by a straight line DE, drawn 
parallel to AK, the AADE the same part of ABC 
as the parallelogram to be cut off is required tò be of 
the given parallelogram ; through E draw (E. xxxi 
1.) EL parallel to 4B: 'Then, since (E. xxxiv. 10 
the H ADEL is the double of the HDE, it is 
(constr. and E. xv. 5.) the required part of the 
c ABCR; and (E. xxiv, 6.) the CAA DEL is, also, 
similar to the CO 4BCK. 

81. Cor. Hence, a gnomon may be cut off from 
a given parallelogram, which shall be any required 
part of it. 


Pnor. LX XII. 


82. THEoREM. A given straight line being cnt 
in extreme and mean ratio, if from the greater 


segment the less be taken, the greater segment also 
will thus be cut in extreme and mean ratio; and 


if a stratght line, equal to the greater segment, be 
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added io the given line, the line which is made up 
of the given line and this segment, is also cut in 
extreme and mean ratio. 


Let AB be a finite straight line; let it be 
——P—S 


P 
cut (E. xxx. 6.) in extreme and mean ratio in the 
point C; from the greater segment, AC, cut off 
CD=CB: and to AB add BE — AC: Then shall 
AC be cut in extreme and mean ratio in the point 
D; and AE shall be cut in extreme and mean ratio 
in the point B. 

For since (hyp.) AB: AC :: AC : CB or CD, 
therefore (E. xvii. 5.) GB or CD: 4C :: AD: CD; 
therefore (Supp. ii. 5.) 4C : CD:: CD: AD; 
therefore (E. iii. Def. 6.) AC is cut in extreme and 
mean ratio in the point D. 

Again, since 
(hyp. and Supp. ii. 5.) AC or BE: AB :: CB: AC, 
therefore (E. xviii. 5.) 4E : AB : AB: AC or BE; 
therefore (E. iii. Def. 6.) AE is cut in extreme and 
mean ratio in the point B. 


Pror. LXXIII. 


83. ProsLem. Upon a given straight line, as an 
hypotenuse, to describe a right-angled triangle, 
which shall have its three sides contmual propor- 
tionals. | 


Let BC be the given finite straight linc: It is 
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required to describe upon it a right-angled triangle, 
A 


B E D C 


the sides of which shall be continual proportionals. 

Cut (E. xxx. 6.) BC in extreme and mean ratio, 
in the point D; bisect (E. x. 1.) BC in E; from 
the centre E, at the distance EB or EC, describe 
the circle BAC, and let DA, drawn from D, (E. xi. 
1.) perpendicular to BC, meet its circumference in 
A, and join 4, B and A, C: Then is ABC the tri- 
. angle which was to be described. 

For (constr. and E.xxxi.3.) the < BAC is a 
right angle; therefore (constr. and E. viii. 6. Cor.) 
AC is a mean proportional between BC and DC, 
as is also (constr.) BD; . AC= BD; therefore but 
(E. viii. 6. Cor.) AB is a mean proportional between 
BC and BD; therefore 4B is a mean proportional 
between BC and AC. 

84. Con.1. CB, BA, AC, and AD, are con- 
tinual proportionals. 

For (E. viii. 6.) AB: BD :: 40: AD; and it has 
been shewn that 4C— BD. 

85. Con. 2. It is manifest, from the demonstra- 
tion, that if the three sides of a right-angled triangle 
be continual proportionals, the hypotenuse will be 
divided in extreme and mean ratio, by a perpen- 
dicular drawn to it from the right angle. 
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Prop. LXXIV. 


86. PRoBLEM. The perimeter being given of a 
right-angled triangle, having its three sides pro- 
portionals, to construct the triangle. 


Let AB be a straight line: It is required to 


describe a right-angled triangle, which shall have 
its sides continual proportionals, and equal together 
to AB. 

Upon AB describe (Supp. lxxiii. 6.) the right- 
angled 4 AEB, having its sides continual propor- 
tionals; bisect (E. ix. 1.) the zs E4B, EBA, by 
two straight lines 4F and BF, which meet in F: 
and through F draw (E. xxxi. 1.) FG parallel to EA, 
and FH parallel to EB: Then is FGH the triangle 
which was to be described. 

For it may be shewn, as in Supp. xxxiv. 1., that 
the perimeter of the A FGH is equal to AB;: and 
since (constr. E. xxix. 1. and Supp. xxvi. J.) the 
4s FGH and EAB are equiangular, and that the 
sides of the ^ EAB are proportionals, it is manifest 
from E. iv. 6., and E. xi. 5., that the sides of the 
AFGH will, also, be proportiouals. 
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.Pror. LXXV. 


87. Thronzu. The semi-diameter of a given 
circle having been divided iu extreme and mean 
ratio, the greater segment shall be equal to the side 
of an equilateral and equiangular decagon inscribed 
in the circle. 


For (Supp. xiv. 4. Cor.1.) if the semi-diameter of 
the circle be so divided, as that the rectangle, con- 
tained by the whole and the lesser part, may be 
equal to the square of the greater part, that greater 
segment will be equal to the side of an equilateral 
and equienguler decagon to be inscribed in the 
given circle; and (E. xvii. 6. E. iii. Def. 6.) when 
the semi-diameter has been so divided, it is cut in 
extreme and: mean ratio. 


Pror. LXXVI. 


' 88. Tzorem. Any rectangle is the half of the 
rectangle contained by the diameters of the m 
of its two sides. ` 


* Let ABCD be a. rectangle; produce 4D to F, 
end make DF: DC; produce, also, CD. to E, 
and make DE = DA; join A, E and C, F; 
therefore AE and CF are the diameters of the 
squares of 4D and DU: Then is the rectangle 
ABCD equal to the half of AE x CF. 

For (constr. E. v. 1. and E. xxxii. J.) the two 
'^8 ADE, CDF, aré equiangular ; 

therefore (E. iv. 6.) CF: AE :: CD: DE or DA; 
therefore the rectanglé contained by CF and AE is 
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(E. 1. Def. 6.) similar to the rectangle contained by 
; A - gA B : T » 


F 


CD and DA; and since (hyp: and E. x. Def. 1.) the 
4 FDC is a right angle, therefore the rectangle 
CFx AE, which is on CF, is equal (E. xxxi. 6.) to 
the two similar rectangles CD x DA and FD x DE, 
which are on the equal sides CD and DF; that is, 
thei rectangle CFx AE is double of the rectangle 
CD x DA; or this latter fectangle is equal to the 
half of the former. 


 Paor. LXXVII. 


89. Prostem. Through a given point, to draw 
a straight line, cutting two given straight lines, 
which meet one another, so that the triangle con- 
tained by. the gegment of that line and the segments 
which it cuts off from the given lines, shall be equal 
lo a given rectilineal figure. 

Let AP and AQ be. two given straight lines; 


which meet.ín Æ and, first, let B be a given point 
without the < PAQ: It is required to draw through 
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B a straight line cutting AP and AQ, so that the 
triangle, contained by the segments of the three 
lines, shall be equal to a given rectilineal figure. 
Through B draw (E. xxxi. 1.) BR parallel to 4Q, 
and let it meet 4P in C; to AC apply (E. xlv. 1. 
Cor.) the C3 ACDE, having the < ACD for one of 


its angles, and equal to the given figure; from E 
draw (E. xi. 1.) EF perpendicular to 40, and make 
it equal to BC; from the centre F, at a distance 
equal to BD, describe a circle cutting 4Q in G, and 
join F, G;. FG= BD; -lastly draw BG, cutting 
AP in. H: Then is BG the line which was to be 
drawn. | 

For, let BG cut ED in K; the os BCH, BDR, 
EKG, are (constr. E. xxix. 1. and E. xv. 1.) equi- 
angular; and therefore (E. iv. 6.) similar to one 
another; and (constr.) BC=EF, BD FG, and 
the FEG is a right angle; it is manifest, there- 
fore,.that the three homelogous sides BC, BD, and 
EG, of the. three similar. as BCH, BDR. EKG, 
are the sides of un right-angled triangle; therefore 
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(E. x1x1.6.) the a BDK= a BCH + 4 EKG; take 
away the 4 BCH, and there remains the trapezium 
HCDK = ^EKG ; add to both these the trapezium 
AHKE, and it is evident that the a AHG is equal 
to the C3.ACDE, or (constr.) to the given figure. 

And, in a similar manner may the problem be 
solved, when the given point is within the rec- 
tilineal ^ PAQ, in all cases in which the problem 
so restricted udmits of a solution. 

90. Cor. Hence, and from Supp. xxi. 6., a 
straight line may be drawn through a given point, 
which shall cut off froma given triangle any required 
part of it *. 


Pror. LXXVIII. 


91. Prosrem. Through a given point to draw: 
a straight line, so as to cut off from two straight 
lines, that meet one another, two segments, toward 
their point of concourse, which shall contain a rect- 
angle equal to a given square. 


Let the two given straight lines 4P and 4Q meet 
in 4; and let B be a given point either within or 
without the < PAQ: It is required to draw through 
B a straight line, so as to cut off from 4P and 40 
two segments, towards 4, which shall contain a rect- 
angle equal to a given square. 

From AP and 4Q cut off AC and AD each of 


* Hence, and by the help of Trigonometry, any given recti- 
lineal figure may be divided into two parts, which are to each 
other in any given ratio, by a'straight line drawn from a given 
point, situated without the given figure. 
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them equal to a side of the given square, and join 


Q. 


C, D; through B draw (Supp. lxxvii. 6.) BEF 
cutting off the a AEF, equal to the a ACD: Then, 
since the two As E AF, CAD, have the same ver- 
tical angle, therefore (Supp. v. 6. Cor.) 

EAP: ACAD : EAx AF: CAx AD or AC; 

But (constr.) the A EAF = a ACD; 

VEA x AF = AC’; that is, (constr.) the rectangle 
| EA x AF is equal to the given square. 


Prop. LX XIX. 


92. Tuzorem. In different circles the semi 
_ diameters which bound equal sectors contain angles 
reciprocally proportional to their circles ; ; and con- 
cersely. 


In the circles ABC, DEF, of which ABC is the 
greater, first, let 4KC, DLF, be two equal sectors: 
Then shall the AK C be to the 2 DLF, as the 
circle DEF is to the circle ABC. 
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Fot (E. xxxiii. 6.) 

4 AKC: four rightangles :: sector AKC: circle ABC; 
and, | 
four right T" DLF circle DEF: sector DLF: 


But (I.) sector AKC = sector DLF; 
therefore (E. xxxiii. 5.) 
AKC: 2 DLF :: circle DEF: circle ABC. 

Secondly, let the < AKC be to the 7 DLF, as the 
circle DEF is to the circle ABC: Then shall the 
sector AKC be equal to the sector DLF. 

For it may be shewn as before that 
four right angles: 2 DLF :: circle DEF: sector DLF; 
and (hyp. and Supp. iii. 5.) 

LDLF: z AKC':: circle ABC: circle DEF; 
and 
4 AKC: four right angles :: sector AKC : circle ABC; 
therefore (E. xxiii. 5.) four right angles: four right 
angles :: sector AKC : sector DLF; 

therefore sector AK CS sector DLF. 


Pror. LXXX. 


93. Prosten. A given space being bounded by 
two arches of circles, subtending, at their respective 
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centres, angles reciprocally proportional to the 
circles, to find a square that shall be equal to it. 


Let the space ABCDA be bounded by arches 


4 


t., 0 
"4 ^ 
^. " 
— * bald y 


ABC, ADC, of circles 4BCE, ADCF, the centres 
of which are K and L; let the AK C be to the 
ALC, as the circle ADCF is to the circle ABCE: 
It is required to find a square that shall be equal to 
the space ABC BA. 

. Since (hyp. and Supp. Ixxix. 6.) the sector 4BCK 
is equal to the sector ADC, from these equals take 
away the common part 4DCA ; and there remains 
the figure 4BCDA equal to the rectilineal figure 
AKCL : Find, therefore, (E. xiv. 2.) a square equal 
to the figure 4KCL, and the problem will have been 
solved. 


Prop. LXX XI. 


94. ProsLem. To trisect a given circle, by di- 
viding it into three equal sectors. 


Inscribe (E. i. 1. E. ii. 4.) in the given circle an 
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‘ equilateral triangle: Then it is manifest, from E. 
xxviii. 3. and E. xxxiii. 6., that tbe straight lines 
drawn from the centre of the circle to the three 
angular points of the inscribed triangle, will divide 
the circle into three equal sectors. 

95. Con. In like manner, a circle may be divided 
into any required number of equal sectors, in all 
cases in which an equilateral figure, having that 
same number of sides, can be inscribed in the circle. 


Prop. LXXXII. 


96. 'THkonEM. 4f, from the greater of two un- 
equal sides of a given triangle, be cut off a part 
equal to the less, that segment shall have to the 
remaining segment, a ratio greater than the ratio 
which the angle adjacent to the remaining segment, 
has to the angle adjacent to the segment first cut 
off | 

Let the side 4B, of the triangle ABC, be less 


than the side BC, and from BC let there be cut off 
BD A: Then 
(BD: DC) >(zACB: 4BC). 
For draw AD, and complete (E. xxxi. 1.) the 
r34DBE ; from the centre A, at the distance AB, 
AA 
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describe the circle BEF, the circumference of 
which, since (É. xxxiv. 1. and constr.) 4E=BD 
or AB, will pass through Æ; produce CA tö meet 
the circumference BEF in F, ahd BE ptodüced in 
G; so that (E. xxix. 1.) the as GEA, GBC, are 
equiangular. 

Then, since the sector AEF is les than the 
A AEG, and tlie sector AEB greater than the 
A AEB, 

. (AAEG : sector AEF) > (A AEB : sector AEB); 
therefore (Supp. vii. 5.) 

(AAEG : AEB) > (sector AEF: sector AEB): 

But (E. i. 6) AAEG : AAEB :: GE: EB, 
and (E.iv. 6. and E. xxxiv. 1.) 

GE: EB: BD: DC; 

. (BD: DC) > (sector AEF: sector AEB). 

Also (E. xxxiii. 6.) 

sector AEF: sector AEB :: < EAF : 2 EAB; 
and (E. xxix. 1.) 
the .EAF= 2 ACB, and the 2; EAB — z ABC; 

. sector AEF: sector AEB :: z ACB: 2 ABC; 
-. (BD: DC) ( ACB : 2 ABC). 

97. Cor. If any part BP be taken of BC, that 
_is greater than 4B, then, much more, is 
(BP: PC) (2 ACB : ABC). 


Prop. LXX XIII. 


98. TuronEM. The greater of any two unequal 
arches, of a given circle, has a greater ratio to the 
less arch, than the chord of the "— has to the 
chord of the less. 
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Let AB and BE be any two unequal arches of 


the circle AECB, and let AB be the greater: Then 
(AB : $86)» (4B : BC). 

For join A, C; bisect (E. ix. 1.) the ABC by 
BDE, and let BDE cut AC in D, and the circnm- 
ference in E; join, also, E, C, and E, 4; from E 
draw (E. xii. 1.) EF perpendicular to. AC. 


And, sincè (constr. and E. xxvi. 3.) CR = AE, 
therefore (E. xxix. 3.) CE=AE; and EF is com- 
man td the two right-angled As AFE, CFE; there- 
fore (Supp. lxxiii. 1.) IF = FC, and therefore 
AD > DC; also (E. xix.. 1.) EC > ÊD, end ED> 
EF; if, therefore, from the centre Æ, at the distance 
ED, a circle GDH be described, it will cut EC, in 
H. between E and C, and EF, produced, in F; so 
that tbe sector DEG > A DEF, and the sector 
DEH < a DEC; therefore | 
(sector DEG: sector DEH) (a DEF: ^ DEC}: 
therefore (E. xxxiii. 6. and E. i. 6.) 

AZ 
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(2 DEF: DEO) > (DF : DC); 
therefore (Supp. x. 5.) 
(« FEC: DEO) > (N: DC): 
In the same manner it may be shewn that 
(AEC: DEO) > (4C : DC); 
therefore (Supp. ix. 5.) 
(4 AED : DEC) > (AD: DO); 
that is, (E. xxxiii. i. 6.) | 
(AB : BC) > (AD: DC); 
therefore (constr. an and E. iii. 6.) 
(AB : BC) > (AB : BC). 


Prop. LXXXIV. 
. 99. Trrorem. The greater angle, at the base of 
a scalene triangle, has a greater ratio to the less 
angie, than the greater side has to the less side. 


Let ABC be a scalene triangle, having the 
4 BCA greater than the 2 BAC: 

Then (< BCA: BAC) - (435: BC). 

About the 4 4BC describe (E. v. 4.) the circle 
AECB: 

Then (E. xxxiii. 6.) BCA: 4 BAC :: AB : BC: 

But (Supp. Ixxxiii. 6.) (4 (AB i BÒ) (AB: BC); 

therefore (< BCA: < BAC) > (AB: BC). 
Pror. LXXXV. 

100. Prosiem. To divide a given circle into 
any required number of equal parts, by the circum- 
Jerences of circles described within it, about its 
ventre. 


* See the Figure in p. 555. 
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Let ABC be a circle: It is required to divide 


ìt into any number of equal parts, by the circum- 
ferences of circles described about the same centre 
with it. 

Find (E. i. 3.) the centre K of the circle 4BC; 
take any semi-diameter K4; divide (Supp. xlix. 1.) 
KA into as many equal parts, in the points D, E, 
&c. as those into which the given circle is to be 
divided; upon AK, as a diameter, describe the circle 
AHK; from D, E, &c. draw (E. xi. 1. DG, EH, 
&c. perpendicular to AK, and meeting the circum- 
ference of 4HK in G, H, &c.; join K, G and K, 
H, &c.; from the centre K, at the distances KG, 
KH, &c. describe the circles GF, HL, &c.; 'Then 
is the given circle divided in the required number of 
equal parts, by the circumferences of the circles. so 
described. 

For, join A, H, and 4, G; and since (constr. 
and E. xxxi. 3.) the ^s HK, AGK, are right 
angles, and HE, GD are perpendicular to 4K, 
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therefore (E. viii. 6. and E. ix. 6. Cor. 2.) 
AK : KD :: AK? : KG. 

But (E. ii. 12. and E. xxii. 6.) 

AK? : KŒ :: circle ABC : circle GF; 
therefore (E. xi. 5.) 

AK : KD : circle ABC : circle GF. 
Likewise, | 
KE: AK :: circle HL : circle ABC; 

therefore (E. xxiii. 5.) 
l KE: KD :: circle HL : circle GF; 
therefore (E. xvii. 5.) 
KD : DÈ :: circle HL — circle GF : circle GF; 
But (constr.) KD= DE; therefore the circle GF is 
equal to the space included between the circum- 
ferences of GF'and HL: And, in the same manner, 
it may be shewn that this space is equal to the space 
included between the circumferences of HL, and of 
the circle next described according to the construc- 
tion; and so on; therefore the circle 4BC is thus 
divided into the required number of equal parts, by 
the circumferences of circles that have me ume 
centre with it. 


Prop. LXXXVI. 


101. Prostem: To Jind a circle, which shall be 
equal, to the excess of the greater of . two given 
circles above the lese. 


Find (Supp: lxxv. 1.) a square which shall be 
equal to the excess of the square of the diameter of 
the greater circle above the square of the diameter of 
the less: It is manifest from E. ii. 12. and E. xvii. 5., 
that the side of the square so found: wil be the 
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diameter of the circle, which is equal to the excess 
of the greater of the given circles above the less. 


Pror. LXXXVII. 


102. ProsLem. To find a circle to which a given 
eircle shall have the same ratio, as that which one 
given straight line has to another. 


Find (E. xii. 6.) a fourth proportional (L) to the 
two given straight lines (4) and (B) and to the 
diameter (D) of the given circle; find, also, (E. 
xiii. 6.) a mean proportional (M) between the di- 
ameter (D) of the given circle, and the fourth pro- 
portional (L) first found; 

therefore (E. xx. 6. Cor. 2.) B: H.:: P: L; 

and (constr) D: L:: 4: B; 

therefore (E. xi. 5.) D? : M? :: 4: B; 

therefore (E. ii. 12.) the given circle has to a circle 

described on M, as a diameter, the same ratio as 
that which 4 has to B. 


Pror. LXX XVIII. 
103. Turorem. Jf, in any given circle, two chords 
‘cut each other at right angles, the four circles 
described upon their segments, as diameters, shall, — 
together, be equal to the given circle. 


For (Supp. I. 3.) the squares of the four segments 
are, together, equal to the square of the diameter : 
It is manifest, therefore, from E. xviii. 5. and E. 
ii. 12., that the circles described on the four gg 
ments of the chords are, together, equal to the given 
circle. 
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Prop. LXXXIX. 


104. Taxon. A circle is equal to the half of 
the rectangle contained by its semi-diameter and by 
a straight line which is equal to its circumference. 


Let ABCD be a circle, and let F be the half of 


| 
| 


— 


the rectangle contained by its semi-diameter and by 
a straight line equal to its circumference: The 
circle ABCD is equal to the rectangle F. 

For if it be not equal, it is either greater, or less, 
than it, If it be possible, let F< the circle ABCD; 
therefore (E. ii. 12.) a polygon ABCDE may be 
inscribed in the circle, which shall be greater than F. 

Find (E.i.3.) the centre G, and from G draw 
(E. xii. 1.) GH perpendicular to any side CD, of 
ABCDE, and join G, D. Then it may be assumed 
that the circumference of the circle is greater than 
the perimeter of the inscribed figure 4BCDE; and 
(E. xvii. and xix. 1.) GD > GH; therefore the rect- 
angle contained by the circumference and the semi- 
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diameter of the circle is greater than that contained 
by GH, and the perimeter of 4BCDE, which latter 
rectangle (E. xli. 1. and E. i. 2.) is the double of the 
. polygon ABCDE; therefore F > ABCDE; and it 
is also less; which is absurd. 

But, if it be possible, let F be greater than the 
circle. Then (E. ii. 12.) a polygon KLMNX may 
be described. about the circle, which shall be less 
than F; join the centre G, and any of the points of 
contact Q; and since it may be assumed that the 
perimeter of KLMNX is greater than the circum- 
ference of the circle, the rectangle contained by the 
perimeter of KLMNX and GO, which rectangle is 
the double of KLMNX, is greater than the rect- 
angle contained by the circumference of the circle 
and GO; therefore the circumscribed polygon 
KLMNX > F; and it is also less ; which is absurd. 
Therefore, the circle ABCD can neither be greater, 
nor less, than F; that is, it is equal to F. 

105. Cor. The circumferences of circles are to 
one another as their semi-diameters. 


Prop. XC. 


106. Theorem. A circle is a mean proportional 
between any regular polygon, described about it, and 
a similar polygon, the perimeter of which is equal to 
the circumference of the circle. 


For if there be taken a straight line (P)-equal to 
the perimeter of the regular polygon described about 
the circle, and another straight line ( p) equal to the 
perimeter of the similar polygon, or (Ayp.) equal to 
the circumference of the circle, then (E. xx. 6. and 
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E. xxii: 6.) the polygon, described about the circle, 
is to the similar polygon, as P* is to p*: But (Supp. 
ii. 4. Cor. 2.) the polygon, described about the circle, 
is the half of the rectangle contained by P and the 
circle's semi-diameter; ‘and (Supp. Ixxxix. 6.) the 
vircle is the half of the rectangle contained by P; 
and by the circle's em diameter; therefore (E. i. 6.) 
that polygon ia to the rircde, as N is to p; and it has 
been shewn ta he td:the similar polygon, as P^ ia to 
p; therefore it has to the similar polygon a ratio, 
t&he duplicate of that which it has to the cirole; 
therefore the circle is & mean proportional between 
the two similar polygons. 


4 
SUPPLEMENT 
' T0 THE B 


ELEMENTS OF. EUCLID. 
PART II. | 


BQOK I. 


Prop. I. 

1. Tueorem. Ir two chords ef a cirele cui each 
other at right anglés, either pair of opposite arches, 
intercepted between them, is equal to the semi-cir- ` 
cumference of the circle. 


In the circle ABC, let the chords 4B, CD, cut 


each other at right angles: AC+ DB shalt be equal 
to the circumference of the circle. 
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For draw (E. xi. 1.) the chord BE perpendicular 
to AB; and therefore (E. xxviii. 1.) parallel to DC; 


wherefore (Supp. lv. 3.) ÁCE is the semi-circum- 
ference ; also (Supp. xxxv. 3.) DB=CE: therefore 
AC +DB =AC +CE, the semi-circumference. 


2. Scholl. In like manner it may be shewn, 
that if two chords of a circle, produced, meet each 
other at right angles, the differences of the arches, 
intercepted between them, shall be equal to the semi- 
circumference of the circle. Thus it appears, that, 
if two straight lines, at right angles to each other, 
cut a circle, they shall cut off an arch equal to, less 
than, or greater than, the semi-circumference, ac- 
cordingly as the angular point is in the circumference, 
is nearer to the centre than the circumference is, or 
is without the circle. 


Prop. II. 


3. 'Tmkonxw. If three equal chords of a circle 
cut one another in the same point, within the circle, 
that point is the centre, and the chords are diameters 
of ihe circle. 


Let the three equal chords 4B, CD, EF, of the 
circle AFE cut one another in the same point K, 
within the circle: K is the centre of the circle. 

For draw CA, AE, DB, BF; then (hyp. and 
E. xxviii. 3.) BCA=DBC; take away the common 
part BFC, and AC=DB; therefore (E. xxix. 3.) 
AC - DB; also, (E. xxi. 3.) < CAB= « CDB, and 
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(E. xv. 1.) < CKA = 2 BKD; therefore (E. xxvi. 1.) 


KA=KD. And, in the same manner, it may be 

shewn that KF = K4; | ! 
. KA=KF= KD, 

ted (E. ix. 3.) Ki is the centre of the circle. 


4. Cor. Through a point, within a given circle, 
which is not the centre, there cannot be arawa more 
than two equal chords. 


Prop. III. 


5. Prosen. To find the locus of the extremities 
of all the straight lines, that can be drawn from the 
circumference of a given circle, toward the same 
parts, each of them * and equal to a given 
Jénsite straight line. 


ABC is a circle, Da finite straight line: it is re- 
quired to find the locus of the extremities of all 
straight lines drawn from the circumference of the 
given circle towards the same parts, and equal and 
parallel to D. 

Draw a diameter BC parallel to D, and in BC 
produced in the direction in which the straight lines 
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are to be drawn, make CE=D: let K be thè 


- centre, from KE cut off KL=D. With Las centre, 
and at distance LE describe a circle EFG. The 
circle EFG is the locus required. | 

For, let a point P be taken any whete in the 
circumference ABC; join P, K; draw LQ parallel 
to PK, medting EG in Q; join P, Q. 

Since KL- D and CE= D; . KLaCE, aud 
the part CL being common, RC LE; but KP = 
KC, and LQ = LE; ^. LQ = KP, and LQ was 
drawn parallel to KP, so. that PQ, KE join equal 
and parallel straight lines KP, LQ towards the same 
parts; therefore they are also equal and parallel; 
but KL ig equa] and parallel to D; thénefore (E: 
xxxiii. 1.) also PQ is equal and peralle?- to. D: that 
is, if from any point P" in the circumference ABC, 
a straight line PG bé drawn equal and parallel to 
D; its extremity Q will ‘be situated in the circum- 
feterice EFG. 


6. Cor. Since PK is parallel - to QL, and KL 
meets them, therefore (E. xxix. 1. PKC = z QLE; 


therefore (E. xxvi. 3.) PC = QE: and, in like 
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mánner it may be shewn, that, if any otlier straight 
line RS be drawn parallel to KL, RC-SE; where- 


fore, PR and QS, which were the aggregates, or 
the differences, of equal arches, are equal to one 
another. Straight lines, therefore, drawn parallel 
to that which joins the centres of two equal circles, 
cut off, from their circumferences, equal arches. 


Prop. IV. 


1. TREOREM. If a chord of the greater of two 
concentric circles, cut the less of them, it's segments, 
between the two circumferences, shall be equal to one 
andi Rer. 


For if, from the common centre, a straight line 
be drawn at right angles to the chord, it shall (E. iii. 
3.) biséct both the whole chord, and that part of it, 
which is a chord of the lesser circle. It is manifest, 
therefore, that, if from the halves of the greater of 
tliese two chords, there be taken the halves of the 
léss, each from each, the remaining parts, which are 
the segmehts between the two circumferences, will 
be equal. 


Prop. V. 


. 8. Tueorem. Jf any number of chords of the 
greater of two concentric circles, cut the less, the 
rectangles contained by the two segments, into which 
each of them is divided by the circumference of the 
less circle, shall be equal to one another. 


Let 4B, PQ, beany two chords of the greater 
of two circles 4BC, DEF, which have a common 
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centre K; and let them be cut, by the circum- 


ference of DEF, in the points D and E. Then 
AD x DB = PE x EQ. 

. For join K, D, and produce KD, both ways, to 
meet the circumference of ABC in G and C. 
Wherefore (E. xxxv. 3.) 4D x DB = GD x DC, 
which is the rectangle contained by the aggregate, 
and the difference, of the semi-diameters of the 
given circles; to which rectangle it may, in like 
manner, be shewn that PE x EQ is equal: there- 
fore, AD x DB PE x EQ. ' 

9. Cor. If, through D, HL be drawn at right 
angles to KG, it shall (E. xvi. 3. Cor.) touch the 
circle DEF, and also (E. iii. 3.) shall be bisected in 
D. But (E. xxxv. 3) 4D x DB = HD x DL. 
Wherefore, 4Dx DB=DL’; and (E. xiv. 3.) DL 
is equal to any other tangent, drawn from any point 
in the circumference of DEF, to meet the circum- 
‘ference of ABC. 
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Pnor. VI. 


10. Tueorem. Of parallel straight lines, ter- 
minated hy the concave circumference of the greater, 
of two concentric circles, and the convex circum-; 
ference of the less, the least is that, which, produced; 
passes through the centre; and of the rest, that, 
which is nearer to the least, is always less than the 
more remote. 


Let AD, BE, PQ, be parallel straight, lines, 


terminated by the concave circumference of the 
circle ABE, and the convex circumference of DEF, 
which circles have a common centre K; and let 
AD, produced, pass through K: AD is the least, 
and BE, the nearer to 4D, is less than PQ, the 
more remote. For, draw KMN, at right angles to 
BF and PR. Then (Supp. Part II. v. 1.) 
ADx DC- BE, EF- PQx QR. 
But (E. iii. 3. and xv. 3.) KC- MF, and MF» NR; 
also DK » EM, and EM» QN; therefore, DC> EF, 
and EF>QR; therefore 4D« BE, and BE< PQ; 
B B 
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for if two equal rectangles be applied to each other, 
so that a right angle of the one may coincide with 
a right angle of the oiher, it is plain that if a side of 
thé one be greater then a side of the other, the 
adjacent side of the former must be less than that 
of the latter. 


Pao». VII. 


11. Prosten. To draw, in a given circle, a chord, 
whieh shall de égual and pakülel toa given finite 
straight line, not exceeding the diameter of the circle. 


Let ABC be the given circle, and D a finite 


straight line, not exceeding the diameter: it is re- 
quired to draw in ABC a chord that shall be equal 
and parallel to D. 

Find the centre K of ABC, and through K, draw 
the diameter 4B parallel to D, if 4B=D, the thin 
is done: if AB>D, thén from KA and KB cut — 
KE, and K F, each equal to the half of D; from E 
and F, drew EG and FH, at right angles to 4B, 
and let them meet the circumférence m G afd H. 
Then shall GH be equal and parallel to D. 
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For (E. iii. 3. and xiv. 3.) EG FH ; wherefore 
(E. xxxiii. 2.) GH is equal and parallel to EF; that 
is, (constr. and E. xxx. 1.) GH is equal and parallel : 
to D. ! Bj 


Por. VIII. 


12. PaoszEMw. To place between the concave cir- 
cumference of the greater of two given concentric 
circles, and the convex circumference of the less, 
a straight line which shall be equal and parallel to 
& given finite straight line, which is not greater 
than a tangent drawn from any point of the less to 
meet the greater circumference, and' not less than 
half the difference of the diameters of the: two cir- | 
cles, 


Let ABC, DEF, be the given circles, of which 


C 


iP 


K is the common centre, and let G be the given : 
fmita straight line: It is required to plece between 
— 
ABC and DEF a straight line equal and parallel 
to. G. | 
Through K draw MA parallel to G, and nieeting 
the outer circumference in 4; from A as a centre, 
BR2 
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ata distance equal to G, describe a circle cutting 
| DEF in F; join A, F, and produce AF to meet 


DEF and ABC, in H and L. From K draw KM 
at right angles to AL, and KN at right angles to 
AK, and make KN equal to KM. Lastly, through 
N, draw the chord CNB, at right angles to KN, 
and therefore (E. xxviii. 1. and E. xxx. 1.) parallel 
to G. "Then shall CD be, also, equal to G. 

For (E. iii. 3. and xiv. 3.) CN AM, and DN= 
FM; therefore CD- AF; and (constr.) AF G; 
therefore CD = G. 

13. Con. In like manner, may a streight line 
be placed between the concave circumferences of 
two given concentric circles, which shall be equal 
and parallel to a given finite straight line: but, in 
this case, the given finite straight line must not be 
greater than half the sum of the diameters of the two 
circles, and not less than a tangent drawn from any 
point of the less to meet the greater circumference. 


Prop. IX. 


14. PRosLEM. From a given point, without a 
given circle, to draw a straight line cutting the 
circle, so that it's segment, which is within the 
circle, shall be equal to a given straight line, not 
greater than a diameter of the circle. 


Let ABC be a circle, D a point without it, and E 
a straight line, not greater than a diameter of ABC: 
it is required to draw, from D, a straight line cutting 
the circle ABC, and having it's segment, within the 
circle, equal to E. 
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Find the centre K, and if E he equal to a di- 


ameter, it is plain, that the straight line joining D, 
K, and produced to meet the circumference again 
in B, is that, which was to be drawn. But, if E be 
less than a diameter, place (E.i. 4.) in the circle 
ABC, the chord CF equal to E. From K draw 
KG perpendicular to CF; from the centre K, at 
the distance KG, describe the circle GH7; and 
from D draw (E. xvii. 3.) DLM touching the circle 
Hin H: Then shall LM be equal to E. 

For (constr. and E. xviii. 3.) KH is at right angles 
to LM, and KH = KG ; therefore (E. xiv. 3.) 


LM-CFzE. 


Pror. X. 


15. THEOREM. f from the extremities of any 
chord of a circle, straight lines be drawn at right 
angles to the chord, they shall meet any diameter 
of the circle in points, that are equidistant from the 
centre. 


Let AB be any chord, and CD any diameter, of 
the circle ABC, and let 4E, AF, drawn at right 
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angles to AB, meet CD in tbe points E and F: 


E and F are equidistant from the centre of the 
circle. | 
. Produce BF to meet the circumference in G, join 
A, G, and let 4G cut CD in H. And since (Ayp.) 
the 436 is a right angle, 4G (Supp. lv. 3.) is 
a diameter, and therefore, H is the centre of the 
circle. Again (hyp. and E. xxviii. 1.) AE is parallel 
to BG; wherefore, (E. xxix. 1.) the ^; EAH = 
HGF, and (E. xv. 1.) 2 AHE = < GHF, and 
HA- HG ; therefore (E. xxvi. I.) HE=HF. 


Pror. XI. 


16. Tueorem. If two given finite straight lines, 
which are neither in the same straight dine, nor 
parallel to each other, be produced so as to meet, 
and if the rectangle contained by the one line so 
produced, and the part of it produced, be egual to the 
rectangle contatned by the other line produced, and 
the part of it produced, the extremities of the two 
given Wnes, shail be in the cireumference of a 
etrole. 
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Let the two ctmight lines 4B, CD, mest, when 


C 


produced, in E, and let 4E x EB- CE x ED: the 
points 4, B, D, C, shall be in the circumference 
of a circle. 

Describe (E. v. 4.) a circle ADB, the circum- 
ference of which shall pass through 4, B and D; it 
shall, also, pass through C. For it does not toucli 
EC in D, because, then, (E. xxxvi. 3.) Ex EB 
would be equal to ED; but (hyp) AEN EB= 
CE x ED, which exceeds ED: Wherefore, ABD 
cuts EC again; and if it does not cut it in C, let 
it cut EC in any other point F; then (E. xxxvi. 3. 
Cor) ABx EB FE x ED; and (%.) | 

4B x EB- CEx ED; . CEx ED FEx ED, 
which is impossible. Wherefore, the circumference 
of ADB cannot cut EC again, in any other point 
than C. 


Pror. XII. 
17. Tuxzonzw. Jf, in any two given circles, that 


= 
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touch one another, there be drawn any two parallel 
diameters, an extremity of each diameter, and the 
point of contact, shall lie in the same straight line. 


Let the circle ABC, the centre of which is F, 


touch the circle BDE, the centre of which is G, in 
B, and let 4C, DE be any two parallel diameters: 
the points 4, D, B, are in the same straight line. 

Join B, D, and D, A, and if DA be not in the 
same straight line with B.D, let BD, produced, meet 
AC in H. Join F, G; then (E. xi. and xii. 3.) 
FG produced, passes through B. And (hyp. and 
E. xxix. I.) <BDG= : FHB; but since G is the 
centre of BDE, GB=GD, and (E. v. 1.) x BDG= 
< GBD; wherefore, < FBH= z FHB, and (E. vi. 
1.) FH=FB=FA; which is absurd; wherefore, 
BD, produced, cannot pass through any other point 
of AC than 4: that is, 4, D, B, are in the same 
straight line. 

Aud the proof is the same, when the circles touch 
one another externally, only then the extremities 
of the diameters must be taken towards opposite 


paris. 
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I8. Cor. Hence, if in any number of circles, that 
touch each other internally, in the same point, there 
be drawn diameters, all parallel to each other, the 
locus, of the corresponding extremities of the parallel 
diameters, will be a straight line passing through 
the common point of contact. | 


Prop. XIII. 


19. Tueorem. If two circles touch each other 
internally, any. chord of the greater circle, which 
touches the less, shall be divided, by the point of its 
contact, into segments that subtend equal angles at 
the point, in which the two circles touch one another. 


Let the two circles ABC, ADE, touch each other 


in A; also, let a chord BDC, of ABC, touch ADE 
in D, and let 4B, AD, AC, be drawn: the 2 BAD 
= 4 CAD. Find the centres K and L of the 
circles, and join K, D, and L, K, and produce LK 


(E. xi. 3.) to 4; produce, also, 4D to meet ABC 
in F, and join L, F. 

Then (Ap. and E. v. 1.) 4 KAD = ^; KDA, 
and 4 LAF=2LFA; ;'. , KDA = LFA, and 
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(E. xxviii. 1.)4,F is parallel to KD ; bat (hyp.and E. 

xviii. 3.) KD is at right angles to BC; wherefore 

(E. xxix. 1.) LF is at right angles to BC, and 

(E. xxx. 3.) bisects BFC; therefore, (E. xxvii. 3.) 
4 BAF= + CAF. 


Pror. XIV. 


90. Turorem. If two egual chords, in a given 
circle, cut one another, the segments of the one shall 
be equal to the segments of the other, each to each. 


In the circle 4BC, let the two equal chords 4B, 


CD, cut each other in E: AE = EC, and DE = EB. 
For join D, B: then (hyp. and E. xxviii. 3.) 
—_ ZA 
ADB=CDB; take away the common arch DB, 
es, A 
and 4D- CB; wherefore (E. xxvi. 3.) < ABD= 
< CDB; therefore (E. vi. 1.) DE=EB; and (hyp.) 
AB = CD; if, therefore, from these equals, there be 
taken DE and EB, it is plain that 4E = EC. 


Pror. XV. 


21. Prosuzm. To draw two tangents to a given 
cirele, which shall make with-one another an angle, 
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equal to a given angle; and shalt meet in a given | 
diameter produced. 


Let ABC be the given circle, K being its centce 


BC the given diameter, and DEF the given angle: 
it is required to draw two tangents to the circle 
ABC, which shall meet in BC produced, and whith 
shall include an angle equal to DEF. 

Produce DE to X; bisect the angle FEX by EY; 
at the point K, in CK, make (E. xxiii. 1.) the 
48 CKA, CKH, each equal to FEY or XEY; 
from 4 draw AG at right angles to KA, meeting 
BC produced in G; and jain G, H; GA and GH 
are the tangents which were to be drawn. 

For (constr. and E. iv. 1.) the < GHK = GAM. 
which (constr.) is a right angle. Wherefore (E. 
xvi. 3. Cor.) GA and GH touch the circle. 

Again (E. xxxii. 1. Cor. 1.) the two zs AKH, 
AGH, are together equal to two right angles, as are, 
also, the two <s DEF, FEK, of which (constr.) the 
£ FEK = < AKH: Wherefore the <: AGH = 
4 DEF. 


Pror. XVI. 


22. Peostem. In the straight line, joining the - 
centres of two given circles, that lie wholly without 
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one another, to ind a point, from which if two tan- 
gents be drawn to the two circles, they shall make 
equal angles with that line. 


Let KL join the centres K and L, of the two 


. circles ABC, DEF; it is required to find in KL a 

point, from which if two tangents be drawn, one to 
ABC, the other to DEF, they shall make equal 
angles with AL. 

Draw (Supp. lii. 3.) BF touching the two given 
circles on contrary sides, and let it cut KL in G, 
and meet DEF in F: G is the point which was to 
be found. 

For, from G, draw the tangent GE, and join 
L, E, and L, F. Then (E. xxxvi. 3.) GE=GF; 
also, LE = LF, and GL is common to the two 
As GEL, GFL; therefore (E. viii. 1.) < EGL = 
LGF; and (E. xv. 1.) LGF. ¿ BGK; ~. 4 EGL 
= 4 BGK. 


Pror. XVII. 


23. 'TuronEM. If two arches of unequal circles 
have a common chord, the urch, which belongs to the 


grealer circle, shall have the less sagitta. 
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Let the circles ABE, ABF, of which ABF is the 


greater, cut each other in 4 and B, and let ADB, 
ACB, have a common chord ee the sagitta of 
4D; is less than the sagitta of ÁCB. 

Find the centres, K and L, of ABE and ABF; 
join L, K; let LK cut 4B in G, and produce LK 
to meet the circumferences in E and F: then (Supp. 
. 3.) LK bisects AB at right angles, in G: Where- 


fore GD is the sagitta of ÁDB, and GC is the 


sagitta of ACB. Join L, 4 and K, 4. And since 
(yp) LA > KA, LÆ > KÆ; but (E. xlvii. 1.) 
LG is the excess of L above AG’, and KG’ is 
the excess of K£ above the same AG’; 
. LG > KG, . LG > KG; 
also FL > EK; .. FG > EG. 
But (E. xxxv. 3.) 
-FG x GD=AG x GB = EG x GC: 
"m FG * GD = EG X GC; 
and since FG » EG, GD « GC; 


as was shewn in the course of the demonstration of 
Prop. 6. À 
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Prop. XVIII. 


. 94. Tueonem. [f the arch of a segment of a 
circle be divided into any two parts, the chord of the 
whole arch shall exceed the chord of the one part, by 
the double of the segment, which is cut off from the 
chorü of the whole arch, by a straight line drawn at 
right angles to it, from the bisection of the other 
part. 

Let ABC be a segment of a circle, and let ABO, 


Á —G E D c 


the chord of which is 4C, be divided into any two 


parts in F; also let FC be bisected in B, let BD be 
drawn at right angles to AC, and let 4, F be joined, 
then 4C - AF 4-2 DC. 

From DA cut off DE, equal to DC, and join 
E, B, and E, F, and F, B, and B, C; wherefore 
(hyp. and E. iv. 1) BE = BC, and (E. xxix. 3.) 

BC = BF; * BF = BE, 

and (E. v. I.) BFE = ; BEF; | 
but (E. xxii. 3.) < 4FB+ z ACB is equal to two 
right angles, as is, also, z AEB + ^ BEC; 

. 4 AFB+ 2 ACB= 2 AEB-- ; BEC, 

and (hyp. and K iv. 1.) 

4 BEC = ECB or z ACB; 

^ 4 AEB = & AEB; 

take from these the equal angles BFE, BEF, and 
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there remains the < 4FE= < AEB; therefote (B. 
vi. 1.) AF=AE; 
*. AC=AE+ EC=AF +2 DC. 


25. Con. In like manner, if AF be bisected in H, 
and if HG be drawn at right angles to AC, 
AC = CF + 24G; 
. 24€ = AF+ FC+2 (AG + DC), 
and 4C=4 (AF+FC)+(4G+DC). 

26. ScHoriuM. The figure represents a segment 
less than a semi-circle; but the same proof is appli- 
cable to the other two cases, only if one of the points 
G, D, (suppose D,) should be in AC produced, then 
will AC be less than AF, instead of greater than it 
by twice AC. And, by the help of this Proposition, 
if any two arches and their chords, and the chord of 
their sum be given, the chord of the half of either 
ef the arches may be found. 


Pror. XIX. 


27. Turorem. Jf the curve of a semi-circle be 
subtended by any three chords, the square of the 
diameter shall exceed the squares of the three chords, 
by twice the rectangle contained by the middle chord, 
'and the part of it produced, intercepted between its 
extremity, and the perpendicular drawn to it from 
the extremity of the diameter. 


Let the curve of the semi-circle ABCD be sub · 
tended by the three chords 4B, BC, CD; and from 
D, the end of the diameter , let DE be drewn 
a right angles to BC produced, and meeting it 
in E: 

then, AIF = 4B + BC^ -- CIV +2 BC x CE. 
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Join B, D; and, since (E. xxxi. 3.) the 2 4BD isa 
right angle, (E. xlvii. 1.) 


A D 


AD = AB’ + BD; 
and (E. xii. 2.) 
BD* = BC + CI» +2 BC x CE: 
. AD' = AB BC CI) -2 BC x CE. 


Prop. XX. 


98. Prosiem. If any number of quadrilateral 
rectilineal figures be inscribed in a given circle, 
having the same chord for their common base, and 
a diameter of the circle, for the side opposite to the 
base, to find the locus of the intersections of their 
two diagonals in each of them. 


Let ABCD be the given circle, of which DC is 
a given chord: It is required to find the locus of 
the intersections of the diagonals in each of any 
number of quadrilateral rectilineal figures, inscribed 
in ABCD, having DC for their common base, and 
a diameter of the circle for the side opposite to it. 

From D and C draw the two tangents DE, CE, 
and let them meet in E: then ifa circle be described 
from E as a centre, at the distance ED, its circum- 
ference is the locus, which was to be found. 

For let 4DCB be any such quadrilateral figure, 
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having DC for its base, and any diameter 4B, of 


the circle for its opposite side. Draw the diagonals 
AC, BD, cutting each other in F, and join E, P: 
produce DE to M, so that DE = EM, and join 
C, M. 

The 2 ADB, (hyp. and E. xxxi. 3.) is a right 
angle; wherefore (E. xxxii. 1.) the ^ DAB + 
4 DBA, is equal to a right angle; but (E. xxxii. 3.) 
the z DAB = z FDE, and (E. xxi. 3.) the 2 DBA 
= 4 FCD; therefore the < FDE + < FCD is equal 
to a right angle. Again since ED = EC = EM, it is 
plain that a circle described upon D.M as a diameter 
will pass through C; wherefore (E. xxxi. 3.) the 
4 DCM is a right angle; 

. 4 FDE + z FCD +2 DCM, 
is equal to two right angles; but z FCD + DCM 
is the 2 FCM of the quadrilateral figure DFCM, 
the four angles of which are (E. xxxii. 1. Cor. 1.) 
together equal to four right angles; and ^ FDM 
Cc 
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+ 4 FCM has been shewn to be equal to two right 
angles; 7 DFC+ 2 DMC is equal to two right 
angles, and (conv.* E. xxii. 2.) a circle described 
about DCM, will also pass through F; but since 
ED=EC= EM, E is (E. xix. 3.) the centre of the 
circle so described; EF = ED. Therefore all 
the intersections of the diagonals are equidistant 
from E, and each of them will be found in the cir- 
cumference of a circle described from E as a centre, 
at the distance ED or EC. 


99. Cor. If EF be produced to meet 4B in G, 
the angles at G are right angles. For since EF- 
EC, the ; EFC= z ECF = (E. xxxii. 1.) 2 ABC; 
but (E. xv. I.) AFG =2 EFC; ~. . AFG = 
2 ABC, and 2 BAC is common to the two triangles 
AGF, ACB; wherefore the third angle AGF, is 
equal to the third angle 4CB, which (E. xxxi. 3.) is 
a right angle. 

Pnor. XXI. 

30. PROBLEM. Through two given points in a 
diameter of a given circle, both on the same side of 
the centre, to draw two parallel chords, which shall 
intercept the two greatest arches. 


Let F, G, be two given points, in the diameter 4C 
of the circle 4BCD, both on the same side of the 
centre E: it is required to draw, through F, G, two 
parallel chords, which shall intercept the greatest 
arches. ! 

Through F, G, draw the chords HI, KL, each at 
right angles to AC, and therefore (E. xxviii. 1.) pa- 


* The converse of E. xxii. 3. is easily demonstrated ex absurdo. 
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rallel to each other: they shall intercept the greatest 
arches. 


8 


C 


For through F, 6, draw any other two parallel 
chords PQ, RS; from E draw EMN perpendicular 
to RS, and therefore also perpendicular to PQ. And 
since the zs EMG, ENF, are right angles, 

EG » EM, and EF » EN; 
from EG, therefore, cut off Em equal to EM, and 
from EF cut off En equal to EN, and through m, 
n, draw the chords rms, png, parallel to HTI or KL. 
Wherefore (constr. and E. xiv. 3.) 
S RS, and pg= PQ; 
therefore (E. xxviii. 3.) 
rAs = RAS: and 2" = PAQ. 

Therefore the difference of As and pag is equal to 


the difference of RAS and PAQ; and (Supp. xxxv. 3.) 
cc2 
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the arches of a circle, included between two parallel 
chords, being equal to one another, 


pr PR- Q8-qs 
Lastly, join H, K, and p, r; draw Gg at right 
angles to PQ; and from H, p, draw HT, pt, at 
right angles to KL and rs, respectively. Then, if 
pq fall between HI and KL, it is manifest that HK 
and pt will cut one another in some point X; where- 
fore (E. xvi. 1.) the < Kzt, (which is equal to the 
Z KHT;)i is greater than the L rpf; and, since 
pt = nm = NM = Gg, 
and that HT'— GF, and GF Gg; 
therefore HT pt; and it has been shewn that 
L KHT > z rpt; . HK > pr; 
therefore (Supp. xlii. 3.) HR > “pr or PR. 
But if pq fall between KE and rs, it is plain that 
pAs > HAL; .. Z prt > HAT: 
'. KHT > 2 rpt as before; and HT is also greater 


than pt; wherefore, as before, HK > pr, or PR 


Prop. XXII. 


30. Tserorem. If a quadrilateral rectilineal 
Jigure, having two of its sides parallel, be described 
about a circle, a straight line drawn through the 
centre of the circle, parallel to either of the two 
parallel sides, and terminated by the other two sides 
shall be equal to a fourth part of the perimeter of the 
Jigure. 

Let ABCD be a quadrilateral rectilineal figure 
described about the circle EFGH, having the side 
4D parallel to BC; and through the centre K let 
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therc be drawn LAM parallel to 4D or BC, and 


meeting 4B and DC in L and M: LM is equal to 
a fourth part of the perimeter of 4BCD. 

For let 4B and BC touch the circle in F and G; 
join K, 4, and K, F, and K, B, and K, G. Then 
(E. xxxvi. 3.) BF= BG, also KF= KG, and BK is 
common to the two As BFK, BGK; therefore 

(E. viii. 1.) < FBK= ; GBK; 

but (constr. and E. xxix. 1.) GBH — BRL; 
*. 4 LBK = LKB, 
and, (E. vi. 1.) LK = LB. 
In the same manner it may be shewn, that LK= LA, 
that KM- MC- MD. Wherefore, LM is equal to 
the half of the aggregate of 4B and DC, which 
aggregate is equal to the semi-perimeter of ABCD. 
T'herefore, LM is equal to a fourth part of the 
perimeter of ABCD. 

31. Cor. Of all quadrilateral rectilineal figures 
described about the same circle, and having two of 
their sides parallel, the square has the least perimeter. 


32. Der. Curve lines being supposed to be 
generated by the continual motion of a point, a curve 
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is said to be of uniform curoature, when its gene- 
rating point, in describing equal arches, undergoes 
equal changes of direction. | 
Pror. XXIII. 


33. Tueorem. The circumference of a circle is 
a curve of uniform curvature. 


The figure 4BC, supposed to be described by the 


revolution of any finite straight line KA, about the 
fixt point 4, in the same plane, is manifestly a plane 
figure contained by the line ABC, to which all 
straight lines, drawn from K, are equal to one 
another; therefore (E. Def. xv. 1.) it is a circle, 


having K for its centre, and ABC for its circum- 
ference, which circumference is described by the 
motion of the point 4. 

The circumference ABC is a curve of uniform 
curvature. 


For let 4B be any arch of ÁBC; draw from the 


points 4 and B, the straight lines 4X, BY, touch- 
ing the circle, and join &, A, and K, B. Then 
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(E. xviii.3.) the two s KAD, KBD, are right angles; 
therefore (E. xxxii. 1. Cor. 1.) the two <s AKB, 
BDA, are together equal to two right angles, as 
(E. xiii. 1.) are also the two <s BDA, BDX; 
wherefore, the z BDX= AKB: But the ; BDX 
measures the change of direction, which has taken 
place in the generating point between A and B. 
And if the generating point be supposed to describe 


another arch BC equal to AB, and if X, C be joined, 
it may in like manner be shewn that the change in 
the direction of that point, is measured by the 
£ CKB. It is manifest, also, from the definition of 
the circle, that AB may be applied to BC, so that 
they shall coincide; wherefore, the 2 CKB = 
4 BKA: Therefore (32) the circumference is a 
curve of uniform curvature. 


Prop. XXIV. 

34. Tueorem. I/, from any of the angles of any 
given rectangle, a straight line can be drawn cutting 
the two straight lines that contain the opposite angle, 
so that its segment, included between those two lines, 
shall be the double of the rectangle’s diameter, then 
any given plane reetilineal angle can be trisected. 


For let ABC be any given plane rectilineal angle ; 


A D 
É 
K G 
u 
c B F 


from any point A, in AB, draw AC a perpendicular 
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to BC; and complete the rectangle CD: Then, if 
a straight line AEF, can be drawn from 4, cutting 
DB, and CB produced in E and F, so that its seg- 
ment EF shall be the double of 4B, which is the 
diameter of CD, the < ABC may be trisected. 

At the point B, make (E. xxiii. 1.) the ^s CBH, 
ABK, each equal to the 7 AFC; then shall the 
three <s ABK, KBH, HBC, be equal to one 
another. 

For bisect EF in G, and join B, G ; .. BG (Supp. 
xxix. 1. = GE = GF; therefore (E. v. 1, and E. 
xxxii. 1.) the z 4GB —2 2 AFB; also the z ABC 
= 4 BAF+ 2 AFB; but, since BG is equal to the 
half of EF, that is, (hyp.) to AB, 

the 2 BAG, or BAF = z AGB; 
wherefore the ABC z AGB+ 4 AFC=3 2 AFC: 
And the <s CBH, ABK, were made equal, each of 
them to the 2 AFC; therefore the z KBH is also 
equal to the < AFC; so that the three 2s ABK, 
KBH, HBC, into which the given 2 ABC is divided, 
are equal to each other. 


Pror. XXV. 


33. Tueorem. F from the hypotenuse of a 
right-angled triangle, a segment be cut off equal and 
adjacent to either of the other two sides, and if from 
the right angle a perpendicular be drawn to the 
hypotenuse, the straight line joining the right angle 
and the end of the segment, shall bisect the angle 
contained by the perpendicular and the third side of 
the triangle. 


From the hypotenuse BC, of the 4 ABC, right- 
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angled at 4, let CD be cut off equal to C4; from 
A, let AE be drawn at right angles to BC, and let 
A, D be joined: AD bisects the z BAE. 

Let a circle ADF, described from C, as a centre, 


A. 


F 


at the distance CA, or CD, cut AE produced in F, 
and join D, F, and C, F. And, since CA = CF, 
and CE is common to the two right-angled triangles 
AEC, FEC, (E. xlvii. 1.) TE. = FE; . AE = EF, 
and ED is common to the two right-angled tri- 
angles AED, FED; therefore (E.iv. 1.) the 
£DAE= DFE; but (constr. and E. xvii. 3. and 
E. xxxii. 3.) 
£BAD=cDFE; . :BAD- DAE; 

and 4D bisects the angle BAE. 


Prop. XXVI. 


36. PROBLEM. From a given point, in the cir- 
cumference of a given circle, to draw a straight line, 
which shall touch the circle, by the help only of the 
parallel ruler. 
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Let A be the given point, in the given circle 


ABC; draw from A, any two chords AB, AC; 
from B draw BD parallel to 4C, and from C draw 
CE parallel to 4B; join D, E; and through 4 
draw XA parallel to DE: XAY shall touch the 
circle in A4“. 

From A draw AF perpendicular to ED, and join 
A, D, and A, E. Then (constr.) the zs ABD, 
ACE, being opposite angles of a parallelogram, are 
(E. xxxiv. 1.) equal to one another; and (E. xxi. 3.) 
LADE = z ACE, and ABD = 2 AED; 

. ADE AE, 
and the angles at F are right angles, and AF is 
common to the two As AFD, AFE; . EF- FD; 


* The above method is, perhaps, the easiest practical method 
of drawing, with great exactness, a tangent to a circle, from a 
given point in the circumference: And it has the advantage of 
being a general method: For it is alike applicable to every one 
of the conic sections. 
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wherefore (E. iii.3.) AF passes through the centre 
of the circle; and (constr.) XA is parallel to ED, 
and therefore (E. xxix. 1.) at right angles to FA; 
wherefore (E. xvi. 3. Cor.) XAF touches the circle 
ABC, in the given point 4. 


Prop. XXVII. 


37. Tueorem. The least square, which can be 
inscribed in a given square, is that which is the 
half of the given square. 


Let ABCD be the given square: If its four sides 


D 


be bisected in the several points E, F, G, H, and if 
these points be joined, HEFG is (Supp. xxxv. 1.) 
a square: join E, G; then (hyp. and E. xxxiii. 1.) 
AEGD is a parallelogram, and is the double (E. xli. I.) 
of the AEGH: and likewise, EBCG is the double 
of the AEFG ; wherefore, 4BCD is the double of 


396 SUPPLEMENT TO EUCLID'S ELEMENTS. 


the square EFGH: let, now, PQRS be any other 
square inscribed in ABCD; PQRS>EFGH. - 
For (E. xiii. 1.) the zs 4PQ, QPS, are equal to 
two right angles, as are also (E. xxxii. 1.) the 
£8 DSP, PDS, DPS; and (hyp.) the < QPS = 
ZPDS; . the zAPQ=2z DSP; and (hyp.) QP = 
PS ; therefore (E. xxvi. 1.) the As PAQ, PDS, 
are equiangular, and 4Q = PD. Wherefore, (E. 
xlvii. 1.) 
PQ = AP + AQ’ = AP: 4 PD’; 
but (E. ix. 2.) 
APF + PD*=2 AH* +2 HP: 
and (E. xlvii. 1.) 
EH*=AH* + AE*=2 AH’; . PM = EH". 


Pror. XXVIII. 


38. Tusorem. If an oblong be inscribed in a 
square, each of its sides cuts off equal segments from 
the sides of the square. 


Let the oblong EFGH be inscribed in the square 
ABCD; AE = AF, ED = FB, CG = CH, and 
GB = HD. 

By reasoning as in Prop. 27, it may be shewn 
that DH= FB, and ED = GB; if, therefore, ED= 
DH, it is manifest that 4E AF, and CG = CH. 
But if ED be not equal to DH, one of them is the 
greater; let ED be greater than DH; from DC 
cut off DK, each equal to DE; join K, G, and 
E, G, and bisect DC, in L. And, since DK = DE 
— GB, and that CD Ch, CK — CG ; and (E. xxxii. 
1.) the Ls DKE, CKG, at the bases of the isosceles 
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right-angled ^s EDK, KCG, are each of them half 


of a right angle : Wherefore, (E.xiii. 1.) the 
< EKG is a right angle. 


Therefore (E. xlvii. 1.) 
EG: = EH? + HG = EK’ + KG’; 
that is, (E. xlvii. 1.) à; 
ED*+ DI! HC! CG = ED*+ DK + KC^-CG6^; 
from these equals take the common parts ED* and 
CG’, and there remains DH*?+ HC’ = DK? + KC’; 
which (E. ix. 2.) is impossible. Wherefore, DE is 
not unequal to DH; and therefore, 
AE = AF, ED=EB, CG=CH, GB- HD. 

39. Cor. If the diameters 4C, DB be drawn, 
since the < DEH — 7 DAC, each of them being 
half of a right angle, EH (E.xxviii. 1.) is parallel 
to AC, and in the same manner, it may be shewn 
that EF is parallel to DB. 
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Prop. XXIX. 


40. Tueorem. An oblong inscribed in a gwen 
square, is less than the least square inscribed in it. 


Let PQRS be any oblong inscribed in the square 


E P D 


S 
| M 

> " H 

x E 
Q 

x 
Ere 
B R 6 C 


ABCD ; and the sides of 4BCD being bisected in 
E, F, G, H, and EF, FG, GH, HE, being drawn, 
EFGH is (Supp. Part Il. xxvii. 1.) the least square 
that can be inscribed in 4BCD; PQRS is less than 
EFGH. 

Let PQ cut EH in K, and FG in L; and let SR 
cut EH in M, and FG in N. The es KEP, KPE 
are (Supp. Part II. xxviii. 1. Cor. and constr.) each 
of them half of a right angle; therefore (E. vi. I.) 
ET KP; and EF, being equal to EH, is greater 
than KM; wherefore, the rectangle FK is greater 
than the rectangle PM; and, in the same manner, 


BOOK I. 399 


it may be shewn that MG is greater than QN - 
adding, therefore, KN to FK+MG, and also to 
PM + QN, it is manifest, that EG is greater than 
PR. 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


PART IL. 


BOOK II. 


Prop. I. 


1. Prosrem. To divide a given finite straigM 
line into two unequal parts, of which the less shall 
be a mean proportional between the greater, and the 
part which lies between the point of section, and the 
middle point of the given line. 


Let AB be a given line, and C its bisection : it is 
C . 
A b E B 
required, &c. 


Trisect (Supp. xx. 1.) 4B in the points D and E; 
then BD: AD :: AD: DC. 
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For (constr.) BA: AC :: BD: 4D, 
therefore (permutando) BA : BD :: AC : AD, 

and (dividendo) AD: BD :: DC: AD; .. 
therefore (invertendo) BD : AD :: AD : DC. 


Prop. II. 


2. PRosLEM. A given straight line being divided 
into any two parts, to divide it again, so that the 
rectangle, contained by the whole line, and the part 
between the two points of section, shall be equal to. 
the square of the part between the second point of 
section and the extremity, nearest to it, of the given 

Let the given straight line 4B be divided in the 


o D 

A € B E 
point C: It is required to divide it again in D, so 
that AB x CD = DB’. 

To 4B apply (E. xxix. 6.) a rectangle equal to 

AB x BC, and exceeding by BE?, and from BA cut 
off BD equal to BE: then AB x CD= DE. 
For (constr) ABxBC=AExEB;; that is, (E. i. 
3.) AB x.BD+AB x CD=AB x BE+ BE’; and 
(constr) BE=BD; ~. ABx BD = ABN BE, and 
. AB x CDz DB. i DE 


Prop. III. | 

3. PaosLzM. A given straight line being di- 

vided into any two parts, to divide it again, so that 
D p 
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the rectangle, contained by thé whole line, and the 
part between the points of section, shall be equal to 
the rectangle, contained by the two parts, into which 
the given line is divided by the second point of 
section. 

Let the given straight line AB be divided in the 


D 
E À e B 


point C: It is required to divide it again in D, so that 
AB x CD=AD x DB. 

Produce BA to E, and make 4E equal to 4B; 
to EB apply (E. xxviii. 6.) a rectangle equal to 
AB x BC, and deficient by BD*: then 
| AB x CD=AD x DB. 

For (constr.) ABx BCz EDxDB ; that is, 
ABxBD-- 4ABxCD- EAxDB-- ADxDB— 
(because E44 — 4B) ABx BD + 4DxDB; 
^. AB x CD= ADx DB. 


Prop. IV. 


4. Proses. A straight line having been divided 
into two equal parts, to divide it again, so that the 
rectangle, contained by the two unequal parts, shell 
be to the square of the line between the two pointe of 
section, in a given ratio. 

Let AB be the given straight line, which has 
been bisected in C, and let the given ratio be that 
of AC, or BC, to D: It is required to divide 4B 
again in G, so that AG x AB: C:: AC: D. 
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Find (E. xii. 6.) a fourth proportional to (4C - D) 


A 


G B 


D, and AC, and make CE equal to it; upon ZB, as 
a diameter, describe the circle EFB; from C draw 
CF at right angles to EB, and let it meet EFB in 
F; then (hyp. and E. vii. 3.) CF< CB; from CB, 
therefore, cut off CG equal to CF, and G is the 
point, which was to be found. 
Join F, E, and F, B; and since (E. xxxi. 3.) the 

4 EFB is a right angle, 
(E. viii. 6. Cor.) BC: CF :: CF: CE, 
therefore (E. xix. 6. Cor.) 

BC: CE :: BC? : CF* or CG’: 
therefore (constr. and E. xi. 5.) 

(BC+D): D:: BC : CG; 

therefore (dividendo) | 

BC: D:: BC'-CG": EG’; 
that is, (E. v. 2.) BC: D:: AGxGB : CG. 


Prop. V. 


5. PaosLEM. Two points C, and D, being given, 
in a finite straight line AB, which, are neither of 
them one.of its extremities, to find an intermediate 

DD 2 
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point E, such that the rectangle AE x EC, shall. be 
to the rectangle BE x ED, in a given ratio. 


First, if the given ratio be a ratio of equality, 
E 
A „ b B 
divide (E. x. 6.) CD, in E, so that 
DE: EC:: AD: CB, 
and £ is the point, which was to be found. 
; For (constr. and E. xix. 5.) 
AE : EB :: AD: CB :: DE: EC; 
therefore (E. xvi. 6.) AE x EC= BE x ED. 
. But if the given ratio be not that of equality, let 
it be that of 4C to CF; take (E.xii.6.) DG a 
fourth proportional to AF, FC, and CD; upon AG, 
as a diameter, describe the circle AHG: draw DH 


at right angles to 4G, and let it meet AHG in H; 


in AG produced take DK the double of DG ; and 
in 4K produced take KL a fourth. proportional to 
AF, FC, and AC, and LM a fourth proportional to 
AF, AC and DB; lastly, bisect DM in N, join N, 
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H, and let the circumference EHP of the circle, 
described from N as a centre, at the distance NH, 
cut 4B in E: E* is the point which was to be 
found. | 
For (constr. and E. xxxv. 3.) | 
AD x DG = DH? = PD x DE=MExED; 
therefore (E. xvi. 6.) 
AD: EM:: ED: DG. 
But (E. i. 6.) 
AD: EM :: DAx AF : ME x AF; 
^ ED: DG:: DAx AF: ME x AF; 
but (constr. permutando and intertendo), 
CD: AF:: DG: FC; 
and CD: AF :: CDx AD : AFx AD; 
. DG: FC :: ADx DC : DAxAF; 
and, (as hath been shewn,) 
ED : DG :: DAx AF : MExAF; 
therefore (er equali,) 
ED: FC:: ADxDC : MEx AF. 
But (E. i. 2.) MEX AF. 
DEx AF+ DKx AF - KLx AF-- LM x AF; 
and (constr. and E. xvi. 6.) 
DK x AF=2 Fx CD, and KLx AF ACx CF, — 
and LM x AF=ACx DB; 
^. ED: FC:: ADxDC : (DE x AF 
+3 FCx CD-- AC x CF-- AC x DB). 
Again, DE: FC : DEN: EDX FC; 


_ * It is easily shewn, ex absurdo, that the point E, as deter- 
mined by the construction, falls between the two given points 
C and D. 
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therefore AD x DC is to the last mentioned five 
rectangles, às DE* : ED x FC, and (componendo), 
DE: FC:: ADx DC+ DE’ : (ED x FC 
+ED x AF--2 FC x CD+ AC x CF+ACx DB); 
but DEx FC+ DE x AF= DE x CA, 
and AC x DB - 4C x ED ACx EB; 
^ DE: FC:: AD x DC+ DE? 
: (dCx EB+2 FC x CD-- AC x CF). 
Also (E. i. 6.) 

DE: FC:: (AC--9CD)x DE: (AC 4 3CD)xCF 
:: ACx DE+2CDx DE: ACx CF 423DCx CF; 
*. AD x DC+ DE* : 4Cx EB 

+2FCx CD-4- AC x CF :: ACx ED 
+2CDx DE: ACx CF4-2FC x CD; 
therefore (E.xix. 5.) DE is to FC as the excess of 
(AD x DC+ ED’) above (4Cx CD--2CD x DE) 
is to AC x EB; that is, (E. vii. 3.) as AE x EC is 
AC x EB: But (E. i. 5.) 
AC: ED :: ACx EB : BEx ED; 
therefore (er equo), 
AC: CF :: AE x EC: BE x ED. 


Prop. VI. 


6. Prostem. To produce a given straight line, 
eo that the square of the line, which is made up of 
the whole and the part produced, together with the 
square of the part produced, shall be in a given 
ratio to a given square. 


Let 4B be the given straight line, and C the side 
of the given square; and Jet the given ratio be that 
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of 4B to D: It is required to produce 4B to E, 
so that (4E*+ EB*) : C:: AB: D. 

Bisect AB in F; find (Supp. xxi. 6.) a square 


D c 


H 
L A F B E 
- " 
G ; 


which shall be to C°, as BF is to D, and let G be 
the side of it; from B draw BH at right angles to 
AB, and make BH equal to the side of a square, 
which is the excess of G° above the half of AE 
(E. xiv. 2. and Supp. lxxv. 1.) ; join F, H, and from 
the centre F, at the distance FH, describe the circle 
EHL, cutting AB produced in E and L; then is 
E the point to which 4B was to be produced.. 
For (E. xxxv. 3.) | 
LB x BE = BH^, that is, AE x EB= BH’; 
*. AE x EB ＋2AB! = BH A AR G, 
but (constr.) BF: D: G: Ca; 
BF: D:: (AE x EBT JAB): O, 
and (E. iv. 5.) 
2 BF or AB: D:: (2 4E x EB-- ABy : C5; 
but (E. vii. 2.) 4B°+2A4E x EB- AE? + EB’; 
„. (4E + EB): C.:: AB: D. 


— 


408 SUPPLEMENT TO EUCLID’S ELEMENTS. 


Prop. VII. 


7. PRosBLEM. To produce a given straight line, 
so that the square of the given line, together with 
twice the rectangle contained by the given line and 
the part produced, shall be to the square of the 
part produced, in a given ratio. 


Let AB be the given straight line, and let the 


E 


A > F B D E v 


given ratio be that of 4B to BD, BD being placed 
in the same straight line with 4B: It is required to 
produce 4B to C, so that : 
(AB, 4 24B x BC) : BC’ :: AB: BD. 

Upon AD, as a diameter, describe the circle 
AED; from B draw BE at right angles to AD, 
meeting AED in E; join D, E, and from the 
centre D, at the distance DE, describe the circle 
FEC, the circumference of which cuts 4B produced 
in C: Then is C the point to which 4B was to be 
produced. 

Join A, E; and (E. xxxi. 3.) the z AED is a right 
engle; also (E. xxxv. 3.) 

BE: = ABx BD= FB x BC; 


therefore (E. xvi. 6.) | 
AB: BC :: FB: BD; 
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' therefore (componendo), 
AC : BC : FD, or DE : BD, 
and (E. xxii. 6.) 
AC’: BC’ :: PE: BD’: 
but (E. viii. 6. and E. xx. 6.) 
DE : BD: : AD : BD; 
therefore (E. xi. 5.) 
AC* : BC’: AD : BD; 
that is, (E. iv. 2.) 
(AB* 4-2 AB x BC+ BC*) : BC* :: AD : BD; 
therefore (dividendo), 
(AE 2 4Bx BC) : BC! :: AB: BD. 


Prop. VIII. 


8. Prostem. To divide a given finie straight 
line into two parts, so that the rectangle, contained 
by the whole line, and the difference of those two 
parts, shall be in a gtoen ratio to the square of the 


less of the two parts. 
Let AB be the given straight line, and let the 


A G F B C D 


given ratio be that of R to S: It is ie to 
divide it into two parts in F, so that 
AB x (AF- BF): FB :: R: S. 
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Produce AB to C, so that BC is equal to a fourth 
proportional to R, S, and 4B; again, produce AC 
to D, so that CD= BC; upon AD, as a diameter, 
describe the circle 4ED; from C, draw CE at right 
angles to AD, meeting AED in E; and from CA 
cut off CF equal to CE: F is the point of division, 
which was to be found. 

Join A, E, and D, E; and from FA cut off FG 
equal to FB; then, (E. xxxi. 3. and E. viii. 6.) 

AC: CE :: CE: CD, 
that is, (constr.) AC : CF :: CF : CB; 
therefore (dividendo) AF : CF :: FB : BC, 

and (permutando) AF: FB:: CF : BC; 
therefore (dividendo) 4G : GF :: FB : BC; 
therefore (E. xvii. 6) 4Gx BC- GFxFB-FB'; 
therefore (E. vii. 5.) 

BAxAG : FB' : BAx AG: AGxBC 
: BA: BC, (E. i. 6.). 

But 4G = (4F — FB), and (constr.) 

BA: BCz R: S; 
^. AB x (AF - FB) : FB: R: S. 


Pnor. IX. 


. 9. Prosiem. To divide a given finite straight 
line into two parts, the less of which shall be in a 
given ratio to their difference. 

Let AB be the given straight line, and 4B to 


A E D B 
Li L Li + C 


BC the given ratio: It is required to divide 4B in 
D, so that DB: (4D -— DB) :: AB : BC. 
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Take AD equal to a fourth proportional to 
(4B ＋ AC), AC, and AB; then is D the point of 
division which was to be found, 

For from DA cut off DE equal to DB; then 


(Ayp.) 
AB+AC : AC :: AB: AD, 
therefore (dividendo) AB : AC :: DB: DA, 
‘and (permutando) AB: DB :: AC : DA; 
. again (dividendo) AD : DB or DE :: CD: DA, 
and (dividendo) AE: ED :: CD- DA: DA; 
but (hyp. and permutando) 2 
AB-- AC : AB:: AC: AD; 
therefore (dividendo) AC: AB :: CD: DA; 
and (dividendo) BC: AB:: CD- DA: DA; 
therefore (E. xi. 5.) AE: ED :: BC: AB; 
and (invertendo) ED or DB: AE :: AB : BC, 
that is, (constr.) DB: (4D — DB) :: AB: BC. 
10. Scnuorrow. If the given ratio be a ratio of 
equality, it is manifest that the straight line 4B is, 
by this construction, cut in extreme and mean 
arithmetic ratio; which is more easily effected, by 
trisecting the given line. 


Pror. X. 


11. Prostem. To divide a given finite straight 
line into three parts, that shall be continual pro- 
portionals, and the square of the greatest of which 
shall be equal to the squares of the other two. 


Upon any assumed finite straight line, as an hy- 
potenuse, describe (Supp. Ixxiii. 6.) a right-angled 
triangle, having its three sides continual propor- 
tionals, and place its three in one siraight line: If 
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then the given straight line be divided (E. x. 6.) 
similarly to that line, it is manifest, that that which 
is required, will have been done. 


Prop. XI. 


12. Proprem. To divide a given finite straight 
line into four parts, which shall be proportionals, 
according to a given ratio, and shall, also, be such, 
that, if the least be added to each of the three least, 
the greatest, and the three aggregates, shall be pro- 
portionals. 


Let AB be the given straight line, and let the 
B 


P — €t b E 


given ratio be that of R to S: It is required, &c. 
Bisect 4B in C; make CD a fourth proportional 
to R, Sand BC; and divide BD in E, so that 
BE: ED: R: 5; 
then are 4C, CD, BE, ED, the parts into ‘which 
AB was to be divided. 
For (constr. and E. xi. 5.) 
CB or AC: CD:: BE: ED:: R: S. 
Again (constr.) BE ED :: R : §; 
therefore (componendo) BD: ED :: R＋S: S, 
| and BD: 2ED :: RTS: 28. 
Also (constr) CB: CD :: R: S; 
therefore (convertendo) CB: DB:: R: R-, 
and (constr. and componendo) 
DB: BE :: RS: R, 
therefore (er equo) CB: BE:: R+S: R-S; 
therefore (convertendo) CB: CE :: R+8: 28. 
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Wherefore CB or AC : CE :: BD: 2ED, 
and CE-- CD + DE, BD=BE+ DE, | 
2ED-ED-4ED. 

13. Con. From the demonstration it is manifest, 
that if the three least of any four proportionals be 
together equal to the greatest, the greatest, and the 
aggregates of each of the others and the least, shall 
also be proportidhals. 


Prop. XII. 


14. Prosiem. To divide a given finite straight 
line into two parts, such that the aggregate of their 
squares shall be in a given ratio to a given square. - 


Let AB be the given finite straight line, C the side 


x 
x 


D —— 


of the given square, and let the given ratio be that of 
Rto S: It is required to pie AB in F, so that 

(4P FB): C : R. S. ! 
From B drew BX, making “a AB an angle equal 
to the half a right angle; find (Supp. xxi. 6.) the 
side D of a square, such that 

! D: C:: R: S; f 

from 4, asa centre, at a distance equal to D, de- 
scribe a circle, which, if the problem be possible, 
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will cut BX; let it cut BX in E, and from E draw 
EF perpendicular to 4B: F is the point which was 
to be found. 

For (constr.) the < EFB is a right angle, and the 
c EBF the half of a right angle; therefore (E 
xxxii. 1.) the 2 FEB =z EBF, and (E. vi. 1.) 
EF FB; also, (constr. and E. xlvii. I.) 

AE! = I = AF?» + FÈ = AF+ FB’: 
therefore (constr.) AF FB: C* :: R: S. 


Pror. XIII. 


15. Prosizm. To divide a given finite straight 
line into two parts, such that the difference of their 
squares shall be in a given ratio to a given square. 


Let AB be the given finite straight line, C the 


side of the given square, and let the given ratio be 
that of R to S: H is required to divide AB in G, 
so that (4G*- G): C> :: R: &. 
Upon AB as a diameter desoribe the circle 4DB; 
find (Supp. xxi. 6. A the "e E of a square, such that 
:C : R: S; 
in the circle 4DB Ms AD equal to E; rom D, 
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. draw DF perpendicular to 4B, and bisect FB in G: 
G is the point which was to be found. 
Join D, B; then (E. iv. 2.) 
| AG! = AF? 4+ FG +9AFx FG; 
but 2.4Fx FG=AFx PFB=DF (E. viii. 6.) 
. AG = AP FD + FG. 
that is, (E. xlvii. 1.) 
8 = AD’+ GB; 
AG —GB'- AD: 
Wherefore, (constr.) AG -G: C: R: S. 


Pror. XIV. 


16. Prosizm. To divide a given finite straight 
line into four proportionals, so that the aggregate 
of the extremes shall be in a given ratio to the 
aggregate of the means. | 


Let L be the given straight line to be divided, and 
| - | 


C 


5 É d 
let the given ratio be that of 4D to AB: It is re- 
quired, &c. 

In CD produced, take any point E, and in AB, 
produced, make AF equal a fourth proportional to 
4B, CD and CE: Also, in CE, produced, make 
EG equal to a fourth proportional to DE, 4B and 
BF; and, again, in 4B produced, BH equal to a 
fourth proportional to 4B, CE and EG: if then 


416 SUPPLEMENT TO EUCLID's ELEMENTS. 


the line L be divided into four parts, (E. x. 6.) pro-. 
portional to 4B, CE, EG and BH, it will be divided 
as is required. 
For (constr) DE : BF :: AB : EG, 
and 4B : CE :: EG : BH; 
therefore (permutando) AB : EG :: CE : BH; 
therefore (E. xi. 5.) DE: BF :: CE : BH, 
and (invertendo) BH: CE :: BF : ED. 
But (constr.) BF : ED :: EG: AB; 
therefore (E. xi. 5.) BH: CE :: EG : 4B. 
Again, BH : BF :: CE : DE; 
therefore (dividendo) BH: FH :: CE : CD, 
and (permutando) BH: CE :: FH : CD; 
therefore FH : CD :: EG : AB, 
| and FH: EG:: CD : AB. | 
But (constr.) AB: CE :: CD: AF, 
therefore (permutando and invertendo) 
CD : AB :: AF : CE; 
therefore (E. xi. 5.) AF: CD:: H: EG, 
and (E. xii. 5.) 4H : EG :: CD : AB; 
and (constr.) AB, CE, EG, BH are proportionals; 
and AH, the aggregate of the extremes, to EG the 
aggregate of the means in the given ratio. If, 
therefore, L be divided into four parts, proportional 
to 4B, CE, EG and BH, they will also be propor- 
tional, and the aggregate of the extremes will be to 
the aggregate of the means, in the given ratio. 


Pnor. XV. 


17. Prosen. . To divide a given finite straight 
line into four proportionals, so that the difference of 
the extremes shall be to the difference of the means, 
in a gwen ralio. 
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Let L be the given finite straight line, and let the 


ratio be that of M to AB: it is required, &. 
From A draw any straight line 4C, at right angles 
to 4B; join B, C, and from B draw BD at right 
angles to BC, meeting C4 produced in D; about 
the right-angled A DBC describe the circle CBD; 
from AC, cut off AE a fourth proportional to 
(MAC), AC, (AD); and produce AB to F, 
so that AF shall be equal to a fourth proportional to 
AB, AC, AE: if, then, L be divided into four parts 
proportional to AB, AC, AE and AF, it Mn be 
divided as is required. 
For (constr. and E. viii. 6. and E. xvii. 6.) 
DA x AC= AB’; 

and (constr.) M+ AC : AC :: : MAD : AE; 

. Mx AE+ AE x AC- Mx AC 4- AC x AD. 

“Again (constr. AB: AC :: AE : AF; 

^. FAx AB=CAx AE; 
^ FA x AB+ AE x M 4C 
=CAx AE - 4C x M TAD; 
. FA x AB+EAx M=AC x MAC x AD. 
But (E. i. 2.) AB x AF ARAB x BF, 
E E 
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and A = DA x AC; 
^. AC x M=AE x M+ AB x BF. 
Also 4€ M= M x AE+M x EC; 
^. M x EC AB x BF; 
therefore (E. xvi. 6.) FB: EC:: M: AB; 
and FB is the difference of the extremes 4B, AF, 
end EC is the difference of the means A C and AE; 
wherefore it is manifest that if L be divided into 
four parts, proportional to 4B, AC, AE, and AF, 
these parts will also be proportionals, and the differ- 
ence of the extremes will be to the difference of the 
means, in the given ratio. 


Pnor. XVI. 

. 18. Prostem. Three points, in a given straight 
line beng given, to find, in that line, a fourth point, 
between the second and third, such that the rectangle 
contained by the distance between the first and 
Fourth, and the distance between the second and 
fourth, shall be equal to the square of the distance 
between the third and the fourth points. 


Let 4 be the first, B the second, and C the third 
1 
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of three given points, all in the same straight line 
ABC: It is required to find in it a fourth point 
D, such that 4D x DB = DC. 

Make (E. xxxi. 1.) 4C the diameter of any paral- 
lelogram EF; through B draw BG parallel to AE, 
or EF meeting EC in G; join G, F, and let GF 
cut 4C in D: D is the point which was to be found. 

For (constr. E. xv. 1. E. xxix. 1.) the As ADF, 
GDC, are equiangular, as are, also, the as GDB, 

F. 


therefore (E. iv. 6.) AD : DC:: FD: DG, 

and FD : DG :: DC: DB; 

therefore (E. xi. 5.) AD : DC :: DC: DB; 
therefore (E. xvii. 6.) 4D x DB=DC*. 


Prop. XVII. 

19. Prosiem. Four points being given in the 
same straight line, to find, in that line, a fifth point 
between the second and third, such that the square 
of the distance between the first and the second, 
together with the square of the distance between the 
first and the fifth, shall be to the square of the dist- 
ance between the third and the fourth, together with 
the square of the distance between the fourth and the 
Jifth, in a given ratio. 

Let 4, B, C, D, be four given points in the 
straight line 4D: It is required to find in it a 
fifth point E, such that (A4B* + AE’) shall be to 
(CD D’ + PE) in the given ratio of L to M. 

From A and D, draw AF and DG, at right angles 
to 4D, and make AF equal to AB, and DG equal to 
DC: divide (Supp. xxii. 6.) AB in H. so that 

: HÈ.: L: M; 

EE2 - 
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and (Supp. xxxviii. 6.) find a point E in AD, such 
that FE: GE : AH: HB; | 


ir 


I 


E is the point which was to be found. 

For (constr.) FE: GE :: AH: HB; 
therefore (E. xxii. 6.) FE* : GELD: : AH: HB, 
that is, (constr. and E. Xii. 5.) 

FE’: GE : L: H. 
that is, (E. xlvii. 1. and constr.) 
AF. AE): (DC DE) : L: M. 

20. Cor. If BI and CK be drawn at right angles 
to AD, and if BI be made equal to 4B, and CK to 
DC, it is manfest that, in like manner, a point E may 
be found, such that (4B + BE*) shall be to DC*+ 


CE", in a given ratio. 


Pror. XVIII. 


21. Prosrem. Two points being given, in a given 
finite straight line, to find a third intermediate point, 
such that the rectangle contained by the two parts 
into which the line is divided by the first given point, 
together with the square of the distance between that 
point and the third point, shall be in a gtven ratio to 
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the "edi contained by the parts, into which the 
line is divided by the second given point, together 
with the square of the distance between that point 
and the third point. 


Let the two points C, D be given, in the finite 


straight line 4B: It is required to find a third 
point E, between C and D, such that (AC x CB 
+ CE?) shall be to (4D x BB) in the given 
ratio of L to M. 

Upon AB as a diameter, describe the circle 
AFGB; divide (Supp. xxii. 6.) 4C in H, so - 
AW: HC :: L: M; 
from C and D, draw CF, DG at right angles to 4B 
meeting AFGB in F and G, respectively; and 
(Supp. xxxviii. 6.) find in CD, a point E, such that 
FE:: GE :: AH: HC; 

E is the point which was to be found. 
For it may be shewn, as in the preceding propo- 
sition, that 
FE’: GE: L: M; 
that is, (E. xlvii. 1.) 
FC. CE: GD*+ DF: L: M; 
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bat (E. iii. 3. and E. xxxv. 3.) 
FC* — AC x CB, and GD*- 4D x DB; 
* (4 x CB-.- CES) : (AD x DB + PH): L M. 


Pror, XIX. 


22. PRosLEM. The first of three continual 
proportionals being given, and also the aggregate of 
the other two, to find those other two. 


Let 4B be the first of these proportionals, and 


let BC, placed in the same straight line with 4B, be 
the aggregate of the second and third of them: It 
is required to find the second and the third. 

Upon 4C, as a diameter, describe the circle ADC; 
from B draw BD at right angles to 4C, meeting 


ADC in. D; bisect DB in E; and upou DB, as a 
diameter, describe the circle DFR; join E, C, and 
let EC cut DFB in F: also ‘jon D. F, and B, F, 
and let DF produced, meet BC in G: then are BG, 
GC, the second and third of the proportionals which 
were to be found. 

Draw AD, DC, BF, also draw GH at right 
angles to BC, meeting DC in H, and EC in K; 
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therefore (E. xxviii. 1.) GH is parallel to BD, and 
(constr. and Supp, lxi. 1.) is bisected in K: join 
F, H; and since (E. xv. I.) 4KFG= DEE 
(E. v. 1.)  EDF= (E. xxix. 1.) FGH; . KF= 
KG, and the circumference of a circle, described 
from K, as a centre, at the distance KB, will pass 
through G and H, and will touch the circle DFB 
in F; | 

therefore (Supp. xix. 6.) DB : BG :: BG : GH; 

also (E. iv. 6.) 4B : BD :: HG: GC; 
therefore (ex equo) AB: BG :: BG : GC. 


Psor. XX. 


93. PRoBLEM. To find two squares, the differ- 
ence between which shall be in a given ratio to the 
difference between the less of them, and a given 
square. 

Let AC be the given square, and let the given 


c 


A B — o 


ratio be that of 4B to BD, BD being placed in the 
same straight line with AB; It is required to find 
two squares, the difference between which shell be 
to the difference between the less of them and 4C, 
as AB isto BD. 
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Join C, B: from D drew: DE, at right angles to 
CD, and make it equal tó a mean proportional be- 
tween 4B and BD, and join C, E: CE and CD’ 
are the squares which were to be found. 

For (constr. and E. i. 6.) DE*=ABx BD; 
therefore (E. i. 6.) DE? : BD* :: AB : BD; 
but (E. xlvii. 1.) 
DE*zCE*—CLD*, and BD CDU- CHF; 
„: CE -CD : CD'- C:: AB : BD. 


Pror. XXI. 


24. Tueorem. Two unequal magnitudes being 
given, an intermediate magnitude may be found, 
which shall be commensurable with a third gwen 
magnitude, of the same kind. 

Let AB, AC, be two given unequal neus 

55101. pcs H 
C. 
^ 6 F E 
DE a third given magnitude, of the same kind with 
them: A magnitude may be found greater than 40 
and less than AB, which shall be commensarable 
with DE. 

Bisect DE in F, DF in G, and so on, until (E. i. 
10. Barrow.) a part DG shall have been found less 
than CB; and let H be the least multiple of DG, 
which exceeds AC; then is H less than 4B: for, 
if not, a part equal to DG might be taken from H, 
and there would remain a multiple of DG greater 
than AC, because DG is less than CB; which is 
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contrary to the.supposition. Wherefore H is less 
than 4B and greater than 4C, and DG measures 
both H and DE. 


Pror. XXII. 


25. 'TukonkM. Two incommensurable magni- 
tudes being given, a third magnitude may be found, 
commensurable with one of them, and the difference 
‘between which and the other; shall be less than any 


assigned magnitude, the magnitudes being all of the 
same kind. 


Let AB and C be two given —" 


E 
: B 


ao ST 


magnitudes, and let D be any assigned magnitude, 
of the same kind with them: Another magnitude 
may be found commensurable with C, and the dif- 
ference between which and 4B shall be less than D. 
For let AE be. the difference. between 4B and 
D; then (Prop. 19.) a magnitude may be found 
greater than 4E and less than 4B, which shall be 
commensurable. with C; and fit is plein, that the 
difference between this — and AB is less 
— T P 

26. ‘Scuorium. Thus it appears, 'that? although 
iwo magnitudes be incommensarnable, a third mag- 
nitude may be found, approaching indefinitely near 
to a state of equality with either of them, which 
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shall be commensurable with the other: and there 
is not, perhaps, in the whole compass of mathematics, 
a more remarkable truth than this. Cavallerius says 
of it, Hac sunt Geometrie admiranda, que, etsi in 
infiniti abditis recessibus lateant, ejusdem tamen vim 
et efficaciam non effugiunt. 


Pnor. XXIII. 


27. PRoBLEM. Two unequal finite straight lines 
being given, to find another intermediate straight 
line which shall be incommensurable with a . 
given finite straight line. 


Let 4B, 4C, DE, be the three given finite 


B E 
C- 
G- 
H- 
Á F 


ptreight lines: It is required to find a straight line 
F, greater than 4C and jess than 4B, which shall 
be incommensurable with DE. 

From ED cut off EG equal to the side of a 
square, of which ED is the diameter; in like man- 
ner, from GD cut off GH equal to the side of a 
square, of which GD is the diameter, and so on; 
and since (E. xix. 1.) EG.» LED, GH > à GD, 
and so on, a remainder HD (E. i. 10.) will, at 
length, be found, whieh is less than CB: Let F be 
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the least multiple of HD, which @ greater than 4C; 
then, as in Prop. 19, it may be shewn that F is less 
than AB. 

Also, (constr.) ED: GD: GD: HD; 

ED: HD:: ED : GD; 

but (constr.) ED and EG are incommensurable ; 
wherefore (E. xvii. 13.) ED and GD are incommen- 
surable, and also (E. ix. 10.) EF and GD* are 
incommensurable; wherefore (E. x. 10.) ED and 
HD are incommensurable, and F, which (hyp.) is 
a multiple of HD, is also incommensurable with 
ED; and it has been shewn to be greater than 4C 
and less than 4B. mE 

28. Con. Hence, if two commensurable finite 
straight lines be given, a third straight line may be 
found, which shall be incommensurable with either 
of them, and the difference between which and the 
other, shai be less than any assigned straight line. 


A 
SUPPLEMENT 
ELEMENTS OF EUCLID. 
PART II. 


BOOK III. 


Prop. I. 


1. Tutors. Tr two sides of a PEPE 


to one another, reciprocally, as the perpendiculars 
drawn to them from the bisection of the base. 


From the bisection, D, of the base, BC, ofthe 


A ABC, let there be drawn DE at right angles to 
AB, and DF at right angles to 4C: Then 
AB : AC :: DF: DE. 
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Join A, D. Then (E. xxxviii..1.) the 44DB- 
4 ADC; also (E. xli. 1.) 4Bx ED is the double 
of the a ADB, and 4C x FD is the double of the 
AADC; 

^ AB x DE- 40 DF: 
therefore (E. xvi. 6.) AB : 4C =: DF: DE. 

2. Cor. If P be any other point{in the base BC, 
of the A ABC, and if PQ be drawn perpendicular to 
AB, and PR perpendicular to AC, it may, in like 
manner, be shewn that 


AB : AC: BP PR: CP x PQ. 


Prop. II. 


- 8. Tueorem. Jf perpendiculars be 8 "- 
the three angles of an acute-angled triangle, to the 
opposite sides, the rectangles contained by the several 
sides and their corresponding segments, shall be 
equal: Also, the rectangle contained by .the two 
segments of any one of the perpendiculars, shall be 

equal to the rectangle contained by the segments y 
any other of them. | 


From the angles 4 and B, of the acute-angled 
SABC, let there be drawn AD perpendicular to 
BC, and BE perpendicular to 4C, cutting one 
another in F: If, therefore, CF be drawn and pro- 
duced to meet 4B in G, CG (Supp. xxvi. 3.) will 
be perpendicular to 4B: 

ABx BG- CBx BD, ACxCE = BCxCD, 
and BAxAG = CA x AE; 
also AF x FD = CF x FG = BF x FE. 
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Upon AF, BF, CF, as diameters, deséribe the 


circles AEFG, BGFD, CDFE, of which, because 
the angles E, D, G, are right angles, the circum- 
ferences will pass through G and E, G and D, 
D and E, respectively. 
Also (E. xxxvi. 3. Cor.) | 
AB x BG = EB x BF- CB x BD; 
and AC x CE - GC x CF- BC x CD, 
BAY AG = DA x AF ACA x AE. 

Again, the As CFE, BFG, are similar, 
therefore (E. iv. 6.) CF: FE :: BF: FG; 
therefore (E. xvi. 6. CFx FG = BF x FE. 

And, in like manner, it may be shewn that 

BF x FE = DF x FA. 
Wherefore, 4F x FD = CF x FG = BF x FE. 
Cor. Since the as DAC, FAE, are similar, as 
are, also, the As FAE, FBD, therefore the a DAC 
is similar to the triangle FBD ; 
therefore (E. iv. 6.) CD : DA :: FD : DB, 
CD DB AD x DF. 
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Again, it may, in like manner, bé shewn that 
the As CGB, GF 4 are similar; 
^. COG : BG :: AG : GF; 
^. CG x GF=BG x GA. 
And it may, in like manner, be shewn that 


CE x EA=BE x EF. 


* 


Prop. III. 


4 Prostem. From any of the angles of an egwi- 
lateral parallelogram to draw a straight line, cutting 
the two linea, which contain the opposite angle, so 
that ite segment, included between those two lines, 
may be equal to a given finite straight line. 


Let ABCD be the given equilateral parallelogram, 


and Æ the given finite straight line: It is required 
to draw, from A, a straight line cutting BC, and 
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CD produced, so that the part of it, between these 
two lines, shall be equal to E. 

Find (Supp. Ixxiv. I.) a square which shall be an 
AB‘ + E*; from the centre 4, at a distance equal to 
one of the sides of this square, describe a circle cutting 
DC produced in F; draw the diagonal C4; from 
F draw FG parallel to CA, meeting 4B in G; from 
A as a centre, at a distance equal to E, describe 
a circle* cutting FG in H; join A, H, and let 4H 
produced meet CB in J, and DC produced in K: 
IKz E. For join A, F; produce CD to L, so that 
DL=DC; through L draw LP parallel to D4, 
meeting KA, CA and FG, produced, in M, N, and 
P, respectively; also, draw LA and produce it to 
meet FP in Q. And since LD= DC, and that LP 
is parallel to DA, and CB, (E. x. 6.) M4-— AI, and 
NA=AC;; also, since AD=DL=DC, the ¿LAC 
is an angle in a semi-circle, and is, therefore, (E. 
xxxi. 3.) a right angle; therefore (constr. and E. 
xxix. 1.) the s LAP. LQF, are right angles: and 
since LQ bisects NC, it bisects (Supp. Ixi. 1.) FP: 
Therefore FP is the double of QP; and (E. xii. 2.) 


AF = Al + HF +2 HF x HQ 
= AH? +FH x HP: 


but (consér.) 
AF*= E C AC - AH e AC; 
. AC! FH x HP: 


Since (E. xii. 2.) 4 Fe (4G. F), the CAGF being 
5 obtuse, therefore (constr.) (E“ GF) (AG* GF; 

* E*24G*, and E> AG, and E AF; wherefore, the circle 
described from 4 as a centre, at a distance equal to E, ues cut 
FG, between F and G. 
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and (E. xvii. 6.) PH: AC:: AC: HF;- 
but (E.iv. 6) PH : AC.or AN :: HM : 4M, 
and 40: HF : AK: HK; 
therefore (E. xi. 5.) HM: AM:: AK: HK; 
therefore (diridendo) | 
AH : MA:: AH : HK; 
therefore (E. xiv. 5.) MA =HK; bot M4 A: 
^ AI- HK, and 4H — IK; but (constr.) 4H—E; 
. IKK. 


Pros. IV. 


5. TgEOREN. F from any two points, in the 
semi-circumference of a given circle, straight lines 
be drawn to the extremities of the diameter, which 
subtends the semi-circumference, the rectungle con- 
tained by the two, that are terminated in one ex- 
tremity of the diameter, together with the rectangle 
contained by the other two, shall be less than the 
square of the diameter. 


Let the semi-circumference APB, of the given 


circle APBR, be subtended by ae diameter AB, 
Fx * 
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and from any two points P, Q in APB, let there 
be drawn to A and B, PA, OA, PB, QB: 
AP x AQ + BP x BQ < AB’. 
In the semi-circumference ARB place BR equal 
to AQ, and join 4, R, and P, R; wherefore (E. 
kxviii. 3.) BR=4Q; . AR=QB, and (E. xxix. 
8. AR=BQ: But (Supp. lvii. 6.) 
AP x BR+ PB x AR= AB x PR, 
that is, 4 P x 4Q-- BP x BQ=AB x PR. 
And, since BR AQ, add to both AR, and 
ARB (2 QAR) > PAR; 
therefore (Supp. xliv. 3.) 4B » PR; 
^ AP x AQ+BPx BQ< AB. 


Prop. V. 
6. Tseorem. If from the bisection of any given 
arch of a circle, two straight lines be drawn, cutting 
the chord of the arch and the circumference, thé 
four points of intersection shall also lie in the eir- 
cumference of a circle. 
From the bisection B, of the arch ABC, of the 


circle ABCF, let there be drawn any two straight 
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lines BF, BG, cutting AC in D aud E, and the cir- 
cumference of 4BCF in F and G: the four points 
D, E, G, F, shall also lie in the circumference of a 
circle. | | 

For join 4, B; B, C; C, F; and F, G: then 
(E. xxxii. 1.) the 2 BED = 2 BCE + z CBG = 
(E. xxvii. 3. and E. xxi. 3.) 

Z BFC + < CFGz z BFG; 

and the z FBG is common to the two As BDE, 
BGF; 

therefore (E. iv. 6.) FB : BG :: EB : BD; 

therefore (E. xvi. 6.) FB x BD- GBx BE; 
therefore (Supp. Part. II. xi. 1.) the four points F, 
D, E, G, are in the circumference of a circle. 


Prop. VI. 


7. Turorem. Jf a given arch of a circle be 
divided into three equal parts, their chords shall, 
together, exceed the chord of the whole arch, by a 
straight lind, which is to the chord of one of the 
equal parts as the square of that chord is to the 
square of the semi-diameter. 


Let ACDB be an arch of the circle, of which 
the centre is K, and let it be divided into three equal 
parts 4C, CD, DB; AC--CD 4 DB shall exceed 
AB by a straight line which is to CD as ČD is to 
KD. 

Join A, K, and C, K, and B, K. Let CK and 
DK cut AB in E and F respectively, and from F 
draw FG parallel t9 KC, cutting CD in G. 


FF2 
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Then (E. xx. 3.) < ABD or FBD =i 2 AKD- 
DKB; and the < KDB is common to the two 


D 


A 8 B 
K 
As FBD, DKB; ‘sions 4 BDĶ (= < KBD)= 
BFD, and (E. vi. 1.) BD= BF. 
Also (E. i iv. 6.) DF : DB :: DB: DK; 
therefore DF: DK:: DÈ or DC : DE, 
and DF: DR:: DG: DC; 
therefore (E. xvi. 5.) 
DG : DC :: DC: : DK’. 
But, since BF=BD, and in gd manner. AE = 
AC, and since (constr. and E. xxxi. 1.) EF«CG, 
it is manifest that GD is the excess of ACC 
--DB above AB. 
8. ScHorivM. If the chord 4B, of an arch ACB of 
a circle be given, and if it be required to find, alge- 
braically, the chord of 1 ACÈ, let a— 4B, r« AK, 
and x= the chord of 4 ACB ; therefore, by the above 
theorem, 3r=a + : , and the determination of the 


| value of z is thus made to depend upon the solution 
of the cubic equation 
2 31 Ta =. 
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Prop. VII. : 

9. TuEoREM. The side of an equilateral polygon, ` 

inscribed in a circle, is a mean proportional between 

the side of a similar polygon described about it, and 

the half of the side of an equilateral polygon of half 
the number of sides inscribed in the circle. 

In a circle, of which K is the centre, let 4B be 


E 


the side of an inscribed equilateral polygon ; 
bisect (E. xxx. 3.) ACB in C, and join K, 4, and 
K, B; through C draw DCE touching the circle in 
C, and meeting KA and KB produced in D and E; 
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and from A draw AF at right angles to KB. DE 
(E. xxx. 3. E. xviii. 3. and E. xxviii. 1.) is parallel to 
AB, and it is the side of the circumscribed similar 
polygon, of the same number of sides; and AF is 
the half of the side of an inscribed equilateral polygon 
of half the number of sides. | 
Then, DE: AB:: AB: AF. 
For tbe as DKE, AKB, are similar, as are, also, 
the right-angled As KCE, AFB, the KEC being 
(constr. and E. xxix. 1.) equal to the 2 FBA; 
therefore (E. iv. 6.) DE: AB:: AE: KB or KC, 
and KE : KC :: BA: AF, 

therefore (E. xi. 1.) DE : AB :: AB: AF. 


10. Scmorniux. Hence it is manifest, that tbe 
chord of any arch is a mean proportional between 
the sine of the arch, and the double of the tangent of 
half the arch, Or, if 4 be any arch, 

sin. 274 : 2 sin. d :: 2 sin. 4: 2 tang. 4; 
2 sin*. 4 
tang. 7 


Prop. VIII. 


11. 'TuEonEM. Jf two tangents be drawn io a 
circle, from any groen point without it, and if, from 
either of the two points of contact, there be drawn 
a perpendicular to that diameter, which passes 
through the other point of contact, the perpendicular 
shall be bisected by the straight line joining the given 
point gud tke end of the diameter. 


From the point. D, without tbe circle ACB, let 
there be drawn the tangents DAH, DB; also, from 4. 
let there be drawa the diameter AC, aud from B, BE 


therefore sin. 24 = 
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at right angles to 4C; and let D, C be joined: DC 
shall bisect BE, | 

For let DC cut. BE in F; join A, B, and C, B, 


and since (constr.) CAD is a right angle, and 
(E. xxxi. 3.) AC is less than a right angle, 4D and 
CB being produced far enough, will meet; let them 
meet in G. Then (E. xxxvi. 3. Cor) DA= DB; 
therefore (E. v. I.) the < ABD. « DAB; 

- 4 BAD +  DBGzZ ABD + 4 DBG= ABG; 
but (E. xxxi. 3.) < ABC is a right angle; wherefore 
(E. xiii. 1.) < 4BG is also a right angle; 

^. 4 ABG= z ABC; 
and (E. xxxii. 1.) < ABC=z BAG-- G; 
. 4 BAD + 2 DBG= BAD. G; 
. *. L DBG = LG j 
and (E. vi. 1.) DB=DG; but DB= DA; 
*. DGzDA. 
Again, (constr. and E. xxviii. 1.) BE is parallel to 
GA; therefore (E. iv. 6.) 
CD: CF :: DG: BF:: DA: FE; 
and DG = D.4; therefore (E. xiv. 5. BF= FE. 
Con. Since (E. iv. 6.) 
CE: EB :: CA: AG or 4D DB, 
therefore (E. xvi. 5.) 
CE: C4: EB: AD+ DB. 
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And since, by continually bisecting the arch 4B, the. 
ratio of CE to CA may be made to approximate, 
indefinitely, to a ratio of equality, it is plain that a 
regular polygon of an even number of sides may be 
, inscribed in a given circle, and a regular polygon of 
double that number of sides described about it; the 
perimeters of which polygons shall have a difference 
less than any given finite straight line. 

12. ScnuoniuM. If v be the versed sine, and s the 
sine of any arch (Æ) of a circle, the diameter of 
which is 2r, it is manifest from the corollary, that 


A 
21 - »2T :: s: 2 tang. 2 


rs 
he . == Āe 
wherefore, tang. 4 A 2 


Prop. IX. 


13. TuronkM. The rectangle contained under 
the tangent and the sine, of any arch of a circle, is 
greater than the square of the chord of the arch*. 


Let 4B be any arch of the circle 4BC, of which 
AB is the chord, the diameter AC, and BD at right 
angles to it; and let B.E, drawn to touch the circle 
in B, meet CA produced in E: EB x BD > AB’. 
Join B, C: (E. xxxii. 3.) < EBA= z ACB, and 
the L BEC is common to the two As EAB, EBC; 
wherefore they are equiangular, and (E. iv. 6.) 


— — —— — 


* The terms of Trigonometry are used in enunciating this 
theorem, merely for the sake of conciseness. If the reader be not 
already acquainted with them, the particular enunciation which 
follows, will sufficiently explain the meaning of the proposition. 
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| EB: BA: EC : CB, 
ulso (E. viii. 6.) | 
BD.: BA :: CD : CB; 
therefore (Supp. i. 6.) 
EB x BD : BA:: EC x CD : CB; 


C 


but (E. viii. 6. and E. xvii. 6.) AC x CDz CB; 

~. EC x CD > CB; . EB x BD» B£. 

14. ScHoriuM. Hence it may readily be shewn, 
that if the a EBD, and the circle ABC revolve 
about EC, the convex surface of the cone, generated 
by the revolution of the triangle, is greater than the 


surface of the spherical segment included within the 
cone. ä 


Prop. X. 
15. Tueorem. If the diameter, passing through 
the extremity of a given arch of acircle, be produced, 
that the part produced shall be equal to the versed 
sine of the given arch, and if, from the end of the 
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part produced, a tangent be drawn to the circle, its 
square shall exceed the square of the versed sine, by 
the square of the chord of the arch. 


Let the diameter 4B, of the circle ABC, be pro- 


duced to E, so that AE shall be equal to 4D, the 


versed sine of the given arch AC, (of which the 
chord is AC) determined by drawing CD perpen- 
dicular to 4B; and from E let EF be drawn to 
touch the circle in F: 


EF = AC*+ AD’. 
Join C, B: then (E. xxxvi. 3.) 
EF*= BE x EA=(constr.) (BA + AD) x AD 
= (E. i. 2.) BA x AD + AD; 
but (E. viii. 6. and E. xvii. 6.) 
BA x AD = AC; . EF = ACN + AD 
Cor. EF'4CD'z24AC. 
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| Prop. XI. + 
16. Prosiem. Three sides of a quadrilateral 
rectilineal figure, of which two are equal to one 
another, being given, to construct il, so that the 
fourth side shall be the diameter of a circle described 
about the figure. 


Let L, M, N, be the three given sides, of which 


L=M: It is required to construct, &c. 

Take AB=N; find (Supp. Ixxiv. 1.) a square 
which shall be the double of LF or of M’; w BC 
at right angles to 4B, and make it equal tö the pide 
of that square; bisect AB in D, and join D, C; 
from tbe centre D, at the distance DC, describe the 
semi-circle ECF; also, upon AF, as q diameter, 
describe the semi-circle AHF; place in jt AG equal 
to 4B or N, bisect GHP in H, and join G, H, and 
H, F; AGHF is the figure which was to be con- 
structed. 


For, from H draw HK perpendicular to AF, and 
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join 4, H, and B, M. Then (constr. and E. xxvii. 3.) 
the GAH ; HAF or HAB, GA Az, 
and AH is common to the As AGH, ABH: 

therefore (E. iv. 1.) GH= HB; 

also (E. xxix. 3.) 

GH= HF, * HB = HF, and HB = HF’: 

also (constr. and E. xlvii. 1.) 

BH* = RK TRA, and HF? - FE^ + Ki; 
<. BX - FK*, and BK=FK. 
Wherefore, AF x FB=2 AF. FK. 
Again, since ED = DF, and 4D = DB, 
therefore E4 = BF, and EB AF; 
^ EB x BF=4AF x FB 
= (as has been shewn) 2 AF x FK: 

But (E. viii. 6. and E. xvii. 6.) EBx BF= BC*, 
and AF FK = FH, . BC? =2FH* = (constr.) 2L*; 
* FH*^-L^, and FH=L=HG=M; 
and 4G was made equal to N. Therefore 4GHF 

is the figure which was to be constructed. 


Prop. XII. 


17. FrosLem. To describe the circumference of 
a circle, which shall pass through two given points, 
‘within a given circle, and shall cut the circumference 
of that circle in two points, the distance of which 
shall be equal to a given straight line, not greater 
than a diameter of the given circle. 


Let 4, B be two points in the circle HGDC, and 
Q a straight line, not greater than a diameter of 
HGDC: It is required to describe a circle, the 
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circumference of which shall pass through 4, B, and 


shall cut the circumference of HGDC in two points, 
the distance of which shall be equal to Q. 


Join 4, B, and produce 4B to meet the circum- 
ference again in C, D. And, first, if CA= DB, 
‘find the centre K, of HGDC; draw (Supp. Part II. 
vii. 1.) the chord HG equal to O, and parallel to 
CD; from K draw KEF perpendicular to HG and 
CD, which (E. iii. 3.) bisects HG in E, and CD in 
F; and, since C4 = BD, AF = FB; join 4, H, 
bisect AH in L, and from L draw LM at right angles 
to HA, meeting KF in M; wherefore (constr. and 
E. iv. 1.) M is equidistant from H, 4, B and G; 
and a circle described from the centre M, at the 
distance MH, will pass through 4 and B, and cut 
HCD in G, so that HG =Q. * 

But if CA be not equal to BD, one of them is the 
greater; let CA be greater than BD, and from CA 
cut off AE equal to BD; also, from CD, produced, 
cut off DF equal to a fourth proportional (E. xii. 6.) 
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to CE, EA, and AD, and from F draw V so that 
(Supp. Part II. ix. 1.) GH may be equal to Q; 
then if (E. v. 4.) a circle be described, the circum- 
ference of which shall pass through H, G, B, it will 
also pass through .4. 
For (constr.) CE : EA : D: DF; 
. (componendo) CA : AE or BD :: AF: FD; 
and (alternendo) CA : AF : BD : DF; 
*. (componendo) CF : AF :: BF : FD; 
therefore (E. xvi. 6.) CF x FD=AF x FB; 
but (E. xxxvi. 3. Cor.) CF x FD=HF x FG; | 
^. HF x FG= AF x FB, 


and (Supp. Part II. xi. 1.) the circumference of the 
circle, which passes through H, G, B, shall also 
pass through A. 


Prop. XIII. 


. 18. Prosiem. In the given straight line joining 
the centres of two circles, that he wholly without 
one another, to find a point, such that if tangents be 
drawn from it to the (wo circles, the perpendiculars 
drawn from the points of contact, to that given line, 
skall cut off from the diameters two segmenta, which 
shall be to eack other, as the diameters are to eack 
other. 

Let the given straight line 4KLF, pass through 
the centres K and L, of the circles ABC, DEF: lt 
is requited, &c. 

Divide (E. x. 5.) CD in G, $o that 

CG : GD :: KC : DL. 
Then is G the point which was to be found. 
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From G draw GB and GE touching ABC, DEF. in 


A. K MC G DN L F 


B and E respectively ; draw BM and EN perpen- 
dicular to ACDF, and join B, K and E, L. 
Then since (constr.) 

CG: GD: CK: DL, 
(permutando and c ) 

GK: KC :: GL: LD; 
but (E. viii. 6.) 

GK : KB or KC :: KC : KM, 
and GL: LD: LD: LN; 
therefore (E. xi. 5.) 

KC: KM: LD: LN, 
and (convertendo) 

KC: MC:: LD: ND; 
therefore (permutando) 

KC : LD : MC: ND, 
and (E. xv. 5.) | 

AC: DF : MC: ND. 


Pror. XIV. 


19. Prosen. To draw a tangent to a given 
circle, to meet a given diameter produced, so that 
the tangent shall have a given ratio of inequality to 
the part produced of the diameter, whick is termi- 
nated by the tangent. 
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Let BC be the diameter of the circle ABC, and: 


DE and F two unequal straight lines, of which DE 
is the greater: It is required to draw a tangent to 
ABC, meeting BC produced, so that it shall be to 
the part produced of BC as DE is to F. 


From ED cut off EG equal to a third proportional 
to DE and F; produce BC to H, so that CH shall 
be equal to a fourth proportional to DG, GE and 
BC; and from H draw HA touching ABC in A: 
then is 4H the tangent which was to be drawn. 


For since (constr.) 

BC: CH:: DG: GE, 
(compdfilndo) | : 
BH : CH : DE : GE, 
but (E. xxxi and E. xvii. 6.) | 

: CH : AH? : CH’ 
also (constr. E. xvii. 6.) 
i DE: GE :: DE : F., 
therefore (E. xi. 5.) 
C AH : HC:: DE: F, 
therefore (Supp. i. 6. Cor. 2.) 
AH: HC:: DE: F. 


BOOK HI. 449 


Pror, XV. 


20. Tuzorem. Jf two unequal chords "A a circle 
be terminatéd in the same gibeh posit, and if, from 
the other extremity of either of them, there be drawn 
a perpendicular to the diameter, which terminates in 
the gwen point, that chord, be @ mean propor- 
tional between the other n chord, and the seg- 
ment cut off from it, by the perpendicular. 


Let the two unequal chords BC, BD; of the 


circle ABCD, be terminated in the same point B 
of the circumference ; let 4B be à diameter, drawn 
from B; and from the other extremity of either of 
the chords, as from C, let there be drawn CE 
perpendicular to AB, and meeting the other chord 
BD in F: then 
BD : BC:: BC: BF. 

For, through B, let BG be drawn at wight angles 
. te 4B, and therefore (E. xxviii. 1.) parallel to CP, 

end (E. xvi. 3.) tonching the eircle in B. Where- 
Sore, (E. xxix. I. and E. xxxié. 3.) 

GBC - z BCF= ;BDC; 
Gc 
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and the 7 DBC is common to the two As BDC, 
BCF; therefore, they are equiangular, and (E. iv. 
6.) 

DB: BC:: BC: BF. 
The proof is the same, when the two given chords 
lie on the same side of the diameter, which ter- 
minates in their point of concourse. 


Pror. XVI. 


21. Tueonem. The square of the side of an 
equilateral and equiangular octagon, inscribed in 
a given circle, and the square of the diameter of the 
circle, have no common measure. 


In the given circle 4BFCDE, inscribe (E. iv. 4.) 


the square ABCD: draw the diameter EGF at 
right angles to AD, and cutting it in G, and join 
A, E: AE is, manifestly, the side of a regular octa- 


gon, inscribed in the circle, and AE and ** have 
no common measure. 
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For, join F, 4; the EA (E. xxxi.3.) is a 
right angle, and (constr. AG is at right angles 
to EF, 
therefore: (E. viii. " FE : EA : BA: EG; 
EF: ET:: EF: EG. 
But EG =} (Er- AB); and EF isa diameter of 
the circle, and 4B a side of the inscribed square; 
wherefore EF and AB are incommensurable, and 
°} (EF — AB), or EG, and EF are incommen- 
surable. Therefore, also, (E. x. 10.) EF* and EA 
are incommensurable. 


22. Con. 1. Hence, and from E. ix. 10. it is 
plain, that the diameter of a circle, and the side of 
an inscribed regular octagon are incommensurable. 

23. Cor. 2. If the diameter HL be drawn at 
right angles to the side AE of the inscribed regular 
octagon, and if 4, H be joined, it may, in like 


manner, be shewn that AH and H. are incom- 
mensurable, and so on. 


* If A4 and B be incommensurable, 4 4 B and A are so. 


For; if it be possible, let L 5 = p, and 7. =q; wherefore, 


A 
575 . and is an integer, that is, >, is an integer, 
as is also 7; so that A and B have a common measure, which is 


contrary to the supposition. And it is manifest, that if A+ B 
and A be incommensurable, so will be 


n. (A H. and 4, and ^ (4 +B) and 4. 


GG 2 
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Pror. XVII. | 
24. PRoBLeM. In a given circle, to draw a chord 
parallel to a ginen straight-line, so as that it shall be 


divided, by .another given. chord, into two parts, 
which shall be to one another in a given ratio of 


. Let ABC be the given cirde, Q the given straight 


line, 4B the given chord: It is required to draw 
a?chord in ABC, which shall be divided by AB into 
two parts, which shall be to one another in the given 
ratio of Q to R. 

From 4 draw AC parallel to Q; find the 
centre K, and from K draw KD perpendicular to 
AC, meeting AC in N, and BA produced in D; 
produce CA to E, so that AE may be equal toa 
fourth proportional to Q— R, R, and CA; join D, 
E and produce it to * meet the circumference in F, 


* If DE, produced, dogs not meet the circle, the problem is 
impossible. For the given ratio of inequality has manifestly a 
limit: Andif Q be perpendicular to 4B, the point must be de- 
termined as before, and EF must be drawn parallel to 4B. 
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and from F draw the chord FH parallel to EC or 
to Q, and cutting AB in G: then 
HG: GF:: Q: R. 
Join D, C; and let FH meet KD in L, and DC, 
produced, in M. "Then | 
(E. iv. 6.) LM: NA :: LD.: ND: LM: NC; 
therefore (E. xiv. 5.) 
LG : NA :: LM: NC; 
but (E. iii. 3.) NA = NC; therefore (E. ix. 5.) 
LG-LM ; also (E. iii. 3.) LF. LH: GF-MH, 
and.. GH - MF; but (constr. and E. iv. 6.) 
1 MF : GF :: CE : AE, 
that is, HG: GF:: CE: AE; 
but (constr) Q-R : R :: CA: AE; 
therefore (componendo) 
Q: R:: CE: AE; 
*. HG: GF :Q : R. 


Prop. XVIII. 


25. PaoBLEM. To find a point, in the circum- 
ference of a given semi-circle, from which if a per- 
pendicular be drawn to tie diameter, tt shall be 
divided, by the arch of another ctrele, whioh has the 
semi-circle’s diameter for tts chord, similarly to a 
given divided straight line. 

Let ACB be the semi-circle ; let its diameter 4B 


be the chord of an arch ADB, of another circle; 
and let LM be the given straight line divided into 
two parts in WV: It is required to find a point in 


ACB, from which, if a perpendicular be drawn to, 
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AB, it shall be divided by DB, similarly to 
LM. 
Complete the circle ADBE, and in it (Supp. 
Part II. 3.) draw the chord DFE, such that 
EF: FD : LM: LN?; 
and produce FD to C: C is the point required. 
For (E. i. 6. and E. xi. 5.) 
EF x W:. TDP:: LM’ : LN’: 
that is, (E. xxxv. 3.) 
AF x FB or FC* : FD? :: LM’ : LN*; 
^ FC: FD :: LM: LN, 
and (dividendo) 
CD : DF :: MN : NL. 


Pror. XIX. 


26. ProsLem. To divide the quadrant of the cir- 
cumference of a circle, into two arches, such that 
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the aggregate of their. versed sines shall be equal to 
the right sine of the less. 


Let 4B bea quadrant of the circumference of 


i B L 


c K E A 


the circle 4BC, of which K is the centre, and AKC 
a diameter, itis required, &c.  . "e | 

From 4 draw AD at right angles to CA, and 
make it equal to KA; join C, D, and let CD cut the 
circumference in E: E is the point of division, 
which was to be found. 

Join K, B; and through Æ draw GEH parallel 
to AC, and, therefore, perpendicular to BK, and 
EF parallel to DA, and therefore perpendicular to 
CA. Therefore, BH is the versed sine, and EH is 


the sine of EB. and FA is the versed sine of EA. 
And, since the As CAD, EGD, are similar, 
(E. iv. 6.) EG: GD :: CA: AD:: 2:1; 
*. EG 200; that is, (E. xxxiv. 1.) 4F=2 BH; 
Again, join E, A; and since (E. xxxi. 3.) the angle 
CEA is a right angle, the AE is also a right 
angle, 
and (E. viii. 6.) AG: GE :: GE: G:: 2:1; 
^. 4G x2 GE; that is, HK =2 AF=4 BH: 
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and. BK or Ks BH; .. BH+ ARw3 BH; 
also, EH=KF= KA- AF=5 BH- 3 BH à BH; 
^. BH+AF= EH. 

27. Con. 1. By the same construction, an arch 
(BE) may be found, such that the aggregate of its 
sine and versed sine (EN -+ HB) shall be equal to 
its cosine (H). 

28. Con. 2. By the same construction, also, a 
quadrant of the circumference of a circle is divided 


into two arches BE, EA, such that the aggregate 
of the sine and versed sine of the less shall be equal 
to the sine, or to the double of the versed sine of 
the greater; for 
BH+HE= EF 2 AF. 
29. Cor. 3. The five lines BH, AF, BH, HK, 
MA, are arithmetic proportionals. 


Pror. XX. 


$0. ProsLew. To divide the quadrant of the 
circumference ofa circle into two arches, such that 
the aggregate of the tangent, and the secant of the 
lesser arch, shall be equal to the diameter of the 
circle. 


Let 4B* be a quadrant of tbe circumference of 
the circle ABC; it is required, &c. 

The same construction being made, as in the pre- 
ceding proposition, E is the point of division, which 
was to be found. 


* See the figure to the preceding proposition. 
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For join D, B, and K, E, and let KE, produced, 
meet BD in L: wherefore, (E. uxniii. 1. E. xxix. 1. 
and E. xvi. 3. Cor.) BL is the tangent, and KL is 
the seeant of BA. And since the As KHE, KBL, 
are similar, 

(E. iv. 6) KL: DB: KE: BH; 
therefore (componendo) | 
KL--LB:LB : KE--EH : EH; 
alo, LB: BK: EH: HK; 
therefore (er sequo) 
KL--LB : BA:: KE-- EH : HK. 
But it is manifest from the demonstration of the pre- 
ceding proposition, that (KE -+ EH) : 3 HK ; 
^ut (KL4- LB) z2BK-4C. 


Pror. XXI. 


31. PnonLEM. In the ginen straight line joining 
the centres of two given cireles; that lia wholly with- 
out each other, to find a point, suck that the two 
tangents, drawn from it to the two given circles, 
shall be to one another in a given ratio. 


Let ABC, DEF, he the two given circles, and let 


A . X C e D L F 


' the, straight line AKLF pass through the centres 
K and L: It is required to find a point in CD, from 
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which, if tangents be drawn to 4BUC, DEF, they 
shall be to one another in a given ratio, namely, in 
that of 4C to H. 

Find (E. xi. 6.) a third proportional M, to AC and 
H; in CD find (Supp. Part II. v.2.) a point G, such 
that 4G x GC: FG x GD :: AC: M; G is the 
point which was to be found. 

From G, draw (E. xvii..3.) the tangents GB, GE, 
to the circles 4BC, DEF; then (constr.) 

AC: H:: AG x GC: Fd GD, 
that is, (constr. and E. xxxvi. 3.) 
AC: :: BG: : EG’; 
therefore (Supp. i. 6. Cor. 2.) 
AC: H:: BG : EG. 

32. Con. If the 4s GBK, GEL, are required 
to be ina given ratio to one another, let it be that 
of AK to a given straight line M: find the point G, 
such that GB: GE :: LD: M; then the 

AGBK : AGEL :: AK : M. 
For AGBK: AGEL :: GB x BK: GÈ x EL; 
but (constr.) GE x EL=GBx M; 
therefore (E. i. 6.) 
AGBK: AGEL :: BK or AK: M. 


Pror. XXII. 


33. Turorem. If a trapezium, inscribed in a 
circle, have a diameter for one of its sides, the er- 
cess of the square of the diameter above the squares 
of the three remaining sides 'shall be to the rectangle 
contained by the first and second of those sides, as the 
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double of the third of them is to the diameter of the 
circle. 


Let the trapezium ABCD, inscribed in the circle 


A D 


ABCD, have the diameter AB, for one of its sides; 
then 
AD - (AB + BC + CD’) : ABxBC::2CD: AD. 
Join A, C; the ABC (hyp. and E. xxxi. 3.) is 
obtuse; produce 4B, and from C draw CE per- 
pendicular to it, and meeting it in E. And since 
(E. xxii. 3.) the 2s ABC, ADC, are equal to two 
right angles, as are, also, the two <s ABC, CBE, 
the < ADC= CBE, and (constr. and E. xxxi. 3.) 
the <s BEC, ACD, are right angles; wherefore, 
the As BEC, ACD, are equiangular, and (E. iv. 6.) 
BE: BC:: DC: DA. 
Again (constr. and E. xii. 2.) 
AC* = AB’ + BC* +2 AB x BE; 
and (E. xlvii. 1.) 
A4D'- AC! - CIF - AB' - BC* -CD* -2ABx BE; 
^. 4D'- (AB BC --CD) x2 AB x BE; 
also (E. i. 6.) ABx BE : ABx BC :: BE: BC 
: DC: DA; 
^. 24Bx BE : ABxBC :: 2DC: DA; 
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that is, : 
4D. (AB 4 BC* CD) : ABxBC :: 2DC : DA. 


Pror. XXIII. 


34. Prosiem. To divide the semi-circumference 
of a given circle into two arches, ao that the square 
of the diameter, together with the square of the 
chord of one of them, shall be in a given ratio to the 
square of the chord of the other. a 


Let ACB be the given semi-circumference, and 


f | * 
n » 
Q [4 


AB the diameter, and let the given ratio be that of 
DE to DF: Yt is required to divide ACB in C, so 
that AB*- AC : C:: DE: DF. 

Find (Supp. xxi. G) the side FG of a square, 
such that EF: FD :: 2 BF: F, and let FG 
ba placed at right angles to DF’; join D, G; at the 
point B, in AB, make (E. xxiii. 1.) the < ABC equal 
to tha <DGF: the paint C, in which BC meets 
ACB, w the point of division which was to be 
found. a 
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For join 4, C; and since (E. xxxi. 3.) the 2 ACB 
is a right angle, as is the 7 DFG, and that (consir.) 
the ABC DGF, the two as ACB, DFG, are 
equiangular. 

But (constr.) EF: FD: 2 DF UF, 
. (componendo) DE : FD :: 3DF*+GF* ; GP; 
that is, (E. xlvii. 1) DE: FD:: DG. DF; GF’, 

And since the As ACB, DFG, are similar, at . 
easily shewn, that zm 

AB* ACG : CB a W 
therefore (E. xi. 5.) 
ABAC’ : CB :: DE: DF. 


Pfor- XXIV. 


9b. PRosLEM. To divide the semi-circumference 
of à poen. circle into two cee, so that the square 
of thè diameter shall. ba in a * given ratio to the 
rectangle contained by the chords of those urches. 


Let ACB be the given semi-circumference, and 


C E 


> 
ul 


let the given ratio be that of R to S: It is required 


* The given ratio cannot be greater than that of two ta one. 


4 SUPPLEMENT TO EUCLID'S ELEMENTS. 


to divide ÁCB in C, so that 
AB : ACx CB: R: 8. 

Find (Supp. xxi. 6.) the side D of a square, such 
that R: S:: AB* : D'; find, also, (E. xi. 6.) a 
third proportional, BE, to AB and D, and place BE 
at right angles to 4B; through E draw EC parallel 
to B.4, and meeting ACB in C: C is the point 
which was to be found. 

For, join 4, C, and B, C; then : 

AC x CB-24ACB x AB x BE 
ex (constr. E. xvii. 6.) D^; 
therefore (constr.) A: 4Cx CB :: R: S. 


Pror. XXV. 


36. Paostem. To divide the semi-circumference 
of a given circle into two arches, so that the square 
of the chord of one of them shall be in a given ratio 
to the rectangle contained by the chord of the other, 
and the perpendicular drawn to the ameter. from 
the point of division. 


Let ACB be the given semi-circumference ; and 


C 


E F B FE 


let the given ratio be that of 4B to D: It is required 
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to divide ACB in C, so that 
C: ACx F:: AB: D, 
CF being drawn from C perpendicular to 4B. 
Find (E. xi. 6.) a third proportional E, to 4B and 
D; divide (Supp. xlii. 6.) 4B in F, so that- 
ABx HF: AF* AB: E; 
from F draw FC at right angles to AB, meeting 
ACB in C: Cis the point which was to be found. 
For, join 4, C, and B, C: then, 
(E. viii. 6. and E. xvii. 6.) 
CB'— AB x BF; 
therefore (constr.) CB’: AF:: AB: E:: AB»: D'; 
therefore (Supp. i. 6. Cor. 2.) 
CB: AF:: AB: D; 
and (E. i. 6.) CRN: CBx AF :: : AB: D; 
but (E. viii. 6. and E. xvi. 6.) i 
CB x AF=ACx CF; 
CBR: ACxCF:: AB: D. 


Pror. XXVI. 


37. Proptem. To divide the semi-circumference 
of a gwen circle into three arches, so that the dia- 
meter, and the chords of the three arches, shall " 
proportionales, according to a given ratio. 


Let ÁCB be the given semi-circumference, and 
let the given | ratio be that of Rto S: It is required 
to divide ACB in C, and D, so that 

AB: BC: CD: DA: R.S. 


AQA SUPPLEMENT TO EUOLUID'$ ELEMENTS. 
Find, and place in the given circle, a fourth . pro- 


A oe . B 


silii BC to R, S and AB; also (Supp. Xxx. e.) 
divide the arch 4C in D, so that 
CD : DA: R: S; 
and it is manifest (E. xi. 5. ) that 
AB: BC :: CD: DA :: R: S. 
38. Con. In like manner, if BC be giren, and 
if 4C be divided in E, so tbat 
AB: BC :: AE : EC, 
a trapezium ECB, may be inscribed in the semi- 
circle ACB, so that 4B x EC = AE x BC. 


Pror. XXVII. 
39. PnonLEw. In a given semi-circle, to inscribe 
a trapezium, g of the apposite sides of which shall 
be equal to other, and the square of either of 


-them equal to th? rectangle contained by the diameter 
and the. side opposite to it. 


Lét ACB be the given semi-circle, of which 4B 
is the diameter, and K the centre: It ts required to 
inscribe, &c. 
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'Trisect (Supp. xxxiii. 1.) KB in D and E; draw 


EC at right angles to 4B, meeting CB in C; from 


C draw CF parallel to BA, meeting ÁCB in F ; and 
join B, C, and 4, F; ABCF is the figure, which: 
was to be inscribed in the semi-circle ACB. 

Join A, C; and from K draw the semi-diameter 
KG perpendicular to FC, and therefore (E. iii. 3.) 
bisecting it in H. Then (Supp. xlvi. 3.) F4=CB; 
also (constr.) 

CF=2CH=2KE=EB; 
but (constr. and E. viii. 6.) 
AB: BC :: BC: BE or CF; 
therefore (E. xvii. 6.) 4B x CF- CF. 
40. Cor. It is manifest (Supp. lvii. 6.) that 
AD x FC AC.. 


Pror. XXVIII. 


4l. ProsLem. To divide the semi-circumference 
of a given circle into three arches, so that the rect- 
angle, contained by the chords of the first and second 
of them, shall be equal to te square of the chord of 
the third. 

Hu 
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Let ABCD be the given semi-circumference : It 


is required to divide it in B and C, so that 
AB x BC = CD. 

Assume DC any arch that is less than a third of 
the semi-circumference ; join C, D, and C, A; find 
(Supp. xxvi. 6.) the side, E, of a square, such that 

4D:3DC :: DC: E, 

upon AC, as a diameter, describe the circle AFC, 
and in it place AF equal to E; produce FA to G, 
so that FG*=2DC*; join G, C; divide (Supp. 
Part II. xii. 2.) GC in H, so that 

GH^-- HC*=C 3 
in the circle ABCD, place AB equal to GH, and 
join B, C: then 4Bx BC- CD*. 

Join F, C; then (constr. and Supp. Part II. xxii. 
3.) A ecd 

AC — AB BC! - AF*-—(E. xlvii. 1.) AF?--FC?; 
*. FOC=AB BC! = (constr) GH*+ HC’; 
and (constr. AB=GH; .. AB’=GH'; 

BC? = HC, and BC=HC. 
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Again, (E. iv. 2.) 
GC’ = GĦ: + HC? +2 GHx HC = FC*-3ABx BC; 
also, (E. xlvii. 1.) 
GC’ = CF’ + FG* = (constr.) CF*--2CD'; 

^. 2 4B BC 20 D'; and 4B x BC=CD. 


HH2 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


PART II. 


BOOK IV. 


Prop. I. 


1. Prostem. Laz hypotenuse of a right-angled 
triangle, and the ratio of one of the two remaining 
sides to the perpendicular drawn to the hypotenuse 
from the right angle being given, to construct the 
triangle. 


Let AB be the hypotenuse, and let the given ratio 
of one of the remaining sides to the perpendicular, 
be that of 4B to C: It is required to construct the 
triangle. | 

Upon 4B, as a diameter, describe the circle ADB; 
in it place 4D equal to C, and join D, B: then is 
ADB the triangle which was to be constructed. 
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For draw DE perpendicular to AB: the ^ ADB 


A . E 5 


C 


is (E. xxxi. 3.) a right angle, and (E. viii. 6.) 
AB: AD or C:: DB: DE. 


Prop. II. 


2. Prosrem. One of the two sides about the 
right angle of a right-angled triangle being given, 
and a mean proportional between the other side about 
the right angle, and the aggregate of that other side 
and the hypotenuse, to construct the triangle. 


Let AB be the given side of the right-angled tri- 


0 


angle, and C the given mean proportional between 
the other side and the aggregate of that other side 


and the hypotenuse: It is required to construct the 
triangle. . 
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From 4B produced, cut off BD, equal to a third 
proportional (E. xi. 6.) to 4B and C; divide (Supp. . 
Part II. xvi. 2.) BD in E, so that IAE EB = ED’; 
upon AE, as a diameter, describe the circle AFE; 


from B draw B Fat right angles to AE, meeting AFE 
in F; and join A, F and E, F: AFB is the triangle, 
which was to be constructed. 

For (constr. and E. xxxi. 3.) the < AFE is a right 
angle; and (E. viii. 6. and xvii. 6.) 

AE x EB= EF! = (constr.) ED’; 
. EFs ED. 

Again (constr. and E. xvii. 6.) 4B x BB. C; 

that is, (E. i. 2.) 4B x BE+ 4B ED C-, 
therefore (E. viii. 6.) 

BF. ABx ED or BF*+ 4B x EF C. 
But (E, viii. 6. and E. xvi. 6.) 
AB x EF = AF x FB; 
e BF +4AFx BF C; 
or (E. i. 2.) 
BF x (AF-- FB) = C: 

Wherefore (E. v. 76.) the right-angled a AFC is 
such that C is a mean proportional between the side 
FB, and the aggregate AF FB of that side, and 
the hypotenuse; and it has the line 4B for its re- 
maining side. 


Pror. Ill. 


3. PnaoBLEzM. The hypotenuse of a right-angled 
triangle, and the ratio which the aggregate of the 
hypotenuse, and one of the two remaining sides 
has to the third side, being given, to construct the 
triangle. | 
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Let AB be the hypotenuse, and let the ratio be 


H . L M KN 
SQ — — 


that of KH to KL: It is W &c. 

From KH cut off KM equal to a third propor- 
tional to KH and KL; produce MK to N, so that 
MK = XN; produce, alsa, BA to C, so that 4C= 
BA; find (E. xii. 1.) a fourth proportional to HN, 
NM, and CB, and make BD equal to it; bisect 
DB in E; upon AB as a diameter, describe the 
circle AFB, and in it place AF equal to AE; join 
F, B: the ^ AFB is that, which was to be con- 
structed. 

For (constr. and E. xxxi. 3.) the ^ AFB is right- 
angled at F, and if from the centre 4, at the distance 
AE, a circle EFG be described, BF will touch it 
in F. 

(constr.) HN : NM :: BC: BD, 
therefore (dividendo) 
HH: MN :: CD or BA+AD : BD; 
and = is the half of MN, and DE the halfof BD; 
. HM : MK :: — t : DE; 
and (componendo) 
HK : KM : 45 AE : DE, 
that is, (constr.) 
HK : KM :: AB AF : DE; 
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but (constr.) HK : KL :: KL: KM, 
and (E. xxxvi. 3. and E. xvii. 6.) 
BG or AB+AF : BF:: BF: BE or DE; 
therefore (E. xi. 5.) 
HK* : KL? :: (dB-- AFy : BF 
and (Supp. i. 6. Cor. 2.) 
HK : XL:: AB+AF =: BF. 


Pnor. IV. 


4. 'THEOREM. If the three sides of a right-angled 
triangle be continual proportionals, andif the greater 
of the two sides, about the right angle, be cut in 
extreme and mean ratio, its greater segment shall be 


equal to the perpendicular drawn to the hypotenuse 
from the right angle. 


Leet the three sides of the A ABC, right-angled at B, 


A F E C 


be continual proportionals; let AB, which is greater 
than BC, be cut in extreme and mean ratio in D, 
and let BE be perpendicular to 40: BD = BE. 

Draw DF parallel to BC, and (E. ii. 6.) 

CF : FA: BD: DA; 
wherefore CA is cut in extreme and mean ratio in F, 
as (Supp. lxxiii. 6. Cor. 2.) it is, also, in Æ; 
^ AE=CF: 
Also (E. viii. 6.) 
AB: BE:: AC : CB or AE or FC; 
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-and (E. ii. 6.) AC: FC:: AB: BD; 
therefore (E. xi. 5.) 4B : BE:: AB : BD; 
therefore (E. ix. 5.) BE = BD. 

5. Con. If EG be drawn perpendicular to 4B, 
EG = EC. 
For (E. iv. 6.) AC : CB or AE: | AE : EG; 
and (Supp. Ixxiii. 6. Cor. 2.) 
AC : AE :: AE: EC; 
therefore (E. xi. 5. and E. ix. 5.) EG = EC. 


Prop. V. 


6. TuEonEM. If the three sides of a right-angled 
triangle be continual proportionals, the straight line, 
which bisects the greater of the two acute angles, 
shall cut the opposite side in extreme and mean ratio. 


Let the three sides of the a ABC, right-angled 


B 


A i E C 


at B, be continual proportionals; let 4B be greater 
than BC, and, therefore, the BCA greater than 
the 2 BAC: and let CD bisect the BCA, and cut 
AB in D: 

BA: AD :: AD: DB. 

For, draw BE perpendicular to AC, and join D, E. 
Then (Supp. Ixxiii. 6. Cor. 2.) AC is divided in 
extreme and mean ratio, in E, and 4E= BC. 

Also (E. iii. 6.) 4C : CB or AE :: AD : DB; 
wherefore (E. ii. 6.) DE is parallel to BC, 
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and (E. iv. 6.) CA : AE :: BA: AD; 
therefore (E. xi. 5.) BA : AD :: AD : DB; 
wherefore AB is cut in extreme and mean ratio in D. 


Pror. VI. 


7. Prostem. To make an isosceles triangle, 
such that a perpendicular drawn to either of the equal 
sides from the opposite angle, shall cut that side in 
extreme and mean ratio. 


Assume any finite straight line 4B; make (Supp. 


c 


A D E B 


lxxiii. 6.) 4B the hypotenuse of a right-angled 
^ ACB, having its three sides continual propor- 
tionals; from BA cut off BD equal to BC the least 
side, and join D, C: the 4 BDC is that which was 
to be constructed. 

For draw CE perpendicular to BD; then AE= 
CB; and (constr.) BC = BD; .. AE = BD, and 
AD = BE; but (Supp. lxxiii. 6.) 4B is cut in extreme 
end mean ratio in E, and (Supp. Ixxii. 6.) DB is, 
therefore, cut in extreme and mean ratio in E. 


. Prop. VII. 


8. PnonLEM. From the summit of a given tri- 
angle, to draw a straight line to meet the base 
produced, so that the rectangle contained by that 
line and one of the two sides shall be in a given ratio 
to the square of the other side. 
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Let ABC be the triangle, of which 4 is the 


X L 


B C-D 


summit, and BC the base, and let the ratio be that 
of L to BC: It is required to draw AD meeting BC 
produced in D, so that 

AD x AB: AČ :: L: BC. 

Find (E. xi, 6.) a third proportional M, to 4B 
and BC; find, also, (E. xii. 6.) a fourth proportional 
to BC, L and M, and make BCD equal to it ; join 
A, D: AD is the line which was to be drawn. 

For (constr. and E. xvii. 6.) 4C* =M x AB, 

and (E. i. 6.) B4x AD: Mx AB:: AD : M; 

but (constr.) 4D: M :: L: BC; 
therefore (E. xi. 6.) 

A4Dx AB: Mx AB or 4C" :: L: BC. 


Pror. VIII. 


9. PnaosLEM. The angle at the summit of a tri- 
angle, the perpendicular drawn from it to the base, 
and the ratio of the segments into which the perpen- 
dicular divides the base being given, to construct the 
triangle. 


Let 4 be the angle at the summit, CB the per- 
pendicular, and let the ratio of the segments of the 
base be that of DB to BE, DBE being placed at 


right angles to CB: It is required to construct the 
triangle. 


476 SUPPLEMENT TO EUCLID'S ELEMENTS. 


Upon DE (E. xxxiii. 3.) describe a segment of a 


NS 


circle DFE, containing an angle equal to the < 4, 


and let BC, produced if necessary, meet DFE in F; 
join F, D, and F, E; and from C draw CE parallel 
to FD, and CH parallel to FE, meeting DE, pro- 
duced if necessary in G and H respectively: the 
A GCH is that which was to be constructed. 
For it has BC for the perpendicular; also (constr. 

and E. xxix. 1.) the < GCH = 2 DF E = (constr.) 
4 A: And (constr. and E. iv. 6.) 

BG: BD :: BC: BF:: BH: BE; 
therefore (permutando) — ' 

BG : BH :: BD: BE. 


Prop. 1X. 


10. ProsLem. The diameter of a circle described 
about a triangle, the aggregate of the two sides, and 
the altitude of the triangle being given, to construct 
it. 


Let AB be the diameter, BC the altitude, and 
AD the aggregate of the two sides: It is required 
to construct the triangle. 


Upon AC, AB, and AD as diameters, describe 
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the circles AEC, AHBL, AFD; from B, draw BE 


at right angles to AC meeting ÁEC in E; draw EF 


parallel to AB, meeting IFB in F, draw FG per- 
pendicular to 4D; and in the circle HBL place 
AH equal to AG, and AL equal to GD, and join 
H, L: the a AHL is that, which was to be con- 
structed. 

For draw 4M perpendicular to HL, and join L, B. 
Since (constr. and E. xxxi. 3.) the two ^s BLA, 
HMA, are right-angled, and (E. xxi. 3.) have, also, 
the ^s AH M, ABL, equal to one another, they are 
equiangular ; 

therefore (E. iv. 6.) 4B : AL:: AH: AM. 

But (constr. and E. xxxiv. Ki EP = FG; 
that is, (E. viii. 6.) 

AB x BC=AG x GD = (constr) AH x AL; 
therefore (E. xvi. 6.) 4B : AL:: AH: BC; 
therefore (E. ix. 5.) A= - BC: 
and BC is the altitude; aud 4H AL = AD, the 

aggregate of the two sides. 
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Prop. X. 


1]. PnaosLEeM. The altitude of a triangle, the 
rectangle contained by the base, and the aggregate 
of the two remaining sides, and the diameter of a 
circle inscribed in the triangle, being groen, to con- 
struct i. ` 


Let AB be the half of the given diameter, AC the 


& 


given altitude, and D the side of a square equal to 
the given rectangle contained by the base, and the 
aggregate of thetwo remaining sides: It is required 
to construct the triangle. 

Find (Supp. xxi. 6.) "iar E* such that 
| CB: BA: D: E; 

find, also, a third proportional F te E and D; and 
construct (Supp. xcviii. 3.) the 4 GHI, having its 
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altitude GL equal to AC, its base HI equal to E, 
and the aggregate of the sides GH + GI, equal to F: 
the ^ GHI is that, which was to be constructed. 


Find (E. iv. 4.) the centre K, of the circle in- 
scribed in the a GHI, by bisecting the zs GHI, 
GIH; from K, draw KM perpendicular to HI, and 
KN perpendicular to GL; also, join G, K, and 
produce GK to meet HI in O. 

Then (constr. and E. xvii. 6.) E x F-D'; 

that is, (constr.) HI (GH GI) = D’; 
therefore (constr.) 
HI (GH HI): HP :: CB: BA; 
that is, (E. i. 6.) 

GH+GI: HI :: CB : BA. 
Again (constr. and E. iii. 6.) 

GI: GH:: IO : HO, 

(componendo) 

GI GH: H:: HI: HO, 
(permutando) 

GI-- GH : Hl .:: GH : HO :: GK : KO; 
therefore (constr. and E. ii. 6.) 

GI GH : HI :: GN: NL; 
that is, (constr.) 


E :: GN: NL, 
or (constr.) 
CB : BA:: GN: NL; 
therefore (componendo) 


CA AB:: GL: NL or KM; 


but (constr.) GL CA; therefore (E. ix. 5.) KM= 
AB; wherefore GHI is the triangle, which was to 
be constructed. 
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12. Con. It has been shewn that 
GI--GH : HI :: GN: NL; 
therefore (componendo) | 
GI-- GH - HI : Hl :: GL: NL or KM; 
that is, the aggregate of the three sides of a triangle 
is to the base as the perpendicular is to the , semi- 
diameter of the inscribed circle. 


Prop. XI. 


18. PaosLEM. The base of a triangle, the per- 
pendicular drawn to it from the opposite angle, and 
a square equal to the rectangle contained by the two 
remaining sides, being given, to construct the tri- 
angle. 


Let 4 be the base, B the perpendicular, and let € 


be the side of*@ square equal to the rectangle con- 
tained by the typ remaining sides of the triangle: It 
is required to construct it. 

Find (E. xi. 6.) a third proportional DE to B and 
C; upon DE, as a diameter, describe the circle 
DEF; init place DF, equal to A; from F draw. FU, 
at right angles to DF, and make it equal to B; from 


G draw GH parallel to FD, meeting DHF in H, 
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and join D, H, and H, F: the 4 HDF is that which 
was to be constructed. 
For draw HL parallel to GF, and therefore per- 
pendicular to DF, and (E. xxxiv. I.) 
HLz GFB; 
also (constr.) DF- A; and (Supp. lvi. 6.) 
HD x HF- HL x DE - (constr.) C*. 


Prop. XII. 


14. Tuneorem. The diameter of a trapezium, 
which has two parallel sides, divides it into two tri- 
angles, which are to one another as those parallel 
sides. 

For the two triangles have equal altitudes, and, 
therefore, (E. i. 6.) are to one another as their bases. 

15. Con. Trapeziums, which are between the 


same parallels, are to one another as the aggregates 
of their parallel sides. 


Prop. XIII. 


16. Prostem. To divide a given trapezium, 
having tiwu parallel sides, by a straight line passing 
through a given point of one of them, into two parts, 
which shall have to one another a given ratio. 


Let 4BCD be the trapezium, having the sides. 
AD, BC, parallel to each other; let E be a point in 
one of the two parallel sides, as BC; and let the 
ratio be that of R to S: It is required to divide 
ABCD, by a straight line passing through Æ, into 
two parts, which shall be to each other in the ratio 
of R to S. 

l: 
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Produce B4, CD, until they meet in F; and, 


B E CB E @ e 
first, if BE be to EC, as R is to S, join E, F, and 
EF is the line which was to be drawn. 

For (E. iv. 0.) 

AG: BE: GF : EF :: GD: EC; 
therefore (componendo) 

AG 4 BE : BE :: G DEC: EC, 
and (permutando) 

AG--BE: GD--EC:: BE : EC; 

Bat (Supp. Part II. xii. 4. Cor.) 

ABEG : GECD :: AG+BE : GD «EC; 
therefore (E. xi. 5.) | l 

ABEG : GECD :: BE : EC. 

But if BE be not to EC as R is to S, divide 

(E. x. 6.) BC in G, so that 

BG : GC = R: 8; 
draw FG, and let it cut 4D in H; bisect HG in K. 
join E, K, and produce EK to meet AD in L; EL 
is the line which was to be drawn. 

For (constr. E. xxix. 1. E. xxvi. 1.) the a HKL 
=A EKG; add to each the figure 4HKEB, and it 
is manifest, that 4LEB = 4HGB; in the same 
manner it may be shewn, that DLEC=DHGC; 
and, by the former case, 

AHGC : DHGC :: BG : GC; 
*. ALEB : DLEC :: BG: GC: R: 8. 
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Pror. XIV. 


17. PnonLEM. From a given point, in the base 
produced, of a given parallelogram, to draw a straight 
line, meeting the opposite side produced, so as to cut 
off, from the parallelogram a trapezium, which 
shall be in a given ralio to the triangle contained by 
the segment of the opposite side produced, that of the 
side adjacent to it, and that of the cutting line.. 


Let ABCD be the parallelogram, E the point in 


4 


BC produced, and let the ratio be that of BC to K: 
It is required to draw, from E, EF, meeting DA 
produced in F, so that 
DAGH : A FAG : BC: K. 
Produce (Supp. Part II. vii. 2.) DA to F, so Mat 
D4+2DA x AF : AF’: BC: K; 
join E, F; EF is the straight line which was to be 
drawn. 
For the 4s DFH, AFG, are similar, therefore 
(E. xxix. 6.) 
A DFH: a AFG:: DF* : AF’; 
therefore (dividendo) trapezium 
DAGH : 4 AFG :: DF: AF: AF’: 
112 
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that is, (E. vii. 2.) trapezium 
DAGH : ^ AFG :: DA4£-2DA x AF: AF’; 
therefore (constr. and E. xi. 5.) 


DAGH : A AFG : BC: K. 


Prop. XV. 


18. PnaonLkM. To inscribe a square in a given 
triangle. 


Let ABC be the triangle: It is required to in- 
scribe in it a square. 


B I DE H 2 


Draw AD perpendicular to BC. From BC cut 
off BE, equal to a fourth proportional to BC+ A, 
BC and AD; and through E, draw EF parallel to 
BA, meeting 4C in F; from F draw FG parallel to 
BC; and also from F and G, draw FH, GI, perpen- 
dicular to BC: FGIH is the square which was to 
be inscribed. | 


For BEFG is, by construction, a parallelogram ; 
therefore, (E. xxxiv. i.) FG = BE. 
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Let FG cut 4D in K. Then (constr.) 
BC + AD : BC : AD: BE; 
therefore (dividendo) 

AD : BC : AD—BE : BE, 
and ( permutando) 
AD : AD-BE :: BC: BE, 
but (E. iv. 6.) | 
BC : GF or BE:: AC: AF : AD: AK; 
therefore (E. xi. 5.) 
D : D- BE : AD: AK; 
^. AD—BE=AK= AD - KD; 

*. BE or GF- KD (E. xxxiv. 1.) Gl or FH. 
Wherefore, the parallelogram FGIH is equilateral, 
and (constr. and E. xxxiv. 1.) its angles are right 
angles. Therefore it is a square, 


Pror. XVI. 


19. ProsLem. In a given triangle, to inscribe a 
rectangle, the sides of which shall be to each other 


in a given ratio. 


Let ABC be the triangle, and let the ratio be that 
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of M to N: It is required to inscribe in the a ABC 
a rectangle DEFG, such that 
EF : FG: M:N. 


From 4 draw AH perpendicular to BC; find P 
such, that 
BC :AH:: M: P; 
and Q such, that 
N+P: M:: AH: O: 
and from AC cut off AF equal to a fourth propor- 
tional to BC, Q, and 4C; from F draw FE parallel 
to CB, cutting AH in J. and, from E and F, draw 
ED and FG perpendicular to BC. "The rectangle 
DF is that, which was to be inscribed. 


For (constr.) BC: Q :: AC: AP, 
and (E. iv. 6.) 4C : AR : BC: EF; 
therefore (E. xi. 5. and E. ix. 5.) EF Q. 


Again, (constr. and E. xvi. 6.) 

BCx P- AH x M, and (N--P) x Q- AH x M 
! . BC x P=(N+ P) x SEUNTA x EF; 
therefore (E. xvi. 6.) | 

N+P: P : BC: CF; 
but (E. iv. 6.) 
BC: EF : 4C : AF:: AH: Al; 
therefore (E. xi. 5.) 
N+P: P : AH: AI, 
and (dividendo) 
N: P x IH or FG: Al. 
But, since 
BC: EF :: AH: Al, 
. (permutando) 
BC: AH: EF: Al, 
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And (constr.) BC: AH: M: P, 
„„ EF: Al: M: ꝰP, 

and, (as was shewn) 
AI: FG: P: N; 

therefore (ex equo) 
EF: FG: M: N. 


Prop. XVII. 


20. PnonBLEM. In a given triangle, to inscribe a 
rectangle, which shall be equal to a given square. 


Let ABC be the triangle, and L the side of the 


square: It is required to inscribe, in 44BC a rect- 
angle equal to L'. 

From 4 draw 4D perpendicular to BC; find 
(Supp. xxi. 6.) a square which is to L^, as BC is to 
AD; let CE be its side, and place CE at right 
angles to BC; upon BC, as a diameter, describe the 


488 SUPPLEMENT TO EUCLID’S ELEMENTS. 


circle BFC: 0 E draw EF parallel to CB, 


meeting BFC in F; from AC cut off 4G, equal to 
a fourth proportional to BC, EF, and AC; from G 
draw GH parallel to CB, and from G and H draw 
GI, and HK, perpendicular to BC: the inscribed 
rectangle GK = L’. 


For let GH cut 4D in M, and draw FN parallel 
to EC. 
Then since (constr. : 
CA : AG BC: EF or NC, 
and (E. iv. 6.) 
CA: AG : BC: HG; 
therefore (E. xi. 5. E. ix. 5.) HG = NC. 
Again, (E. iv. 6.) 
CA : AG : AD : AM, 
and CA: AG : BC : HG; 
. BC: HG s AD : AM, 
and (permutando) 
. BC: AD : HG : AM; 
that is, 
BC: AD sS NC : AM; 
therefore (E. xix. 5.) 
BN: MD or GI: BC: AD; 
but (E. i. 6.) l 
BN : GI =» BNxNC : GÍx GH; 
that is, | 
BN : GI : Mi or CE* : GIx GH: 


* If EF de not meet the circumference of AFC, the problem 
is impossible. The inscribed rectangle cannot exceed that 
which has for its altitude the half of the altitude of the triangle. 
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therefore (E. xi. 5.) 
BC: AD: CE: GI GH. 
But (constr.) 
BC: AD: CE’: L, 
i GIx GH =L. 


Pror. XVIII. 


21. PnRoBLEM. Ina given triangle, to inscribe a 
rectangle, which shall be to the triangle in a given 


ratio. 


Find (Supp. xxi. 6.) a square which shall be to the 
triangle in the given ratio; then (Supp. Part II. 
' xvii. 4.) inscribe, in the triangle, a rectangle equal 
to that square; and (E. vii. 5.) it will be to the tri- 
angle in the given ratio. | 


Prop. XIX. 


22. Prosim. In a given square to inscribe an 
oblong, the two adjacent sides of which shall be to one 
another in a given ratio. 


Let ABCD be the square, and let the ratio be 
that of AE to ED: It is required to inscribe in 
ABCD an oblong, the adjacent sides of which shall 
be to each other as AE is to ED. 

From AB, CB, and CD, cut off AF, CG, CH, 
each equal to AE, and join E, F and F, G, and G, H 
and H, E: EFGH is the oblong which was to be 
inscribed. _ ö 

For (constr. E. v. 1. E. xxxii. 1.) the 2s ÆFE, 
AEF, DEH, DHE, are each of them the half of a 
right angle; wherefore, (E. xiii. 1.) the < FEH is 
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a right angle; and, in like manner, it may be shewn, 


A Æ D 


B G C 


that the <s EFG, FGH, GHE, are each of them 

right angles; therefore, the figure EFGH is an 
oblong. i 

Again, since the As AEF, DEH, are equiangular, 

(E. iv. 6.) FE: EA:: HE: ED, 

therefore (permutando) FE : EH :: AE : ED. 


Prop. XX. 


29. PROBLEM. Ina given square, to inscribe an 
oblong equal to a given rectilineal figure not greater 
than the half of the square. 


Let 4BCD (see Fig. to Art. 22.) be the square: 
It is required to inscribe in it an oblong, equal to 
. rectilineal figure, not greater than the half of it. 

Find (E. xiv. 2.) a square L, equal to the rectili- 
neal figure; divide (Supp. lxxi. 3.) AB in F, so 
that AF x FB shall be equal to the half of L^; from 
BC, CD, DA, cut off BG, DH, DE, each equal to 
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FB; and draw EF, FG, GH, HE: EFGH is the 
oblong, which was to be inscribed. 
For it may be shewn, as in Art. 22. that EFGH is 
a rectangle. Also, the square ABCD is made up of 
the rectangle EG, and of the four 4s AEF, CHG, 
BFG, DEH; and it is manifest, that 
A AEF + ^ CHG = AF*, 
and 4 BFG + a DEH = FER; 
also (E. iv. 2.) AB = AF + FÉ +2 AF x FB; 
therefore the rectangle EG=2 4F x FB=(constr.) 
L^; and L was made equal to the rectilineal figure. 


Prop. XXI. 


24. PnokLEM. In a given square to inseribe an 
oblong, which shall be to the square in a given ratio ; 
not greater than that of one to two. 


Find (Supp. xxi. 6.) a square which sball be to 
the square in the given ratio; inseribe (Supp. Part II. 
xx. 4.) in the square, an oblong equal to the square 
so found; .and (E. vii. 5.) it will be to the square, in 
the given ratio. 


Pror. X XII. 


25. PROBLEM. In a gwen square, to inscribe a 
square which shall be to it in a given ratio, not less 
than that of one to two. 


Let ABCD be the square: It is required to in- 
scribe in it a square, which shall be to it in the ratio 
of Rto S. Find a mean proportional 7; between R 
and S; find, also, a fourth proportional r, to T, R, 
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and AB; divide (Supp. Part II. xxii. 2.) 4B in E, 


so that AE -+ EB =; from AD, DC, CB, cut off 
AF, DG, CH, each equal to EB, and draw EF, 
FG, GH, HE: EG is the square which was to be 
inscribed. - 
For (constr. and Supp. xxxv. 1.) EG is a -— 
Also, (constr.) and E. xlvii. 1.) 
EF. = AE ERH“ v 

and (constr.) 

R : T: : AB; 
therefore (Supp. i. 6. Cor. 1) 

m: s * or EG: AB, 


— 
38 


but (constr.) 

R: T z R: S; 
therefore (E. xi. 5.) 

R : 8 :: *: AB. 


" 
SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


PART II. 


BOOK V. 


Prop. I. 


1. Turonem. Ir, from the right angle of a 
right-angled triangle, two straight lines be drawn, 
making equal angles with either of the sides, the 
straight line, which 1s made up of the hypotenuse 
and the exterior segment, is cut harmonically by 
that side, and the straight line so drawn, which is 
within the triangle. 


Let ABC be a right-angled triangle, having the 
angle BAC a right angle; and let 4D and AE, 
cutting CB in D, and CB produced in E, make 
equal angles with 4B: CE is cut harmonically in 
B and D. 
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Produce EA to F: then (E. xiii. 1.) the ^s EAB, 


E B D ' 0 
BAC, CAF, are, together, equal to two right angles, 
and (%.) the z BAC is a right angle; therefore the 
LEAB + CAF. z BACZ z BAD + DAC; 
but (Ayp. the < EAB = z BAD, therefore the 
4 CAF = 2 DAC; therefore (Supp. ii. 6. Cor. I.) 
CE is cut harmonically in B and D. 


Prop. II. 


2. Prosrem. To find a third harmonic propor- 
tional to two given unequal straight lines. 


Let AC and AB be the two given unequal straight 


lines: It is required to find a third harmonic pro- 
portional to ÆC and AB. 
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Upon AB, as a diameter, describe the circle 
ADBE ; bisect AEB in E; join E, C; upon EC, 
as a diameter, describe the circle EDC, and let 
EDC cut ADB in D; join E, D, and let ED cut 
AB in F: AF is the line, which was to be found. 

For (constr. and E. xxvii. 3.) the < 4DF- BDF, 
and (E. xxxi. 3.) the ¿FDC is a right angle: 
wherefore (Supp. Part II. i. 5.) AC, 4B and AP, 
are harmonic proportionals. 


Prop. III. 


3. Prostem. To find an harmonic mean pro- 
portional between two given unequal straight lines. 


Let 4B and AC he the two given unequal 


D 


A C E P. 


straight lines: It is required to find an harmonic 
mean proportional between them. 

Upon CB, as a diameter, describe the inde 
CDB; take any point D in its circumference, join 
D, A, and D, C, and at the point D, in CD, make 
(E. xxiii. 1.) the CDE equal to the ADC: AE 
is the line, which was to be found. 

For, join D, B; and since (constr. and E. xxxi. 3.) 
the <CDB is a right angle, and the 

4 ADC = z EDC, 
AE is (Supp. Part IT. i. 5.) an harmonic mean be- 
tween 4B and AC. 


-% — — Ves. ille ui 


— —— — — — 
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Prop. IV. 


4. ProsLem. To divide a given finite straight 
line tn extreme and mean harmonic ratio. 


Let AB be the given finite straight line: kt is 


C 


required to divide it in extreme and mean harmonic 
ratio. 

From A, draw AC at right angles to 4B, and 
make AC equal to AB; join C, B; from CB, cut 
off CD, equal to C4 or AB, and from BA, cut off 
BE equal to BD: AB is divided in extreme and 
mean harmonic ratio in Æ. 

For (E.iv.2. DC'--DB'--3 DC x DB=BC* 

= (E. xlvii. 1. and constr.) 24€* -2DC"; 
from these equals take the common square DC’, 
and DB’+ 2DC x DB =DC, 
that is, (E. i. 2.) DB x (DB4-2DC)- DC*; 
and 2DB x (DB+2DC)=2 DC"; 
therefore (E. xvii. 6.) 
DB +2DC : 2DC :: DC: 2 DB; 
therefore (dividendlo) 
DB :2DC€ :: DC-2DB : 2DB, 
and DB.: DC:: DC—23DB : DB; 
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therefore (invertendo) 

DC: DB:: DB: DC- 2D; 
that is, 4B : BE:: AB AE: AE — EB. 
Wherefore, 4B, AE, and EB, are harmonic pro- 
portionals. | 


Pror. V. 


5. TRE OEM. Jf from the extremities of a gtoen 
straight line, which is divided harmonically, and 
from the points of division, straight lines be drawn, 
all passing through a given point, without the given 
line, any straight line, which is parallel to one of 
them, considered as the first, and is terminated 
by the second and fourth, shall be bisected by the 
third of them. 


Let AB be divided harmonically in C. and D; 


through any point E, without 4B, let there be 
drawn the straight lines 4a, Cc, Dd, Bb, and FH, 
K x 
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drawn parallel to the first 4a, be terminated by Cc 
the second, and Bb the fourth: FH is bisected, in 
G, by Dd, the third. 

Through D, draw LDK parallel to 4a, meeting 
Bb in L, and Cc in K ; then (E. xv. 1. E. xxix. 1.) 
the As ACE, DCK, are equiangular, as are, also, 
the As AEB, DLB, the as FEG, DEL, and the 
As GEH, KED: 

therefore (E. iv. 6.). AE: AB:: DL: DB; 

| and (hyp.) AB: AC: :: DB: DC; 

therefore (ex equo) AE : AC :: DL: De; 

but (E. iv. 6) AE: 4C :: DR: DC; 

therefore (E. ix. 5.) DK= DL; 

and ED: EG: KD: GH: DL: GF; 
^. GHzGF. l 


Pror. VI. 


6. TnuEonEM. F four given straight lines have 
a potnt common to them all, and if a straigM line, 
drawn parallel to any one, considered as the fret, 
and terminated by the second and fourth, be bisected 
by the third of them, any straight line, which cuts all 
the four given straight lines, shall be divided by 
‘them harmonically. 


Let the four given straight lines, Ja, Cc, Dd, 
Bb, (see the figure to Art.5.) have the common 
point E, and let FH, drawn parallel to 4a, and ter- 
minated by Cc and Bb, be bisected by Dd in G; 


also, let 4B cut the four given straight lines, in 4, 
C, D, and B: AB is divided harmonically in C .and 
D. | | 7 
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Through D, draw KL parallel to 4a, meeting Cc 
in K, and Bb in L; then 
(E. iv. 6.) EG : ED: — KD : . GF: DL; 

and (hyp.) GH= GF; .. (E. xiv. 5. KD- DL. 
And, since (E. xv. 1. E. xxix. 1.) the As AEB, 
DLB, ere equiangular, as are, also, the As ACE, 
DCK, 

(E. iv. 6.) AB: AE :: DB: DL, 
and AE: AC :: DK or DL: DC, 
therefore (er equo) AB : AC :: DB: DC. 
Wherefore, 4B is cut harmonically in C and D. 

7. Scholl. It is evident, that the above pro- 
position furnishes a ready practical method, requiring 
no instrument but the parallel ruler, for finding. an 
harmonic mean between two given unequal straight 
lines, and, also, a third harmonic proportional to 
them. 

Prop. VII. 


8. Tueorem. If four given straight lines, having 
a point common to them all, cut a fifth straight line 
harmonically, any other straight line, which is cut 
by the four given straight lines, shall be divided by 
them harmonically. 


Let the four straight lines 4a, Cc, Dd, Bb, 
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having the common point E, cut 4B harmonically ; 
and let FK be any other straight line cut by them, 
in the several points, F, G, H, K: FK is divided 
harmonically in G and H. 

For, if LM be drawn parallel to Cc, it will (Supp. 
Part II. v. 5.) be bisected in N, by Bb; wherefore 


(Supp. Part II. vi. 5.) FK is cut harmonically m G 
and H. 


Pnor. VIII. 


9. Prosrem. To draw four straight lines, so 
that any other straight line, which is cut by them 
all, shall be divided by them harmonically. 


Take any three points 4, B and C, which are 


not in the same straight line; join any two of them, 
as 4, B; bisect 4B in D, through C draw the 
straight lines 4Ca, DCd, BCb, and also, Cc parallel 
to AB: then (Supp. Part II. vi. 5.) shall any 
straight line PQ, which is cut by Aa in P, by Dd 
in R, by Bb in S, and by Cc in Q, be divided har- 
monically in R and S. 
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Prop. IX. 


. 10. Prostem. To find four geometrically pro- 
portional straight lines, the differences of which shall 
be harmonic proportionals. 


Assume any finite straight line 4B; divide it 
A S8 b B 
E 


(Supp. ii. 6. Cor. 1.) harmonically in C and D; find 
(E. xii. 6.) a fourth proportional E to BC, CA, and 
AC AD: then are E, E 4- 4C, E+AC+ AD, and 
E+AC+ AD 4- AB, the proportionals which were 
to be found. 

For (hyp.) BC: CA:: CA* AD : E, 

therefore (componendo)  . 

AB: AC: AC- AD E : E, 

and (permutando) 

AB : AC+AD+E s AC: E; 
therefore (componendo) 

AB+AC+AD+E: AC+AD+E 3: AC+E: E; 
Wherefore,. the four lines are proportionals, and 
(constr.) their differences 4B, AD and AC, are 
harmonic proportionals. 

11. Cor. If the four proportionals, thus deter- 
mined, be placed in the same straight line, it is 
manifest, that by dividing any given straight line 
similarly to it, the given line will be divided into four 
proportionals, the differences of which shall be har- 
monic proportionals. 
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Prop, X. 


12. PaosLEM. To find a square, which shall be 
an harmonic mean proportional, between two given 
unequal squares. 

Let AB and AC be the sides of the two given 


D 


A Cc X£ ! 
squares: It is required to find a square, which shall 
be an harmonic mean proportional between AE and 
AC. | 

From A, draw AD perpendicular to AB, and 
make AD equal to AB; join D, C, and D, B, and 
from 4B cut off AE equal to a fourth proportional 
to DC, DB and AC: ALE’ is the square, which was 
to be found. 

For (constr.) 
DC : DB :: AC : AE, 
therefore (Supp. i. 6. Cor. 1.) 
DC: DÈ :: AC’: AE’; 
(constr. and E. xlvii. 1.) | 
 AB' t- AC : 24B :: AC’ : AE, 
therefore (convertendo). 
AB + AC’: AB' — AC’ :: AC? : AE* — AC’, 
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and (permutando) 
AB! -- AC : AC* :: AB — AC? : AE* — AC; 
therefore (dividendo) 
AB: AC! :: AB*— AE“: AE* — AC". 
Wherefore, AB., AE, and AC*, are harmonic pro- 
portionals. 


Prop. XI. 


13. Prosrem. To find a square, whith shall be 
a third harmonic proportional to two given unequal 
squares. 


Let 4B aud AC be the sides of the two given 


D 


squares: lt is required to find a square, which shall 
be an harmonic third proportional to 44B* and AC”. 
From A draw AD perpendicular to 4B, and make 
AD equal to 4B; join D, B; find (Supp. Ixxv. 1.) 
the side E, of a square, which is equal to the excess 
of DB* above. 4C*; and from 4B cut off AF equal 
to a fourth proportional to E, AB and AC: AF is 
the square, which was to be found. 
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For (constr.) E: AB :: AC : AF, 
therefore (Supp. i. 6. Cor. 1.) 
E’: A' :: AC*: AF’; 
that is, (constr. and E. xlvii. 1.) 
24B'* — AC : AR :: AC : AF’: 
therefore (dividendo) 
AB? — AC: AB :: AC — AF” : AF’; 
and (permutando) 
AB AC“: AC* — AF x AB’: AF". 
Wherefore, 4B’, 4C*, and AF’, are harmonic pro- 
portionals. 


Prop. XII. ] 

14. Prosen. To find four geometrically pro- 
portional straight linea, the differences of the squares 
of which shall be harmonic proportionals. 

Assume any two unequal straight lines, 4B and 


C; upon AB, the greater, as a diameter, describe 
the circle 4D B, find (Supp. Part II. xi. 5.) a square 
which shall be a third harmonic proportional to 4B? 
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and C*, and place, in the circle. ADB, BD equal 
to the side of that square; join 4, D, and in DA, 
produced if necessary, take DE equal to C, and 
join B, E; find a fourth proportional, F, to 4D, 
DB, and BE; produce AD to G, so that DG =F, 
and join B, G; produce, also, DB to H, so that 
DH = BG, and join E, H; lastly, draw BK per- 
pendicular to 4B, make it equal to EH, and join 
AK: Then are AK, EH, BG, and F, the four pro- 
portionals, which were to be found. 
For (constr.) 
AD : DB :: BE: F,. 
therefore (Supp. i. 6. zm 1) 


AD ; : BE: F., 
and (componendo) 
AD DF: DB : BF F: F; 
therefore (permutando) 
AD --DB' : BE F:: DB: F., 
and (componendo) 


AD! + DB +BE'+F* : BE F:: DISP : F. 

But (E. xlvii. 1.) 

AD! + DB = AB’, and BE’ + P= DÈ DI «F^ 
(constr.) D DE‘ + DB'+ DG = DE: + BG 
=DE’ + DH’ = EH* = BR’ ; 

^ ADI + DB + BE’ + F* = AB! + BK* =AK*. 
Wherefore, AA: EH* :: BG’: F, 

and (Supp. 1. 6. Cor. 3. AK : EH : BG: F. 

Therefore, 4K, EH, BG and F, are geometrically 

proportional, and 
AK- EH* = AB’, EH'- BG s DE' - C*. 

BG - F = BG — DG = BD; - 

and (constr.) the squares of 4B, C and BD, are 

harmonic proportionals. 
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15. Cor. If the four proportionals, thus deter- 
mined, be placed in the same straight line, any given 
finite straight line, which is divided similarly to it, 
is divided into four geometric proportionals, the dif- 
ferences of the squares of which are harmonic pro- 
portionals. 


Prop. XIII. 


16. Turorem. Jf the base of a triangle be pro- 
duced, and +f, from any point in the part produced, 
a straight line be drawn cutting the one side of the 
triangle and meeting the other, it shall be cut har- 
monically by the side of the triangle, and by the 
straight line drawn from the summit of the tri- 
angle, through the intersection of the two straight: 
lines that join the angles at the base, and the points, 
in which the opposite sides are cut by the line itself 
80 drawn. 


From any point D, in the base BC, produced, of 
A 


B L I O D 


the AABC, let DE be drawn, meeting AB iu E, 
and cutting AC in F; also, let BF, CE, cut one 


another in G, and let 4G cut DE in H: DEi is 
divided harmonically in H and F. 
For, if DH be not an harmonic mean between 
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D and DF, let DK be an harmonic mean between. 
them; join K, G, and G, D, and ‘A, D; produce 
KG to meet BD in L; and join 4, L, and let AL 
cut DE in M. And, because (Ayp.) ED, which 
cuts GE, GK, GF, GD, is divided harmonically in 
K, and F, BD, which cuts the same four lines, is 
also (Supp. Part II. vii. 5.) divided harmonically in 
L, and C ; wherefore, likewise, DE is divided har- 
monically in M and F; so that DM is an harmonic 
mean between DE and DF; wherefore, DM is 
equal to DK, the greater to the less; which is im- 
possible. Therefore, no line, but DH, is an har- 
monic mean between DE and DF. 

17. Cor. If 4G be produced to meet the base 
BC, in N, BD is (Supp. Part 1I. vii. 5.) divided bar: 
monically in N and C. 


Prop. XIV. 


18. TukonEw. If straight lines be drawn, from 
the extremities of the base of a triangle, through any 
the same point of the perpendicular, let fall from the 
summit on the base, the straight line joining the two 
points, in which they meet the sides, shall be divided, 
by the perpendicular, into two parts, that subtend 
equal angles, at the point where the perpendicular 
meets the base. 


Let 4D be the perpendicular, drawn from the 
summit A, to the base BC, of the ABC; and 
through any point E of AD, let there be drawn 
BEF, CEG, meeting AC, and AB, in F and G, 
respectively ; let GF be cut, by 4D in H, and join 
F, D, and G, D: the DH 2. GDH. 
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First, if GF be parallel to BC, through E draw 


KEL also parallel to BC. Then 
(E. ii. 6.) BF: BR:: CG: CE, 
also (E. iv. 6. BF : BE:: FG : EL, 
and CG: CE : FG: EK; 
therefore (E. i. 5. E.ix. 5.) LE = EK; 
- therefore (Supp: lxi. 1.) GH=HF;.and HD is 
common to the two as GHD, FHD, and (hyp. and 
E. xxix. 1.) the ^s GHD, FHD are right angles; 
wherefore, (E. iv. 1.) the z FDH- 4 GDH. 

But if GF be not parallel to BC, let GF meet 
BC, produced, in K; and through F, draw FL 
parallel to BC, cutting 4D in M, and meeting GD 
in L. Wherefore, (Supp. Part II. xiii. 5.) GK is cut 
harmonically in H and F, and (Supp. Part II. v. 5.) 
FL is bisected in M; it may be shewn, therefore, 
as in the former case, that the 2 FDM=2zLDM; 
that is, the DH 2 GDH. 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


PART IL 


BOOK VI. 


Prop. I. 


1. Tueorem. Zr two unequal arches of a circle 
be each of them less than a quadrant, the greater of 
them shall have to the less a greater ratio, than the 
supplement of the less has to the supplement of the 
greater. 


Let the arches CD, CE, of the circle ABCE, of 
which CA is a diameter, be each of them less than a 
quadrant : 

CE: C€D>4AD . AE 

Since (hyp.) AE > CD, if DE be added to each, 

(Supp. xi. 5.) 


AE : DC > AED : CDE, 
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. therefore (Supp. vii. 5.) 

AB: AD» DO : TÈ, 
and (Supp. vi. 5.) 

CE: CD-AD :AE. 


A 


C 


2. Con. The greater of two angles has to the 
less a greater ratio, than the supplement of the less 
has to the supplement of the greater. 


Pror. II. | 
'8.'TmxonEw. If two unequal arches of a circle 
be each of them less than a quadrant, the tangent 
of the greater shall have to the tangent of the less, 
a greater ratio than the greater arch has to the less. 
Let the arches 4C and 4D, of the circle ABC, 
of which: 4B is a diameter, and K the centre, be 
each of them less than'a quadrant; and let KCE, 
KDF meet AF, which touches the circle at A, in 
E and F, respectively, 
7 AF : AE > AD : AC 
Through C draw GCH parallel to AF, meeting KF 
in G, and KA in H. Then (E. viii. 5.) 
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A HKC : a CKG < sector AKC : a CKG; 
and sector AKC : a CKC 
; « sector AKC : sector CKD; 
^. A HKC: 4 CKG < sector AKC : sector CAD. 
But (E. i. 6.) 

^ AKC: a CKG : HC: CG, 


and (E. xxxiii. 6.) 7 
sector AKC : sector CED : AC : CD 
. HC: CG < AC : CD 


or CG: HC» CD: 40: 
therefore, (Supp. x. 5.) 
HG :.HC> AD: AC; 

but (E. iv. 6.) 
Ha: HC:: AF: AE; 


„ AF: AE » AD : AC. 


Prop. III. 


4. 'EurongM. 4f-two triangles have. their. ver- 
tical angles equal io one another, and have the two 
remaining angles in each, neither of which 4s obtuse, 
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unequal, the side adjacent to the greater angle, in 
the one triangle, shall have to the base a less ratio, 

than that which the side adjacent to the correspond- 
ing angle, in the other triangle, hus to the base. 


In the two As ABC, DEF, let the 2.4 be equal 


A | D 
B c 


to the < D; and let the 2 ABC be greater than 
the < DEF; therefore (E. xxxii. 1.) the < ACB is 
less than the z DFE; and let none of the zs ABC, 
ACB, DEF, DFE, be obtuse; 

AB: BC > DE : EF. 

At the point B in 4B, make the 7 ABG equal to 
the z DEF; wherefore, the two As 4BG, DEF, 
are (E. xxxii. 1.) equiangular ; and since, (%.) the 
4 DFE, or:AGB, is not obtuse; the < BGC is not 
acute; wherefore (E. xxxii. 1.) the < BCG is less 
than the < BGC, and (E. xix. 1.) BC > BG; but 
(constr. and E. iv. 6.) 

DE : EF :: AB: BG, 
and, (E. viii. 5.) 
AB : BG AB: BC; 
. DE: EF > AB : BC, 
or AB : BC < DE: EF. 

5. Cor. If the < DFH be made equal to ACB, 

it may, in like manner be shewn, that 
DF: FE AC: CB. 
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Prop: IV. 

6. Turonem. If, from the greater of two un- 
equal sides of a given triangle, he cut off a part 
equal to the less, that segment shall have to the 
remaining segment, a ratio greater than the ratio 
which the angle adjacent to the remaining segment, 
has to.the angle adjacent to the segment first cut off. 


Let the side 4B, of the triangle ABC, be less 


than the side BC, and from BC let there be cut off 
BD= AB : | | 
Then (BD : DC) > (2 ACB : 4 ABC). 

For draw AD, and. complete (E. xxxi. 1.) the 
C3 4DBE ; from the centre A, at the distance AB, 
describe the circle BEF, the circumference of which, 
since (E. xxxiv. 1. and constr.) 4E= BD or AB, 
will pass through E; produce CA to meet the cir- 
cumference BEF in F, and BE produced in G; so 
that (E. xxix. 1.) the As GEA, GBC, are equi- 
angular. 

Then, since the sector AEF is less than the 
4 AEG, and the sector AEB greater than the 
A AEB, therefore 
(4 AEG : sector AEF) > (4 AEB : sector AEB) ; 
therefore (Supp. vii. 5.) 

(A AEG: ^ AEB) > (sector AEF : sector AEB): 
LL 
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But (E. i. 6.) a AEG : 4 AEB :: GE: EB, 
and (E. iv. 6. and E. xxxiv. 1.) 

GE: EB :: BD: DC; 

„. (BD : DC) > (sector AEF : sector AEB). 

Also (E. xxxiii. 6.) 

sector AEF : sector AEB :: 2 EAF : < EAB; 
and (E. xxix. 1.) 
the z EAF= 4 ACB, and the ; EAB= z ABC; 
therefore 
sector AEF: sector AEB :: < ACB: z ABC; 
. (BD: DC)» ( ACB: z ABC). 

7. Con. If any part BP be taken of BC, that is 

greater than 4B, then, much more, is 
(BP: PC) - (ACB : z ABC). 
Pror. V. 

8. 'TukonEM. If two unequal arches of a circle 
have a common extremity, the one being a part of 
the other, and if, from their two other extremities, 
any two parallels be drawn, to meet the diameter 
passing through the common extremity, the greater 
arch shall have to the less, a greater ratio than the 
parallel terminating the greater arch, has to the 
parallel terminating the less. 

Let BC, BD, be any two unequal arches of the 
circle ABCD, of which K is the centre, and BKA a 
diameter; and let CF, DG be any two parallels 
meeting BA in Fand G; 

BD : BC>DG : CF. 
Join D, C; and, first, if DC be parallel to 4B; 
(hyp. and E. xxxiv. 1.) 
| FC=GD, and BD > BC; 


„ A5: BC > GD : FC. 
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But, if DC be not parallel to 4B, DC and AB, 


produced, will meet either towards A, or towards B: | 


if they meet towards A, FC» G, 
BD: DO » GD: FC: 


but if they iden towards B, let them meet in the 
point E, and gom K, C, and K, D; therefore (E. 
viii. 5.) 
seetor BOK : sector CKD < a ECK : sector CKD, 
and a ECK : sector CKD <a ECK : a CDK; 
therefore ! 
sector BCK : sector CKD <a ECK : ^ CDK, 
that is, (E. xxxiii. 6.) 
BC : CD < ^ ECK: a CDK or EC: CD, 
therefore (Supp. vi. 5.) 
CD: BC CD: EC, 
therefore (Supp. x. 5.) 
2 — 
BD: BC > DE : EC, 
but (E. iv. 6.) 
ED : EC :: DG: CF; 
~. BD: BC » DG: CF. 
9. Con. 1. If CF and DG be each perpendicular 


LL2 


— wL— 
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to 4B, they are the sines of BC and BD: where- 
fore, the greater of two arches of a circle has to the 
less, a greater ratio, than the sine of the greater has 
to the sine of the less. 

10. Con.2. The greater of two arches of a 
circle has to the less a greater ratio, than the chord 
of the greater has to the chord of the less. 

1]. Con.3. If from any point, in the diameter 
produced, of a given circle, a straight line be drawn, 
cutting the circle, the part of it without, has to the 
part of it within the circle, a greater ratio than the 
arch between the diameter and the cutting line, hes 
to.the arch cut off. 

For it was shewn, that 


EC: CD» BÈ : CD. 
Pnor. VI. 


12. Tueorem. The tangent of the greater of 
two arches of a circle has to the tangent of the less, 
a greater ratio than the secant of the greater: has to 
the secant of the less. 


Let AB and AC, of which 4B is the greater, be 


arches of the circle ABC, the centre of which is K; 
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and let KC, KB, produced, meet in D and E re- 
spectively, AE, which touches the circle at 4: 
| AE : AD > KE : KD. 
For in the right-angled As KAE, KAD, the 
¿ KDA > ; KEA; 
therefore (Supp. Part IT. iii. 6.) 
AD: DK < AE : EK, 
or 4E : EK » AD : DK, 


therefore (Supp. vii. 6.) | 
AE : AD > EK : DK. 


Prop. VII. 


13. Tueorem. The sine of the greater f two 
arches of a circle has to the sine of the less, a less 
ratio than the chord of the greater has to the chord 
of the less. 


Let AB, AC, be two unequal arches of the circle 


D 


ADB, of which AD is the diameter, let A, B, and 
A, D, be joined, and let BE and CF be drawn each 
of them perpendicular to AD; 


* 
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CF : BE « AC: AB. 

For, in the right-angled As AFC, AEB, the 
4 BAE is greater than the < CAF; therefore 
(Supp. Part II. iii. 6.) 

FC : CA< EB : BA, 

(E. vii. 5.) FC: EB < CA : BA. 


Prop. VIII. 


14. Taxorem. The chord of the greater of two 
arches of a circle, has to the chord of the less, a less 
ratio than the versed sine of the greater, has to the 
versed sine of the less. 


The same hypothesis, and construction, bemg made 
as in Art. 13. - ! 
AC: AB < AF: AE. 
For (Supp. Pert II. iii. 6.) 
EA: AB< FA : AC, 
or FA: 4C» EA: AB; 
therefore (Supp. vii. 5.) 
FA : EA» AC : AB; 
that is, 4C : AB< FA : AE. 

15. Cor. The sine of the greater of two arches 
of a circle has to the sine of the less, a less ratio than 
the versed sine of the greater has to the versed sine 
of the less. 


Prop. IX. 

16. '"Tukon&M. Jf the semi-circumference of a 
given circle be divided into any two unequal arches, 
the semi-circumference has to the greater arch, a 
greater ratio than the less arch has to its sine. 


Let AEB, the semi-circumference of a circle, of 
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which K is the centre, and 4D a diameter, be 


à y 


D o 


K Jn 


B a 


divided into two unequal.parts in C, and let BC > 


AC: also, let CD be drawn perpendicular to 4B ; 
ACB : CÈ > 4€ : CD. 

For join K, C; draw AF, FG, BG, touching the 
circle in 4, C, and B, respectively; also, draw KE 
parallel to DC. Wherefore, (E. xxxvi. 3.) 

FA=FC, GB=GC, 
and (Supp. Part II. xxii. 1.) 
KE=EG=EF; 
wherefore, the ^ FKG is an angle i in a semi-circle ; 
that is, it is a right angle; and (E. xviii. 3.) KC is 
at right angles to FG; therefore (E. viii. 6.) the 
As KCF, KCG, are equiangular, as are, also, 
(constr. and E. xxix. 1.) the as KDC, KCE; there- 
fore (E. iv. 6.) 
KE: KC :: KC: CD, 
and KC: CG :: CF : KC; - 
therefore (er equo) | 
KE: CG : CF: CD, 
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and (E. iv. 5.) 
4 KE : 2CG :: 2CF : CD; 
that is, 2CG -2CF : 2CG :: 2CF : CD. 
But 2 CG=GC+GB > BQ 


and 2 CF=FC + FA > AC; 
wherefore, (Supp. xi. 5. Cor.) 
ACB : CB > AC : CD. 
17. Con. Join 4, C, and B, C; then (Supp. 
Part IT. v. 6. Cor. 2.) 
AC : CB» AC : BC; 
therefore (Supp. x. 5.) 
ACB : CB > BC+AC : BC. | 
If, therefore, X be a fourth proportional to 4CB, 
CB and AC, X is greater than a fourth proportional 
to (AC + BC), BC and AC, and it is less than a 
fourth proportional to 4B, BC and AC; for 
| AB: BC :: AC: CD. 


Pror. X. 

18. Tseorem. If from any point in the diameter, 
produced, of a semi-circle, two straight lines be drawn 
to the concave circumference, the greater of them 
shall have to the less, a less ratio than that, which 
the greater pcs two arches cut off by them, has to 
the less. 


From the point 44, in the diameter CB produced, 
of the semi-circle BEDO, let AD and AE be drawn, 
meeting the concave circumference in D and E, and 


cutting off the arches FD and GE, of which FD is 
the greater: 
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AD : AE« FD : GE. 
For (E. xv. 3.) FD» GE, - 
and (E. viii. 3.) 4G » AF; 
therefore (Supp. xii. 5.) 
| FD : GE AD: GET AF, 
and, therefore, 
FD : GE » AD : AE; 
but (Supp. Part II. v. 6. Cor. 2.) P 
FD: GE > FD : GE; 
~. FD : GÈ > AD: AE. 


19. Cor. Since (E. xxxvi. 3. Cor. and E. xvi. 6.) 
AD : AE : AG: AF; 


therefore, AG: IF. FD : GE. 


Prop. XI. 
90. Tneorem. If any gwen arch of a circle, 
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and its chord, be each of them divided into two un- 
equal parts, by the same straight line drawn from 
the centre of the circle, the greater segment of the 
arch shall have to the less a greater ratio, than that 
which the greater segment of the chord has to the 
less. 


Let K be the centre of the circle 4CDH, and let 


KB divide ABD into two unequal parts, in the 
point B, of which AB is the less, and let it cut 
AD in E; if the diameter HKC be drawn at right 
angles to AD, it will bisect (E. iii. 3. E. xxx. 3.) 
both 4D and ABD ; and since AB < BD, KC will 
fall between AB and KD, and therefore DE > EA; 
then DB : BA>DE: EA. 
From A and D, draw AF, and. DG perpendicular 
to BK; therefore (Supp. Part II. v. 6. Cor. 1.) 
DB : B4» DG : AF; 
and (E. iv. 6.) DG: AF:: DE: EA; 
y DB BA DE : EA. 
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21. Con. If, from the extremity H, of the di- 
ameter CKH, HB be drawn, cutting AD in L, 


BN: BA > DL : LA. 


For draw AB, BD, and since AH = D, the 
4 ABL = 4 DBL (E. xxvii. 3.); 


*. (E. iii. 6) DL: LA :: DB: BA, - 
and (Supp. Part II. v. 6. Cor. 2.) 


DB : BÀ > DB: BA; 
. DB : BA > DL: LA. 


Pror. XII. 


22. PnRosLEM. If the two angles, at the base of 
a triangle be unequal, the greater has to the less, 
a greater ratio than that, which the side opposite 
to the greater has to the side opposite to the less. 


For, if a circle be described about the triangle, 
the angles at the base will (E. xxxiii. 6.) be to each 
other, as the arches which subtend them, and of 
which the two sides are the chords; and (Supp. 
Part II. v. 6. Cor. 2.) the greater arch has to the 
less, a greater ratio than the chord of the greater 
has to the chord of the less: Wherefore, also, the 
greater angle has a greater ratio to the less, than 
the side opposite to the greatér has to the side op- 
posite to the less. 


Pror. XIII. 


23. 'THEonEM. If the two angles at the base of 
a triangle be unequal, and if a straight line be 


594 SUPPLEMENT TO EUCLID'S ELEMENTS. 


drawn bisecting the vertical angle, and cutting the 
base, of the two angles, at the base, the greater has 
to the less, a greater ratio than that which the 
greater segment of the base has to the less. 


For, if a circle be described about the triangle, 
the angles at the base will (E. xxxiii. 6.) be to each 
other as the arches, which subtend them; and 
(Supp. Part II. xi. 6. Cor.) the greater arch has to 
the less a greater ratio than the greater segment of 
the base has to the less: Wherefore, also, the greater 
of the two angles at the base has to the less, a greater 
ratio, than that which the greater segment of the 
base has to the less. 


Pror. XIV. 


94. Tueorem. If a straight line be drawn from 
the summit of a given isosceles triangle, which di- 
vides the angle, at the summit, into two unequal 
parts, t shall also divide the base into two unequal 
parts; and the greater segment of the angle, at the 
summit, shall hace to the less a greater ratio, than 
that which the greater n of the base has to the 
less. 


For if the straight line, drawn from the summit; be 
produced to meet the circumference of a circle, de- 
scribed about the triangle, it will divide ébe arch, 
subtended by the base into two unequal arches, 
of which the greater has (Supp. Part II. xi. 6.) to 
the less a greater ratio, than the greater of the two 
segments of the base has to the less: and (E. xxxiii. 
6.) these unequal arches are to each other as the 
segments of the angle, at the summit: Wherefore, 


. BOOK VI. 525 


the greater segment, of the angle at the summit, has 
to the less, a greater:ratio than that which the greater 
segment of the base has to the less. 


| Pror. XV. 


25. Tueorem. Jf from: the summit of a given 
triangle, a perpendicular be drawn to the base, pro- 
duced if it be necessary, of the angles which it 
makes with the other two sides, the greater shall 
have to the less a less ratio, than that, which the 
greater segment of the base, or the base produced, 
has to the less. 


Let ABC be the given triangle, and AD the per- 


pendicular, drawn from the summit 4, to the base 
BC, produced if it be necessary : 
BD: DC > ¿BAD : CA. 

. In CD produced, take DE equal to DC; join 4, E; 
and, first, if 4D fall. within the a ABC, from the 
centre A, at the distance AD, describe. the circle 
DFG; then (Supp. Part II. ii. 6.) | 

BD : ED or DC » GD : FD; 
and (E. xxxiii. 6.) 

6D: D:: BAD: EAD or 4 CAD; 

. BD: DC 2 BAD: CAD. 
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But, if AD fall without the a ABC, then (constr. 
and E. iv. 1.) < EAD = CA, and, by the former 
case, "é 
BD: DC > BAD: CA. 


Prop. XVI. 


26. Tueorem. Fa perpendicular to the base of 
a scalene triangle, drawn from its summit, fall with- 
in the triangle, of the angles at the base, the greater 
has to the less, a less ratio, than that which the 
greater segment of the base has to the less. 


Let AD, drawn from the summit A, of the aABC, 


E 


B D C 


to the base BC, fall within the triangle, and let 4B 
be greater than AC, and therefore (E. xviii. 1.) 
Z ACB» ABC; and it is manifest from E. xlvii. 15 
that BD» DC: then 
DB: DC Y ZACB: 2 ABC. 

From C draw CE parallel to DA, and meeting 
BA produced in E; also, from 4, draw AF parallel 
to BC, and let it meet CE in F. Then, AF is per- 
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pendicular to CE, and < CAF» z EAF, because 
(E. xxix. 1.) < CAF = + ACB, and + EAF = 
. LABC, and (hyp.) 2 ACB> 2 ABC; 
therefore (Supp. Part II. xv. 6.) 
CF: FE > ¿CAF : EA; 

and (E. ii. 6.) | 
CF: FE :: BA: AE :: BD: DC; 

^ DB: DC > ¿CAF : EA, 
that is, DB: DC» ;ACB : z: ABC. 


THE END. 


A 


GENERAL INDEX, 


EXHIBITING THE ENUNCIATIONS OF ALL THE 
: PROPOSITIONS. 


— 


Parr I. Boox I. 


I. Pros. A orven plane rectilineal angle being divided 
into any number of equal angles, to divide the half of it into 
the same number of angles, all equal to one another. 


II. Pr. From the vertex of a given scalene triangle, 
to draw, to the base, a straight line which shall exceed the 
less of the two sides, as much as it is itself exceeded by the 
greater. 

III. Pr. In a straight line given in position, but in- 
definite in length, to find a point, which shall be equidistant 
from each of two given points, either on contrary sides, or both 
on the same side of the given line, and in the same plane with 
it; but not situated in a perpendicular to it. 


IV. Tn. If the three sides of a given triangle be bisected, 
the perpendiculars drawn to the sides, from the three several 
bisections, shall all meet in the same point: And that point is 
equidistant from the three angular points of the given triangle 


V. Pr. To find a point, in a given plane, which shall be 
equidistant from three given points in the plane, that are not 
all in the same straight line. 


VI. Tu. There cannot be drawn more than two equal 
straight lines, to another straight line, from a given point 
without it. i 

l M mu 
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VII. Tn. The perpendicular let fall from the obtuse angle 
of an obtuse-angled triangle, or from any angle of an aeute- 
angled triangle, upon the opposite side, falls within that side: 
But the perpendicular drawn to either of the sides containing 
the obtuse ang of an obtuse-angled triangle, from the angle 
opposite, falls without that eide. 


VIII. Tu. If a straight line, meeting two other straight 
lines, makes the two interior angles on the same side of it not 
less than two right angles, these lines shall never meet on that 


side, if produced ever so far. 


IX. Tu. The three sides of a triangle taken together, 
exceed the double of any one side, and are less than the double 
of any two sides. 


X. Pn. Any side of a triangle is greater than the differ- 
. ence between the other two sides.. 


. XL Tu. Any one side of a rectilineal figure is less than 
the aggregate of the remaining sides. 


XII. Tn. The two sides of a triangle are together, greater 
than the double of the straight line which joins the vertex and 
the bisection of the. base. 


XIII. Tu. The two sides of a triangle are, together, 
greater than the double of the straight line drawn from the 
vertex to the base, bisecting the vertical angle. 


XIV. Tu. If a trapezium and a triangle stand upon the 
same base, and on the same side of it, and the one figure fall 
within the other, that which has the greater surface shall have 
the greater perimeter. 


XV. Pr. One of the angles at the base of a triangle, the 
base itself, and the aggregate of the two remaining sides, being 
, given, to construct the triangle. 


XVI. Tn. If two right-angled triangles have the three 
angles of the one equal to the three angles of the other, each 
to esch, and if a side of the one be equal to the perpendicular 
let fall from the right angle upon the hypotenuse of the othet, 
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then shall a side of this latter triangle be equal to the hypo- 
tenuse of the former. * 


XVII. Tu. If the sides of any given equilateral and equi. 
angular figure of more than four sides, be produced so as to 
meet, the straight lines, joining their several intersections, shall 
contain an equilateral and equiangular figure, of the same 
number of aides as the given figure. | 


XVIII. Tu. If two opposite sides of a quadrilateral figure 
be equal to one another, and the two remiaining sides be also 
equal to one another, the figure is a parallelogram. 


XIX. Tu. Every parallelogram which has one angle s 
right angle, has all its angles right angles. 


XX. Pr. To trisect a right angle; i. e. to divide it into 


three equa] parts. 


XXI. Pr. Hence, to trisect a given rectilineal angle, 
which is the half, or the quarter, or the eighth part, and so on, 
of a right angle. ; 

XXII. Pr. In the hypotenuse of a right-angled triangle, 
to find & point, the perpendicular distance of which from one 
of the sides, shall be equal to the segment of the hypotenuse 
between the point and the other side. 


XXIII. Pr. In the base of a given acute-angled triangle, 
to find a point, through which if a straight line be drawn per- 
pendicular to one of the sides, the segment of the base, between 
that side and the point, shall be equal to the segment of the 
perpendicular, between the point and the other side produced. 


XXIV. Pa. From a given isosceles triangle to cut off a 
trapesium, which shall have the same base as the triangle, and 
shall have its three remaining sides equal to each other. 


XXV. Pr. To draw to a given straight line, from a 
giver point without it, another straight line which shall make 
with it an angle equal to a given rectilineal angle. 

XXVI.. Tu. if all the angles but one of any rectilineal 
figure, be together, equal to all the angles but one, of another 
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rectilineal figure having the same number of sides, tlie remain- 
ing angle of the one figure, shall be equal to the remaining 
angle of the other: And, conversely, if an angle in the one 
figure be equal to an angle in the other, the remaining angles 
of the one shall be equal, together, to the remaining angles of 
the other: 


XXVII. Tu. The angle at the bese of an isosceles tri- 
angle is equal to, or is less, or greater, than the half of the 
vertical angle, accordingly as the triangle is a right-angled, an 
obtuse-angled, or an acute-angled triangle. 


XXVIII. Tu. If either of the equal sides of an isosceles 
triangle be produced, towards the vertex, the straight line, 
which bisects the exterior angle, shall be parallel to the base. 


XXIX. Tm. The distance of the vertex of a triangle 
from the bisection of its base, is equal to, greater than, or less 
than the half of the base, accordingly as the vertical angle is a 
right, an acute, or an obtuse angle. 


XXX. Pr. Upon a given finite straight line, as a dia- 
meter, to deacribe a square. ' 


CXXXI. Tu. If either of the acute angles of a given right- 
angled triangle be divided into any number of equal angles, 
then, of the segments of the base, subtending those equal 
angles, the nearest to the right angle is the least; and, of 
the rest, that which is nearer to the right angle is less than 
that which is more remote. 


XXXII. Tx. If either angle at the base of a triangle be 
a right angle, and if the base be divided into any number of 
equal parts, that which is adjacent to the right angle shall sub- 
tend the greatest angle at the vertex; and, of the rest, that 
which is nearer to the right angle shall subtend, at the vertex 
a greater angle than that which is more remote. ' 


XXXIII. Pn. To trisect a given finite straight line. 


XXXIV.. Pr. To describe a triangle which shall have 
its three sides, taken together, equal to a given finite straight 
line, and its three angles equal to three given angles, each to 


INDEX. 6533 


each; the three given angles being together equal to two right 
angles. 

XXXV. Tu. If, in the ides: of a given square, at equal 
distances from .the four angular points, four other points be 
takem, one in each side, the figure contained by the straight 
lines which join them, shall also be a square. 


XXXVI. Tn. If the opposite angles, of a quadrilateral 
figure be equal to each other, the figure shall be a parallelo- : 
gram. l 

XXXVII. Pr. In a given square to inscribe an equi- 
lateral triangle, having one of its angular points upon one of 
the angular points of the square, and its two remaining an- 
gular points one in each of two adjacent sides of the square. 


XXXVIII. Tu. If, at the extremities of the base of a 
given triangle, two straight lines be drawn, both above the 
base, and each of them equal to the adjacent side, and making 
with it an angle equal to the vertical angle of the triangle ; 
then, if two straight lines, let fall from the extremities of the 
two so drawn, make, with the base prodticcd, two angles that 
are equal each of them to the vertical angle, they shall cut off 
equal segments from the base produced. 


XXXIX. Tn. If four straight lines cut each other, 
without including space, but so as to make three internal: 
angles, towards the same parts, which together are less than 
four right angles, the two lines, which are not joined, shall 
meet, if produced far enough. 


XL. Pr. To inscribe a square in a given right-angled 


isosceles triangle. , 


XLI. Pr. To find apoint, in either of the equal sides of a 
given isosceles triangle, from which, if a straight line be drawn, 
perpendicular to that side, so as to meet the other side pro- 
duced, it shall be equal to the base of the triangle. 


XLII. Tu: The DIMUS of a p— bisect each 
other. 


XLIIL Tu. If i in two opposite sides of a parallelogram 
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two points be assumed, one in each of those sides equidistant 
from two opposite angles of the figure, and if two other points 
be likewise assumed, in the two other opposite sides, equi- 
distant from the same two angles, the figure, contained by the 
straight lines joining the four points so assumed, shall be a 
parallelogram. 

XLIV. Tu. If any number of parallelograms be m- 
scribed in a given parallelogram, the diameters of all the 
figures shall cut one another in the same point. 


XLV. Tu. The diameters of an equilsteral four-sided 
plane rectilineal figure bisect one another at right angles. 


XLVI. Tu. The diameters of a rectangle are equal to 
one another. 


XLVII. Pr. To inscribe a square in a given equilateral 
four-sided figure. 


XLVIII. Tx. If two opposite sides of a parallelogram be 
divided each into the same number of equal parts, the straight 
lines, joining the opposite points of division, shall also divide 
the diameter of the parallelogram into the same number of 
equal parts. 

XLIX. Pr. To divide a given finite straight line into any 
given number of equal parts. 

L. Pr. Upon a given finite straight line to describe an 
equilateral and equiangular octagon. 

LI. Tu. If either diameter of a parallelogram be equal 


to a side of the figure, the other diameter shall be greater than 
any side of the figure. 


LII. Pr. From a given point to draw a straight line 
cutting two parallel straight lines, so that the part of it, inter- 
cepted between them, shall be equal to a given finite straight 
line, not less than the perpendicular distance of the two 
parallels. 


LIII. Tu. If, from the summit of the right angle of a 
scalene right-angled triangle, two straight lines be drawn, one 
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perpendicular to the hypotenuse, and the other bisecting it, 
they shall contain an angle equal to the difference of the two 
acute angles of the triangle. : 


LIV. Pn. To bisect a parallelogram by a straight line 
drawn through a given point in one of its sides. 


LV. Tn. A trapezium, which has two of its sides parallel, 
is the half of a rectangle between the same parallels, and 


having its base equal to the aggregate of the two parallel 
sides of the trapezium. 


LVI. Pr. Any two parallelograms having been described 
on two sides of a given triangle, to apply, to the remaining 
side, a parallelogram, which shall be equal to their aggregate. 


LVII. Pr. A plane rectilineal figure of any number of 
sides being given, to find an equal rectilinesl figure, which 
shall have the number of its sides less, or greater, by one, than 
that of the given figure. 


LVIII. Tu. The diameters of any parallelogram flivide it 
into four equal triangles. 


LIX. Pr. If two triangles have the two adjacent sides of 
a parallelogram for their bases, and have their common vertex 
situated in the diameter, or in the diameter produced, they 
shall be equal to one another. 


LX. Tx. Of all triangles, which are-between the same 
parallels, that which stands on the greatest base is the greatest. 


LXI. Tn. The straight line, joining the vertex and: the 
bisection of the base of any triangle, bisects every other 
straight line that is parallel to the base, and is terminated by 
the two remaining sides of the triangle, or those sides pro- 
duced. 


LXII. Tx. Lf two opposite sides of a trapezium be parallel 
to one another, the straight line, joining their biseetions, bi- 
sects the trapezium. 


LXIII. Pa. To bisect a given trapezium by a straight 
line drawn from, any ef its apgles. 
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LXIV. Pr. To bisect a given triangle by a straight lme 
drawn through a given point in any one of its sides. 
LXV. Pn. Equal triangles, which have their bases in the 


same straight line and which are between the same parallels, 
stand upon equal bases. 


LXVI. Pm. To describe a parallelogram, the surface and 
perimeter of which shall be respectively equal to the surface 
and perimeter of a given triangle. 

LXVII. Tu. The two triangles formed by drawing 
straight lines, from. any point within a parallelogram, to the 
extremities of either pair of opposite sides, are, together, half 
of the parallelogram. 


LXVIII Tu. If two sides of a trapesium be parallel, the 
triangle contained by either of. the other sides, and the two 
straight lines drawn from its extremities to the bisection of the 
opposite side, is the half of the trapezium. 


LXIX. Tu. The triangle contained by the straight lines 
joining the points of the bisection of the three sides of a given 
triangle, is one-fourth part of the given triangle, and is equi- 
angular with it. 

LXX. Pr. To describe a parallelogram, which shall be 
of a given altitude, and equiangular with, and also equal to, 
a given parallelogram. 


LXXI. Tu. If there be any number of rectilineal figures, 
of which the first is greater than the second, the second than 
the third, and so on, the first of them shall be equal to the last 
together with the aggregate of all the differences of the figures. 


LXXII. Pr. To find a rectangle, which shall have one 
of its sides equal to a given finite straight line, and which shall 
be equal to the excess of the greater of two given rectilineal 
figures above the less. 

j 
LXXIII. Tu. If two right-angled triangles have two 


sides of the one equal to two sides of the other, each to each, 
the triangles shall be equal, and similar to each other. 
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LXXIV. Pr. To find a square which shall be equal to 
&ny number of given squares. 


LXXV. Pr. Two unequal squares being given, to find a 
` third square, which shall be equal to the excess of the greater 
of them above the less. 


LXXVI. Tu. If the side of a square be equal to the 
diameter of another square, the former square shall be the 
double of the latter. 


LXXVII. Tu. In any right-angled triangle, the square 
which is described on the side subtending the right angle, as a 
diameter, is equal to the squares described upon the other two 
sides, as diameters. 


Boox II. 


Prop. I. Tu. If two given straight lines be divided, each 
into any number of parts, the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the several 
parts of the one and the several parts of the other. 


II. Tm. If a straight line be divided into two unequal 
parts, in two different points, the rectangle contained by the 
two parts, which are the greatest and the least, is less than the 
rectangle contained by the other two parts; the squares of the 
two former parts, together, are greater than the squares of the 
two latter, taken together; and the difference between the 
squares of the former and the squares of: the latter, is the 
double of the difference between the two rectangles. 


III. Tu. In any isosceles triangle, if a straight line be 
drawn from the vertex to any point in the base, the square 
upon this line, together with the rectangle contained by the 
segments of the bese, is equal to the square upon either of the 
equal sides. 

. IV. Tu. The rectangle contained by the aggregate and 
the difference of two unequal straight lines is equal to the 
difference of their squares. | i 
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V. Tu. The square of the excess of the greater of two 
given straight lines above the less, is less than the squares of 
the two lines, by twice the rectangle contained by them. 


VI. Tu. The squares of any two unequal straight lines 
are, together, greater than twice the rectangle contained by 
those lines. | : 


VII. Tu. If a straight line be divided into five equal parts, 
the square of the whole line is equal to the square of the straight 
line, which is made up of four of those parts, together with the 
square of the straight line which is made up of three of those 
parts. 

VIII. Pr. Upon a given straight line, as an hypotenuse, 
to describe a right-angled triangle, such that the hypotenase, 
together with the less of the two remaining sides, shall be the 
double of the greater of those sides. 


IX. Tu. In any triangle, the squares of two sides are, 
together, the double of the squares of half the base, and of the 
straight line joining its bisection and the opposite angle. 


.X. Tu. The squares of the sides of any parallelogram are, 
together, equal to.the squares of its diameters taken together. 


XI. Tu. If either diameter of a parallelogram be equal to 
one of the sides about the opposite angle of the figure, its 
square shall be less than the square of the other diameter, by 
twice the square of the other side about that opposite angle. 


XII. Tn. If two sides of a trapezium be parallel to each 
other, the squares of its diagonals are, together, equal to the 
aggregate of the squares of its two sides, which are not parallel, 
and of twice the rectangle of its parallel sides. 


XIII. Tu. The square of the base of an isosceles triangle 
is the double of the rectangle contained by either side, and by 
the straight line intercepted between the perpendicular, let fall 
upon it from the opposite angle, and the extremity of the base. 


XIV. Tu. If from any point, in the circumference of the 
greater of two given concentric circles, two straight lines bé 
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drawn to the extremities of any diameter of the less, their 
squares shall be, together, the double of the squares of the two 
semi-diameters of the two given circles. 


Boox III. 


Prop. I. Tn. If two circles cut each other, the straight 
line joining their two points of intersection is bisected, at right 
angles, by the straight line joining their centres. 


II. Pr. Through a given point within a circle, which is 
not the centre, to draw a chord which shall be bisected in that 
point. 

III. Tu. If two isosceles triangles be of equal altitudes, 
and the side of one be equal to the side of the other, their 
bases shall be equal. 


IV. Tn. Any two chords of a circle, which cut a diameter 
in the same point, and at equal angles, are equal to one 
another. . 


V. Pn. Through a given point, within a given circle, to 
draw two equal chords, making with one RE an angle 
equal to a given rectilineal angle. 


* 


: VI. Tn. If the diameters of two circles are in the same 
straight line, and have a common extremity, the two circles 
shall touch one another. 


VII. Pr. Three points being given in the circumference 
of & circle, and the middle point being equidistant from the 
other two, to describe two equal circles; which shall touch 
each other in the middle point, and which shall pass the one 
through one of the extreme points, and the other — the 
other extreme point. ! 


VIII. Pr. To draw a tangent to a circle, which shall be 
parallel to a given finite straight line. 
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IX. Pn. The diameter of a circle having been produced 
to a given point, to find in the part produced, a point from 
which, if a tangent be drawn to the circle, it shall be equal to 
the segment of the part produced, that is between the given 
point and the point found. 


X. Pr. To describe a circle which shall have a given 
semi-diameter and its centre in a given straight line, and shall 
also touch another straight line, inclined at a given angle to 
' the former. 


XI. Pn. To describe a circle, the circumference of which 
shall pass through a given point, and touch a given straight 
line in another given point. 

XII. Pr. To describe a circle, the circumference of which 
shall pass through a given point, and touch a given circle in 


another given point; the two points not lying in & tangent to 
the circle. 


XIII. Pa. To describe a circle, which shall touch a given 
straight line in a given point, and also touch a given circle. 


XIV. Pr. To describe two circles, each having a given 
semi-diameter, which shall touch the same given straight line, 
both on the same side of it, and shall also touch each other. 


XV. Pr. To describe two equal circles, each having its 
diameter equal to a given straight line, each touching a given 
circle, and each also passing through a given point without that 
circle: The given straight line being greater than the shortest 
distance, between the given point and the circumference of the 
given circle. 

XVI. Pr. To find a point in the diameter, produced, of 


a given circle, from which, if a tangent be drawn to the circle, 
it shall be equal to a given straight line. 


XVII. Tu. H the straight line, drawn from a point in 
the produced diameter of a circle to the convex circumference 
be equal to the half of the diameter, the angle at the centre, 
subtended by the concave circumference included between the 
diameter and the line so drawn, is the triple of the angle, at 
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the centre, subtended by the convex circumference included . 
between the same two lines. 


XVIII. Pa. Through a given point, either within, or 
without a given circle, to draw a straight line, so that the part 
of it within the circle shall be equal to a given finite straight 


U 


line, which is not greater than the diameter. 


XIX. Tu. If, from any two points ia the circumference 
of the greater of two given concentric circles, two straight 
lines be drawn so as to touch the less circle, they shall be 
equal to one another. 


XX. Tu. Ifa quadrilateral rectilineal figure be described 
about a circle, the angles subtended, at the centre of the circle, 


by any two opposite sides of the figure, are, together, equal to 
two right angles. 


XXI. Tu. If two given straight lines touch a circle, and 
if any number of other tangents be drawn, all on the same side 
of the centre, and all terminated by the two given tangents, 
the angles which they subtend, at the centre of the circle, shall 
be equal to one another. 


XXII. Pr. To draw a tangent to a given circle, such that 
its segment, contained between the point of contact, and an 
indefinite straight line, given in position, shall be equal to a 
given finite straight line. - 


XXIII. Tu. Ifa straight line touch the interior of two 

concentric circles, and be terminated both ways by the cir- 

cumference of the outer circle, it shall be bisected in the point 
of contact. 


XXIV. Tu. Ifa polygon be described about a circle, the 
straight lines joining the several points of contact will contain 
a polygon of the same number of angles as the former; and 
àny two adjacent angles of the circurascribed figure shall be, 
together, the double of that angle, of the inscribed figure, which 
lies between them. 


XXV. Tn. If from any given point, in the circumference — 
of a circle, two straight lines be drawn to the extremities of a 
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given chord, the angle which the one makes with any perpen- 
dicular to the chord, shall be equal to the angle which the 
other makes with the diameter of the circle that passes through 
the given point. " 


XXVI. Tu. The perpendiculars let fall from the three 
angles of any triangle upon the opposite sides, intersect each 
other in the same point. 


XXVII. Pr. From either of the two given points in 
which two given circles intersect each other, to draw s chord 
cutting the one circumference, and meeting the other, such 
that the part of it, contained between the two circumferences, 
shall be equal to a given finite straight line. 


XXVIII. Ta. If two opposite angles of a quadrilateral 
figure be together equal to two right angles, a circle may be 
described about it. 


XXIX. Tu. A circle cannot be described about a rhom- 
bus, nor about any other parallelogram which is not rect- 


angular. 


XXX. Tu. If from any point, in the circymference of a 
given circle, straight lines be drawn to the three angles of an 
inscribed equilateral triangle, the greatest of them shall be 
equal to the aggregate of the two less. 


XXXI. Tu. The first, third, fifth, &c. angles of any 
polygon, of an even number of sides, which is inscribed in a 
given circle, are together equal to the remaining angles of the 
figure; any angle whatever being assumed as the first. 


XXXII. Pr. To make a trapezium, about which a circle 
may be described, having its four sides respectively equal to 
four given straight lines, two of which are equal to each other, 
and any three together greater than the fourth ; the two equal 
sides of the trapezium, also, being opposite to each other. 


XXXIII. Pr. Upon a given finite straight line to de- 
Scribe a segment of a circle, which shall be similar to a given 
segment of another circle. Ä 
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XXXIV. Tn. If upon two opposite sides of an oblong, 
two similar segments of circles be described, the one of them 
lying wholly within the oblong, and the other wholly without 
it, the figure contained by the two remaining sides of the 
oblong and the two circular arches, shall be equal to the oblong. 


XXXV. Tu. The arches of a circle that are intercepted 
between two parallel chords are equal to one another. | 


XXXVI. Tn. If two chords of a given circle intersect 
each other, the angle of their inclination is equal to the half 
of the angle at the centre standing upon the aggregate, or the 
difference, of the arches intercepted between them, accordingly 
as they meet within, or without the circle. 


XXXVII. Tn. In equal circles the greater angle stands 
upon the greater circumference ; whether the angles compared 
be at the centres or the circumferences. 


' XXXVIII. Tn. If from any given point, without a circle, 
there be drawn two straight lines cutting the circle, then of the 
circumferences which they intercept, that which is the nearer 
to the given point is less than the other. 


XXXIX. Tu. The straight lines joining the extremities 
of the chords of two equal arches of the same circle, toward 
the same parts, are parallel to each other. 


XL. Tu. In equal circles, the greater of two circum- 
ferences subtends the greater angle, whether the angles com- 
pared be at the centres or the circumferences. 


XLI. Pr. If any equilateral rectilineal figure, of an even ` 
number of sides, be inscribed in a given circle, to find a curvi- 
lineal figure that is equal to it, and that is bounded by arches 
of circles, each of which circles is equal to the given circle. 


XLII. Tn. In equal circles, the greater chord subtends 
the greater circumference. 

XLIII. Tn. If from a given point within a circle, which 
1s not the centre, straight lines be drawn te the circumferenee, 
making with each other equal angles, the two, which are 
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nearer to the diameter passing through the given point, shall 
cut off a greater circumference than the two, which are more 
remote. 


XLIV. Tu. In equal circles,.the greater circumference 
has the greater chord. 


XLV. Tu. The straight line joining any of the angular 
points of an equilateral polygon inscribed in a circle and the 
centre, passes through the opposite angular point, or else 
bisects the opposite side at right angles, accordingly as the 
figure has an even, or an odd number of sides. 


XLVI. Tu. The two straight lines in a circle, which 
join the extremities of two parallel chords, are equal to each 
other. 


XLVII. Pr. To divide a given circular arch into two 
parts, so that the aggregate of their chords may be equal to a 
given straight line, greater than the chord of the whole arch, 
but not greater than the double of the chord of half the arch. 


XLVIII. Pr. To divide a-given circular arch into two 
parts, so that the excess of the chord of the one above the 
chord ofythe other, may be equal to a given straight line, less. 
than the chord of the whole arch. 


XLIX. Tu. If from any point, in the diameter of a semi- 
circle, there be drawn two straight lines to the circumference, 
one to the bisection of the circumference, the other at right 
angles to the diameter, the squares upon these two lines are, 
together, the double of tbe square upon the semi-diameter. 


L. Tu. Ifthe chords of two arches of any the same circle 
cut each other at right angles, the squares of the four segments 
of the chords, are, together, equal to the square of the diameter. 


LI. Pr. To draw a straight line, cutting two concentric 
circles, the diameter of the greater of which does not exceed 
the double -of the diameter of the less, so that the part of it 
which lies within the greater circle may be the double of the 
part which lies within the less. 


9 
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LII. Pa. To draw a straight line which shall touch two 


given circles. 


LIII. Tn. If two straight lines, which touch two given 
circles, the one touching both the circles on the one side of 
them, the other on the other, be cut by a third tangent, which 
touches the two circles on contrary sides of them, then, of tlie 
segments into which the two first tangents are thus divided, 

those which are alternate are equal to one another. 


LIV. Pr. The perimeter, the vertical angle, and the 
altitude of a triangle being given, to construct the triangle. 


LV. Tu. If the point, in which two straight lines that are 
perpendicular to each other meet, be applied to the circum- 
ference of a circle eo that the straight lines themselves cut the 
circumference, the centre of the circle is in the bisection of the 
straight line joining those two intersections. 


LVI. Tn. If from the extremities of any diameter, of a 
given circle, perpendiculars be drawn to any chord of the 
circle, that is not parallel to the diameter, the less perpen- 
dicular shall be equal to the segment of the greater contained 
between the circumference and the chord. 


LVII. Tu. If from the extremities of any diameter, of a 
given circle, perpendiculars be drawn to any chord of the 
circle, they shall meet the chord, or the chord produced, in 
two points which are equidistant from the centre. 


LVIII. Tu. If upon either radius, bounding a quad- 
rantal circular arch, as a diameter, a semi-circle be described, 
any chord of the semi-circle, drawn from the centre of the 
quadrant, shall be equal to the perpendicular distance of the 
point, in which the chord produced meets the quadrantal arch, 
from the other radius. 


LIX. Tu. If the angle contained by two straight lines, 
one of which-cuts the circle and the other meets it, be equal to 
the angle in the alternate segment of the circle, the straight 
line which meets, shall touch the circle. 


LX. Tu. A straight E 
bisection of that arch, is parallel to its chord. 


NN 
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LXI. Pr. The base, the vertical angle, and the altitude 
of a triangle being given, to construct the triangle. 


LXII. Pr. To find a point in a given straight line, from 
which if straight lines be drawn to two given points, on the 
same side of the given line, they shall contain an angle equal 
to a given rectilineal angle. 


LXIII. Pm. The vertical angle, the base, and the aggre- 
gate of the Een POR OE 8 8 to construct 
the triangle. 


LXIV. Pa. The vertical angle, the base, and the excess 
ol. the greater of the two remaining sides, of a triangle, abeve 
the less, being given, to construct the triangle. 


LXV. Pm. From two given pointe, in tbe circumfereuce 
of a circle, to draw two equal chords of that circle, which, 
produced if necessary, shall make with one another an angle 
equal to a given rectilineal angle. 


LXVI. Pa. [n a given parallelogram to inscribe a parel- 
ax I angles equal to a given 
angle, and posited in a given point of one of the sides of the 
given parallelogram. 


LXVII. Pn. To produce a given straight line so that the 
rectangle, under the given straight line, and the part of it pro- 
duced, shall be equal to a given square. 


LXVIII. Tu. If through any point in the common chord 
of two circles, which intersect one another, there be drawn any 
two other chords, one in each circle, their four extremities 
shall all lie in the circumference of a circle. — ' | 
LXIX. Tu. Ifthrough the given extremity of any diameter 
of a circle straight lines be drawn to meet an indefinite straight 
without the circle, which is perpendicular to the diameter 
produced, the rectangles contained by the segments of these 
lines lying between the given point, the point in which each of 
them cuts the circumference again, and the indefinite line, shall 
be equal to each other. 
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LXK. Pa. From the obtuse angle of an ebtuse-angled 
triangle, ta draw a.etmight line to the base, the square of 
which ‘shall be equal to the rettangle contained by the seg- 
mente, into which it divides the base. 


LXXI. Pr. To make a rectangle which shall be equal to 
& given square, and shall have its two adjacent sides, together, - 


equal to a given straight line; the side of the given square 
being less than the half of the given straight line. 


LXXII. Tn. If froma given point without a circle, two 
equal straight lines be drawn to the convex circumference, one 
of which touches the circle, the other shall also touch 1 it. 


LXXIIL, Pr. To produce a given straight line, "T 
the rectangle contained by the whole line thus produced, and 
the part of it produced, shall be equal to a given square. 


LXXIV. Tx. If, from the hisection of any given arch of 
a circle, a straight line be drawn: cutting the chord: of that arch, 
or the chord produced, and the eirceunference.aleo of the circle, 
the rectangle ebntained by the two parts of the straight line 80 
. drawn, the one lying between the point of bisection and the 
circumference, the other between the point of bisection and 
the chord, shall be equal to the square of the chord of half the 
arch. 


LXXV. Pn. From: the bisection of a given arch of a 
circle, to draw a straight line, such that the part of it inter- 
cepted between the chord, or the chord produced, of the given 
arch and the cireumference, shall be equal to a given straight 


line. 


LXXVI. Pr. Through any given angle of a given egui- 
lateral four-sided figure, to draw a straight line terminated by 
the sides produced, containing the angle opposite to the given 
angle, which shall be equal to a given straight line. 


LXXVII. Tn. If two circles cut each other, and from 
any point, in the straight line produced, which joins their in- 
tersections, two tangents be drawn, one to each circle, they 
~ shall be equal to one another. 

NN 
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LXXVIII. Tx. If two circles cut each other, and if two 
tangents drawn, one to each circle, from any point without 
them, be equal, the straight line, joining the intersections of 
the circles, shall, if it be produced, pass through the commen 
extremity of the equal tangents. 


LXXIX. Pr. Two circles being given, neither of which 
lies within the other, to draw a straight line, such that the 
tangents, to the two circles, drawn from any point of the line, 
shall be equal to one another. 


LXXX. Pa. To find a point from which if straight lines 
be drawn to touch three given circles, none of which lies within 
another, the tangents so drawn shall be equal to one another. 


LXXXI. Pr. To divide a given straight line into two 
parts, so that the square of the one shall be equal to the rect- 
angle contained by the other and a given straight line. 


LXXXII. Tu. If a given circle be cut by any number 
of circles, which all pass through the same two given points 
without the given circle, the straight lines, joining the points 
of each of these intersections, are either all parallel, or all meet 
when produced in the same point. 


LXXXIII. Tu. If a perpendicular be let fall from the 
right angle, of a right-angled triangle, on the hypotenuse, the 
rectangle contained by the hypotenuse, and either of the seg- 
ments, into which it is divided by the perpendicular, is equal 
to the square of the side adjacent to that segment. 

LXXXIV. Tn. To draw a tangent to a circle, such, that 
the part of it intercepted between two straight lines, given in 
position, but of indefinite lengtb, shall be equal to a given 
fmite straight line: 

1st, When the indefinite straight lines both pass through 

the centre of the circle. 

2dly, When they are parallel to one another. 

Sdly, When they are not parallel, but are equidistant from 

the centre. 


LXXXV. Tu. If from the intersection of any two tan- 
gents to a circle, any straight line be drawn, cutting the chord 
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which joins the two pointe of contact and. again meeting the 
circumference, it shall be divided by the circumference and 
the chord into three segments, such, tbat the rectangle con- 
tained by the whole line and the middle part, shall be equal to 
the rectangle contained by the extreme parts. 


LXXXVI. Pr. To make a rectangle which shall be equal 
to a given square, and have the difference between its two 
adjacent sides equal to a given straight line. 


LXXXVII. Pr. From a given point without a circle, to 
draw a straight line cutting the circle, so that the rectangle 
contained by the part of it without, and the part within, the 
circle, shall be equal to a given square. 


LXXXVIII. Pn. To describe a circle which shall touch 
a given straight line, and pass through two given points, both 
on the same side of the given line, and in the same plane with 
it. "m s 


LXXXIX. Pr. To describe a circle which shall have its 
centre in a given straight line, which shall pass through a given 
point, and shall, also, touch another given straight line. 


XC. Pn. Todescribe a circle which shall touch two given 
straight lines, and pass through a given point between them. 


XCI. Pn. To describe a circle which shall touch two given 
straight lines, and also touch a given circle, which does not lie 
wholly without the two given straight lines. 


XCII. Pr. To describe a circle which shall touch both a 
given circle, and a given straight line, and which shall, also, 
pass, first, through a given point without the given circle; and, 
secondly, through a given point within the circle. 


XCIII. Pn. In a straight line of indefinite length, but 
given in position, which cuts a given circle, to find a point, 
from which if a straight line be drawn to touch the circle, it 
shall be equal to a given finite straight line. 


XCIV. Pn. To describe a circle that shall touch a given 
straight line, and that shall also touch two.given circles. i 
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XCV. Pr. To describe a circle which shell touch a given 
circle, and pass through two given points, either both without 
the cirele, or both within it. 


XCVI. Pr. To find a point in a straight Ime, given in 
position, from which if two straight lines be drawn to two 
given points, without the given line, they shall have, first, 
their difference, and, secondly, their aggregate, equal to a 
given finite straight line. 

XCVII. Pr. The base and the altitude of a triangle being 
given, together with the aggregate, or the difference, of the 
two remaining sides, to construct the triangle. ' 


XCVIII. Pr. Three points being given, to find a fourth, 
from which if straight lines be drawn to the other three, two 
of them shall be equal, and the difference between either of 
these and the third shall be equal to a given straight line. 


XCIX. Pr. To describe a circle that ‘shall touch three 
given circles, of which two are equal to one another. 


C. Pr. To find a point, in the circumference of a given 
circle, from which if two straight lines be drawn to two given 
points, without the circle, the chord joining the intersections 
of the lines so drawn and the circumference, shall be parallel to 
the straight lme joining the two given points. 


Boox IV. 


Panor. I. Tu. If an equilateral triangle be described about 
a given circle, the straight lines joining the points of contact 
shall contain another equilateral triangle; aud the side of the 
circumscribed triangle is the double of the side of the inscribed 
triangle so contained. 

II. Ts. If a triangle be described about a given circle, 


the rectangle contained by the perimeter of the triangle and 
the semi-diameter of the circle shall be double of the triangle. 
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III. Pr. Three straight lines being given, which, when 
produced, do not all three meet in the dame point, amd of which 
the middle line is not parallel to either of the others, to describe 
a circle which shall touch each of them. 


IV. Tu. The three straight lines, which bisect the three 
angles of a triangle, meet in the same point. 


V. Tu. If a circle be inscribed in a right-angled triangle, 
the excess of the two sides, containing the right angle, above 
the third side, is equal to the diameter of the inscribed circle. 


VI. Tu. The straight line bisecting any angle of a tri- 
angle, inscribed in a given circle, cuts the circumference, in a 
point which is equidistant from the extremities of the side 
opposite to the bisected angle, and from the centre of a circle 
inscribed in the triangle. 

VII. Pr. In a given circle, to inscribe three equal circles, 
touching each other and the given circle. 


VIII. Pn. To inscribe three circles in an equilateral tri- 
angle, touching each other, and each of them touching two of 
the three sides of the triangle. 


IX. Tn. The square, inscribed in a circle, is equal to the 
half of the square upon its diameter. 


X. Pr. In a given circle, to inscribe a rectangle equal to 
a given rectilineal figure, not exceeding the half of the square 
upon the diameter. 


XI. Tu. If from any point, in the circumference of a 
given circle, straight lines he drawn to the four angular points 
of an inscribed square, the aggregate of the squares of the four 
lines, so drawn, shall be tbe double of the square of the 
diameter. 

XII. Pr. In a given cirele, to inscribe four circles equal 
to each other, and in mutual contact with each other and the 
given circle. 

XIII. Pr. To inscribe a circle in a given trapesium, of 
which two opposite sides are, together, equal to the other two 
sides taken together. 
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XIV. Pa. Upon a given finite straight line, to describe 
an equilateral and equiangular decagon. 

XV. Pr. Upon a given finite straight line, to describe an 
equilateral and equiangular pentagon. 

XVI. Tu. The angle of a regular pentagon exceeds a 
right angle by one-fifth part of a right angle; and is three 
times as great as the angle contained by any two sides of the 
figure, which are not adjacent to each other, produced so as to 
meet. 


XVII. Tu. The square of the side of a regular pentagon, 
inscribed in a given circle, is equal to the square of the side of 
a regular decagon, together with the square of the side of 
the regular hexagon, both inscribed in that given circle. 

XVIII. Pr. Upon a given finite straight line, to describe 
an equilateral and equiangular hexagon. 

XIX. Pn. A circle being given, to describe six other 
circles, each of them equal to it, and in contact with each 
other and with the given circle. 

XX. Pa. Ina given circle to inscribe six circles equal to 
one another, touching, each of them, the given circle, and 
touching, also, one another. 


Book V. 


Prop. I. Tu. If the first of four proportional magnitudes 
be greater than the second, the third is also greater than the 
fourth ; if equal, equal; and if less, less. 


II. Tu. If four magnitudes are proportionals, they are 
proportionals also when taken inversely. 


III. Tu. If the first of four magnitudes be the same mul- 
tiple of the second, or the same part of it, that the third is 
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of the fourth, the first is to the second, as the third is to the 
fourth. i i 


IV. Tu. Ifthe first of four proportional magnitudes be 
a multiple, or a part, of the second, the third is the same mul- 
tiple, or the same part, of the fourth. 


V. Tu. If any number of equal ratios be each greater 
than a given ratio, the ratio of the sum of their antecedents to 
the sum of their consequents, shall be greater than that given 
ratio. 


VI. Tn. If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth, the second 
shal have to the first a less ratio than the fourth has to the 


VII. Tu. If the first of four magnitudes, of the same 
kind, have a greater ratio to the second than the third has to 
the fourth, the first shall have to the third a greater ratio than 
the second has to the fourth. 


VIII. Tu. 1f four magnitudes of the same kind be pro- 

i , and if the first of them be the greatest, the fourth 
shall be the least; but if the first of them be the least, the 
fourth shall be the greatest. 


IX. Tu. If the first, together with the second, of four 
magnitudes, have a greater ratio to the second, than the third, 
together with the fourth, has to the fourth, the first shall have 
a greater ratio to the second than the third has to the fourth. 


X. Tn. If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth, the first, 
together with the second, shall have to the second, a greater 
ratio than the third, together with the fourth, has to the fourth. 


XI. Tu. If the first term of a ratio be less than the 
second, the ratio shall be increased by adding the same quan- 
tity to both terms; but if the first term be greater than the 
second, the ratio shall be diminished by adding the same 
quantity to both. 
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XII. Tu. If the fret of four magnitudes, of the same 
kind, have a greater ratio to the second than the third has to 
the fourth, the first, together with the third, shall have to the 
second, together with the fourth, a greater ratio than the third 
has to the fourth, and a less ratio than the first has to the 
second. 


XIII. Tn. Hf the first, together with the second, have to 
the second, a greater ratio than the third, tegether with the 
fourth, has to the fourth, then shall the first, together with the 
second, have to the first, a less ee ene eee 
with the fourth, has to the third. 


XIV. Tu. If the frat, together with the nnd, have to 
the third, together with the fourth, a greater ratio than the 
first has to the third, then shall the second have to the fourth 
a greater ratio, than the first, together with the second, has to 
the third, together with the fourth. 


XV. Tu. I four magnitudes be propertienale, they ere 
also proportionals by conversion: that is, the finst is to its 
excess above the second, as the third to its excess above the 
fourth. 


XVI. Tu. Ifthe first of four magnitudes of the eame kind, 
have a greater ratio to the second, than the third has to the 
fourth, and if the aggregate of the first and second be greater 
than the aggregate of the third and fourth, the fret shall be 
greater than the third. 


XVII. Tu. If any number of magnitudes be continual 
proportionals, their differences shall, also, be proportionals. 


XVIII Tu. If there be three magnitudes, and other 
three, and if the first have a greater ratio to the second, in the 
former set, than the first has to the second, in the latter; and 
if, also, the second have to the third, in the former set, a 
greater ratio than the second has to the third, in the Intter; 
then shal] the first have a greater ratio to the third, in the 
former set, than the first has to the third, in the latter. 


XIX. Tu. If there be three magnitudes, and other three, 
and if the first have to the second, in the former set, a greater 
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vatio than the secend has to the third, in the latter; and if, 
also, the second have to the third, in the former. set, a greater 
ratio than the first has to the second, in the latter ; then shall 
the first have to the third, in the former set, a greater ratio, 
than the first has to the third, in the latter. 


XX. Tn. If three magnitudes be proportionals, the two 
extremes are, together, greater than the double of the mean. 


XXI. Tu. If there be two sets of magnitudes, the one 
geometric, and the other arithmetic, proportionals, and if the 
two first magnitudes be the same in both, any other magnitude 
in the former set, shall be greater than the corresponding mag- 
nitude in the latter. 


XXII. Tu. If chere be two series of magnitudes, the one 
arithmetically proportional, the other geometrically propor- 
tional, but each having the same magnitude for its first term, 
and if the last term of the arithmetic series be not less than the 
last term of the geometric series, any other term of the former 
series shall be greater than the corresponding term in the latter. 


Boox VI. 


Pror. 1. Tn. If the bases of four rectangles be propor- 
tionals, and their altitudes be also proportionals, the rectangles 
themselves shall likewise be proportional. | 


II. Tu. If the outward angle of a triangle, made by pro- 
ducing one of its sides, be divided into two equal angles, by a 
straight line which also cuts the base produced, the segments 
between the dividing line and the extremities of the base have 
the same ratio, which the other sides of the triangle have to 
one another: And if the segments of the base, produced, have 
the same ratio which the other sides of the triangle have, the 
straight line, drawn from the vertex to the peint of sectiop, 
divides the outward angle of the triangle into two equal angles. 
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III. Tu. Either of the equal sides o£ an isosceles 
is a mean proportional between the base, and the half of the 
segment of the base, produced if necessary, which is cut off by 
a straight line drawn from the vertex at right angles to the 
equal side. 


IV. Ta. The diameter of a circle is a mean proportional 
between the sides of an equilateral triangle and hexagon de- 
scribed about the circle. 


V. Tu. Equiangular parallelograms have to one another 
the same ratio as the rectangles contained by the sides about 
equal angles in each. 


VI. Tu. The straight lines, drawn from the bisectiens 
of the three sides of a triangle to the opposite angles, meet in 
the same point. 


VII. Pr. To ſind, within a given rectilineal angle, first, 
the locus of all the points, from each of which, if two straight 
lines be drawn, to the lines containing the given angle, 80 as 
always to be parallel to two straight lines given in position, 
they shall be to one another in a given ratio: And secondly, 
to find the locus of all the points, from each of which if two 
straight lines be drawn in like manner, they shall cut off from 
two given parts of the straight lines containing the given 
angle, segments that shall be to one another in a given ratio. 


VIII. Tu. Ifa circle be touched, in the same point, both 
externally and internally, by two other circles, and through 
the point of contact two straight lines be drawn, the parts of 
them intercepted between. the circumference of the given 
circle, and that of the circle which touches it internally, shall 
have to one another the same ratio as the parts which are 
chords of the other circle. 


IX. Pr. From the centre of a given circle, to draw a 
straight line to meet a given tangent to the circle, so that the 
segment of the line between the circle and the tangent shall be 
any required part of the tangent. 

X. Pr. From a given triangle to cut off a rhombus; the 
base of the rhombus being part of the base of the triangle, and 
having its extremity in a given point of that base. 
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XI. Tu. If two triangles have one angle of the one, equal 
to one angle of the other, and also another angle of. the one, 
together with. another angle of the other, equal to two right 
angles, the sides about the two remaining angles shall: be pro- 

XII. Tu. If, from the extremities of the base of a given 
triangle, there be drawn two straight lines, both on the same 
side of the base, and each equal to the adjacent side, and 
making with that side an angle equal to the vertical angle of 
the triangle, then the straight lines which join the extremities 
of the lines so drawn, and the further extremities of the base, 
shall cut off, from the aides, equal segments towards the vertex ; 
and each of those segments shall be a mean proportional between 
the other segments, that are towards the base. 


XIII. Tu. If at the extremities of the hypotenuse of a 
right-angled triangle two straight lines be drawn, on the same 
side of the hypotenuse as the right angle, each equal to, and 
each perpendicular to, the adjacent side, the two straight lines 
joining each of their extremities and the further extremity of 
the hypotenuse, shall cut each other in the same point of the 
perpendicular drawn to the hypotenuse from the right angle. 


XIV. Tu. The semi-circumference of a circle having been. 
divided into any number of equal parts, and chords having been 
drawn, from either extremity of the diameter, to the several 
points of division, the first chord has to the second, the same 
ratio which the second has to the aggregate of the first and 
third; or the same ratio which any other chord -has to the 
aggregate of the. two chords that are next to it. 


XV. Pn. From a given point, eithes within or without a 
given rectilineal angle, to draw a straight line cutting off from 
the lines which contain the angle, segments, towards the summit 
of the angle, which shall be to one another in a given ratio. 


XVI. Pr. To draw through a given point a straight line 
cutting the lines which contain a given rectilineal angle, so 
that the segment of it, between those lines, shall be divided by 
the straight line that bisects the given angle, into two parts, 
which are to one another in a given ratio. 
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XVII. Tu. If two trapesium have an angle-of the one 
oqual to an ahgle of the other, and if, also, the sides of the two 
figures, about each of their angles, be pruportionals, the re- 


maining amgles of the ome shall be equal to the remaiting 
angles of the other. 


XVIII. Ta. If two sireighi lines touch a cisclo.at oppo- 
site extremities of its diameter, amy other tangent of the circle, 
terminated by them, is so divided in its point of contact, that 
the ‘radine of the cirele is a mean proportional between its 
segments. 

XIX. Tu. If two given circles touch each other, and also 
touch a given straight line, the part of the line between the 
points of contact, is a mean proportional between the diameters 
of the circles. 

XX. Pr. The two straight lines being given, which are 
the two first of a series of proportionals, to find the rest; and, 
if the series decrease, to find a line which shall be greater than 
the aggregate of any number, whatever, of its terms, but te 
which the aggregate may approximate indefinitely. 


XI. Ps. To describe a square which shall have a given 
ratio to a given rectilineal figure. 

XIII. P». To divide a given finite straight line into two 
parts, the squares of which shall be to one another in a given 
ratio. 


XXIII. Pa. To find two points situated in two adjacent 

sides of a given oblong, at equal distances from two opposite 
- angles, from which, if two straight lines be drawn parallel to 
the sides of the figure, they shali cut off from it any part re- 
quired. 

XKIV. Pa. Within a given oblong, to describe another 
oblong which shall be any required part of it, and shall have 
its four sides all equally distant from the four sides of the given 
rectangle. 


XXV. Pa. The base, the vertical angle, and the ratio of 
the two sides of a triangle being given, to construet it. 
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XXVI. Pa. A- given finite straight line. being divided into 
any two. given parts, to divide it again, so that the reetangle 
contained by the two former given parts shall: have a given 
ratio to the rectangle contained by the two latter parts. 


XXVIL Pr. To draw a straight line to touch a giver 
arch of a circle, so that being terminated by the semi-diameters; 
produced, which bound the arch, it shall be divided by the 
potat ‘of. contact, into twe parts that are to une another in a 


. XXVIII. Pr. Two points being given, one in each of 
two parallel straight lines, and a third point being also given, 
without them, to draw, from that thisd point, a straight. ue 
so to cut the parallels, as that the segments of the. parallela, 
between it and the two first points, shall be to one another in 
a given ratio. 

XXIX. Pa. To find a point within a given triangle, 
from. which if three straight lines be drawn to the three angles 
of the triangle, it shall thereby be divided into three parts that 
are each to each in given ratios. 

XXX. Pm To divide a given circular arch into.two parts, 
so that the chords of those parts · aball be to · each other in a 
given ratio. 


XXXI. Pr. To inscribe a square in a given trapezium, 
which has the two sides about any angle equal to one another, 


and the two sides about the opposite angle also equal to one 
another. 


XXXII. Pr. To inscribe a square in a given trapesium. 


7 * 
XXXIII. Pr. To determine the locus of the summits of 
aH the triangles which can be described on a given base, so 
that each of them shall have its two sides in a given ratio. 


XXXIV. Pn. The base, the perpendicular distance of the 
, vertex from the base, and the ratio of the two sides of a tri- 
angle being given, to construct it. 


XXXV. Pr. The segments into which the perpendicular, 
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drawn from the vertex to the base of a triangle, divides the 
base, and the ratio of the two remaining sides being given, to 
construct the triangle. 


XXXVI. Pa. To find a point, from which if three straight 
lines be drawn to three given points, they shall be each to each. 
in given ratios. 


XXXVII. Pa. A straight line being divided into three 
given parts, to find a point without it, at which the three parts 
shall subtend equal angles. 


XXXVIII. Pr. To find a point in a given line, from 
which, if two straight lines be drawn to two given points, botli 
on the same side of the given line, they shall be to each other 
in a given ratio. 

XXXIX. Pr. In a given parallelogram to inscribe a 
parallelogram that shall have its two adjacent sides in a given 
ratio to one another, and that shall be the half of the given 
parallelogram. 


XL. Pr. From a given point, either within or without 
a given rectilineal angle, to draw a straight line cutting the 
two lines which contain the angle, so that the distances of the 
two intersections from the given point, shal] be to one anather 
in a given ratio. 


| XLI. Pr. To find, between two given parallel straight 
lines, the locus of all the points, from each of which if two 
straight lines be drawn to the two given parallels, so as always 
to make with them, towards the same parts, given angles, they 
shall be to one another in a given ratio. 


XLII. Pr. To divide a given straight line into two parts, 
such, that the rectangle contained by the whole line and one 
of its parts, shall have a given ratio to the square of the other 
Part. : 


XLIII. Pa. One given circle lying within another, to 
find a point from which, if two tangents be drawn, one to each 
of the given circles, they shall be to each other in a. given ratio. 
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. XLIV. Pr. From a given point, to draw a straight line 
to cut a given circle, so that the distances of the two inter- 
sections from the given point, shall be to each other in a given 
ratio. 7, 

XLV. Pr. Two given circles lying wholly without one 
enother, through .a given point, which is between the two 
circles, and which is posited in the straight line joining their 
‘centres, to draw a straight line that shall be terminated by the 
convex circumferences, and divided, by the given point, into 
two parts, that are to one another in a given ratio. 


XLVI. Pr. To find a point, from which if three straight 
lines be drawn to meet as many given straight lines, which cut 
one another, so as to make, each with the line on which it 
falls, an angle equal to a given angle, the lines so drawn shall 
be, each to each, in given ratios. | 


XLVII. Pr. To make an isosceles triangle, which shall 
be equal to'a scalene triangle, and shall also have an equal 
vertical angle with it. . 


XLVIII. Tn. Ifa straight line, drawn froth the vertex of 
an isosceles triangle cutting the base, be produced to meet the 
circumference of a circle described about the triangle, the 
rectangle contained by the whole line so produced, and the 
part of it between the vertex and the base, shall be equal to 
the square of either of the equal sides of the triangle. 


XLIX. Tu. If from a given point, without a circle, two 
straight lines be drawn to the concave circumference, 
shall be reciprocally proportional to thé parts of them between 
the given point and the convex cireumference. 


L. Pr. To divide a given finite straight line into two 


_ parts such that another given straight line, not greater than 
the half of the former, shal be a mean a aa between 
them. 


LI. Pa. Of four straight tines which — gro» 
portionals, the two extremes being: given, and also a line which 
is equal to the difference of the other two, to find those two 


lines. 


Oo 
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LII. Pr. To make a triangle, which shall have its two 
sides equal to two given straight lines, exch to each, and shail 
have its base equal to the perpendicular distance of the vertex 
from the base. 

LIII Tu. If frem any poiat in the diameter, or the 
diameter produced, of à given parallelogram perpendiculars be 
let fall em the two adjacent sides, produced, if necessary, which 
meet the diameter, the perpendicalars shall be reciprocally 
groportional to the sides on which they fall. 

LIV. Pn. From a given point, in the base of a scalene 
triangle, to draw a straight line, which shall cut off equal seg- 
ments from the two remaining sides, the less of those sides 
having been produced. 


LV. Tu. If an angle of a triangle be bisected by a straight 

line, which also cuts the base, the rectangle, contained by the 
sides of the triangle, is equal to the rectahgle contained by the 
segments of the base, together with the square of the straight 
line bisecting the angle. 
LI. Tm. If from any angle of a triangle a straight line 
de drawn perpendicular to the base, the rectangle contained by 
the sides of the triangle, is equal to the rectangle contained by 
the perpendicular and the diameter of the circle described 
about the triangle. 


LVII. Tu. The rectangle contained by the diagünels of 
a quadrilateral rectilineal figure, inscribed m a circle, is equal 
to both the rectangles contained by its opposite sides. 

‘ LVIII. Ts. If, from the centre of the circle, described 
about a given triangle, perpendiculars be drawn ‘to the three 
sides, their aggregate shall be equal to the radius of the cir- 
cumscribed crele, together with the radias of the circle in- 
scribed in the given triangle. 


“LIX. Par. To find a point, from which if three straight 
lines be drawn to three given points, their differences shall be 
severally equal to three given straight lines ; the difference of 
any two of the straight lines- to be drawn, not being greater 
than the distance of the two points to which they are to be 
drawn. 
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IX. Pr. To describe a circle, which shall pass thtongh a 
given point, arid touch two given circles. 
IXI. Pm. To describe acirele that shall touch three gives 
sibel 
LXII. Pr: Upon a given finite straight line, to describe 
an equilateral and equiangular figure, having ‘the number of 
its sides ejus] to four, eight, sixteen, &.; or to sito, six, 
twelve, foe. ; dr to five, ten, twenty, &e.; or to fifteen, thirty, 
sixty, &c. sides. m ! 
 LKÀIL Ta. Samiter triangles, and similar polygons, are 
fc ané another as any roctilineal figure described upon my 
edle of the one, is to a siniilar rectilinèa} fgur similarly de: 
seribed um the homologous side of the other. 
LXIV. Pr. To cut off from a given triangle any part 
riqitired, by a straight line drawn parallel to a given straiglit 


* 


LXV. Pa. To describe s polygon, similar to a given 
polygon, md having a given ratio to it. 


LXVI. Ta. Any fegular polygon, inscribed in 4 circle, 
i$ a mean proportional between the mscribed and circum- 
regular polygons of half the ntimber of sides.. 


LXVII. Tu. If from two points similarly sithated, one in 
each of any two homologous sides of two similar polygons, two 
straight lines be drawn making equal angles with those sides, 
they shail cut off from the polygons two similar figures; and 
the one shu be the same part of the one polygon, that the 
other is of the other. 


LXVIII. Ta. If any two chords of a circle intersect each 
ether, the straight lines joining their extremities shall cut off 
equal segments froin the chord which passes through the 
common intersection of the two former chords and is there 
bisected. 


LXIX. Pr. Two similar rectilineal figures being given, 
to find a third figure also similar to them and a mean propor- 
tional between them. 


004 
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LXX. , Pr. If two sides of a trapezium be parallel; and a 
straight line be drawn cutting them, and meeting also the 
other two sides, (any of the sides being produced, if necessary) 
the two rectangles contained by the respective segments of the 
parallel sides, have to each other the same ratio, as the two 
rectangles contained by the segments into which the line, so 
drawn, is severally divided by each of the two parallels. 


, LXE Pr.. To cut. off from a given parallelogram a 
similar parallzlogram, which shall be any required part of it. 
LXXII. Tu. A given straight line being cut in extreme 
and mean ratio, if frorh the greater segment the less be teken, 
the greater segment also will thus be cut in extreme and mean 
ratio; and if s straight line, equal to the greater segment, be 
added to the given line, the line which is made up of the given 
line sad this segment, is also cut in extreme and mean ratio. 


f LXXIII. Pr. Upon a given straight line, as an hypote- 
nuse, to describe a right-angled triangle, which shall have its 
tliree sides continual proportionales. 


LXXIV. Pr. The perimeter being given of a right- 
. angled triangle, having its three sides proportionals, to con- 
struct the triangle. 


LXXV. Tu. The semi-diameter of a given circle having 
been divided in extreme and mean ratio, the greater segment 
. ghall be equal to the side of an equilateral and equiangular 

| decagon inscribed in the circle. 


LXXVI. Tu. Any rectangle is the half of the rectangle 
contained by the diameters of the squares of its two sides. 


LXXVII. Pr. Through a given point, to draw a straight 
line, cutting twe given straight lines, which meet one another, 
so that the triangle contained by the segment of that line and 
the segments which it cuts off from the given lines, shall be 
equal to a given rectilineal figure. 

LXXVIII. Pr. Through a given point to draw a straight 
line, so as to cut off from two straight lines, that meet one 
another, two segments, toward their point of concourse, which 
shall contain a rectangle equal to a giveri square. 
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LXXIX. Tn. In different circles thé semi-diameters which 
bound equal sectors contain angles ani n to 
their circles; and conversely. 


LXXX. Pr. A given space being bounded by two arches 
of circles, subtending, at their respective ‘centres, angles reci- 
procally proportional to the circles, to find a square that shall 
be equal to it. 


LXXXI. Pr. To trisect a given circle, by dividing it 
into three equal sectors. 


LXXXII. Tx. If, from the grester of two unequal sides 
of a given triangle, be cut off a part-equal to the less, that seg- 
ment shall have to the remaining segment, a ratio greater than 
the ratio which the angle adjacent to the remaining segment, 
has to the angle adjacent to the segment first cut off. 


LXXXIII. Tx. The greater of any two unequal idiek 
of a given circle, has a greater ratio to the less arch, than the 
„chord of the greater has to the chord of the less. 


LXXXIV. Tu. The greater angle, at the base of a sca- 
lene triangle, has a greater ratio to the less angle, than the 
greater side has to the less side. 


LXXXV. Pr. To divide a given circle into any required 
number of equal parts, by the circumferences of circles de- 
scribed within it, about its centre. 


LXXXVI. Pr. To find a Circle, which shall be equal to 
the excess of the greater of two given circles above the less. 


LXXXVII. Pr. To find a circle to which a given circle 
shall have the same ratio, as that which one ind straight line 
has to another. 


LXXXVIII. Tu. If, in any given circle, two chords cut 
each other at right angles, the four circles described upon their 
segments, as diameters, shall, together, be equal to the given 
gircle. 


LXXXIX. Tu. A circle is equal to the half of the rect- 
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aue comtained by its semi-digmeter and by a straight line 
which is equal to its circumference. 


XC. Tn. A circle is a mean proportional between any 
seguler pelygdn, deactibed shout it, and a similar polygon, the 
povuneter of which is equal te the cirenmference of the oircle, 


PART II. 


Boor I. 


Pror. I. Tu. If two ehords of a dicle cut each other at 
right angles, either pair of opposite arches, intercepted between 
them, is equal to the semi-circumference of the circle. 

II. Tu. If three equal chords of a circle cut one another 


in the same point, within the cirele, that point is the centre, 
and the chords are diameters of the circle. 


IJI. Pr. To find the locus of the extremities of all the 
straight lines, that can be drawn from the circumference of a 
given circle, towards the same parts, each of them m" and 
equal to a given finite straight line. 


IV. Tu. If a chord of the greater of two concentric 
circles, cut the less of them, its segments, between the two 
circumferences, shall be equal to one anothes. 


V. Tn. If any number of chords of the greater of two 
concentric circles, cut the less, the rectangles contained by the 
two segments, into which each of them is divided by the cir- 
cumference of the less eirele, shall be equal to one another. 


VI. Tn. Of parallel straight lines, terminated by the con- 
cave circumference of the greater of two concentric circles, and 
the convex circumference of the less, the least is that, which, 
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produced, passes through the centre; and of the rest, that, 
which is nearer to the least, is always less than the more re- 
mote. l 


VII. Pa. Ta draw, in agiven circle, a chord, which shall 
be equal and parallel to a given finite straight line, not exceed- 
ing the diameter of the circle. 


VIII. Pr. To place between the concave ciroumference 
of the greater of two given coneentrie circles, and the convey 
circumference of the less, a straight line which shall be equal 
and parallel to s given finite straight line, which is not greater 
then atangent drawn from any point of the less to meet the 
greater circumference, and not less than half the difference of 
the diameters of the two circles. _ CS 


IX. Pr. From a given point, without a given circle, to 
draw a straight line catting the circle, so that its segment, 
which is within the circle, shall be equal to a given straight 
line, not greater than a diameter of the circle. 


X. Tu: If from the extremities of any chord of a circle, 
straight lines be drawn at right angles to the chord, they shall 
meet any diameter of the circle in points, that are equidistant 


XI. Tu. If two given finite straight lines, which are 
neither in the same straight line, nor parallel to each other, be 
produced so as to meet, and if the rectangle contained by thè 
one line so produced, and the part of it produced, be equal to 
the rectangle contained by the otber line pruduced, and the 
part of it produced, the extremities of the two given lines, 
shall be in the circumference of a circle. : 


XII. Tu. If, in any two given circles, that touch one 
another, there be drawn any two parallel diameters, an ex- 
tremity of each diameter, and the point of contact, sha)! lia in 
the same straight line. 


XIII. Tu. If two circles touch each other internally, any 


chend af the greater circle, which tonches she lese, shall he 
divided, by the point of its contact, into segments that eubtend 
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equal angles at the point, in which the two circles touch one 
another. 


XIV. Tu. If two equal chords, in a given circle, cut 
one another, the segments of the one shall be equal to the 
segments of the other, each to each. 


XV. Pr. To draw two tangents to a given circle, which 
—— eee ee eee 
and shall meet in a given diameter produced 


XVI, Pa. Ig the straight line, joining the centres of two 
given circles, that lie wholly without one another, to. find a 
point, from which if two tangents be drawn to the two circles, 
they shall make equal angles with that line. : 


XVII. Tn. If two arches of unequal circles heve a com- 
mon chord, the arch, which belongs to the greater circle, shell 
have the less sagitta, 


XVIII. Tn. If the arch of a segment of a circle be 
divided into any two parts, the ehord of the whole arch shall 
exceed the chord of the one part, by the double of the segment, 
which is cut off from the chord af the whole arch, by a straight 
line drawn at right angles to it, from the bisection of the other 


XIX. Tu. If the curve of a semi-circle be subtended by 
any three chords, the square of the diameter shall exceed the 
squares of: the three chords, by twice the rectangle contained 
by the middle chord, and the part of it produced, intercepted 
between its extremity, and the perpendicular drawn to it from 
the extremity of the diameter. 


XX. Pr. If any number of quadrilateral rectilineal figures 
be inscribed in a given circle, having the same chord for their 
common base, and a diameter of the circle, for the side opposite 
to the base, to find the locus of the intersections of their two 
diagonals in each of them. 


XXI. Pr. Through two given points in a diameter of a 
given circle, both on the same side of the centre, to draw two 
parallel chords, which shall intercept the two greatest arches. 
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XXII. Tn. If a quadrilateral rectilineal figure, having 
two of its sides parallel, be described about a circle, a straight 
line drawn through the centre of the circle, parallel to either 
of the two parallel sides, and terminated by the other two . 
sides shall be equal to a fourth part of the perimeter of the 
figure. 


XXIII. Tn. The circumference of a circle is a curve of 
uniform curvature. 


XXIV. Tu. If, from any of the angles of any given 
rectangle, a straight. line can be drawn cutting the two straight 
lines that contain the opposite angle, so that its segment, in- 
cluded between those two lines, shall be the double of the 
rectangle's diameter, then any given plane rectilineal angle 
can be trisected. 


XXV. Tu. If from the hypotenuse of a right-angled tri- 
angle, a segment be cut off equal and adjacent to either of the 
other two sides, and if from the right angle a perpendicular be 
drawn to the hypotenuse, the straight line joining the right 
angle and the end of. the segment, shall bisect the angle con- 
tained by the perpendicular and the third side of the triangle. 


XXVI. Pr. From a given point, in the circumference of 
a given circle, to draw a straight line, which shall touch the 
circle, by the help only of the parallel ruler. 


XXVII. Tu. The least square, which can be inscribed 
in a given square, is that which is the half of the given square. 


XXVIII. Tu. Ifan oblong be inscribed in a square, each 
of its sides cuts off equal segments from the sides of the square. 


l XXIX. Tu. Anoblong inscribed in a given square, is 
less than the least square inscribed in it. 


Boox II. 


Pror. I. Pn. To divide a given finite straight line into 
two unequal parts, of which the less shall be a mean propor- 
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tional between the greater, and the part which lies between 
the point of section, and the middle point of tbe given line. 


II. Pn. A given straight line being divided into any two 
parts, to divide it again, so that the rectangle, contained by the 
whole line, and the part between the two points of section, 
shall be equal to the square of the part between the second 
point of section and the extremity, nearest to it, of the given 


line. 


III. Pn. A given straight line being divided into any two 
parts, to divide it again, so that the rectangle, contained by 
the whole line, and the parts between the points of section, 
shall be equal to the rectangle, contained by the two parts, into 
which the given line is divided by the second point of section. 


IV. Pr. A straight line having been divided into two 
equal parts, to divide it again, so that the rectangle, contained 
by the two unequal parts, shall be to the square of the line 
between the two points of section, in a given ratio. 


V. Pr. Two points C, and D, being given, in a finite 
straight line 4B, which are neither of them one of its extre- 
mities, to find an intermediate point E, such that the rectangle 
AE x EC, shall be to the rectangle BE x ED, in a given ratio. 


VI. Pr. To produce a given straight line, so that the 
square of the line, which is made up of the whole and the part 
produced, together with the square of the part produced, shall 
be in a given ratio fo a given square. 


VII. Pr. To produce a given straight line, so that the 
equare of the given line, together with twice the rectangle con- 
tained by the given line and the part produced, shall be to the 
square of the part produced, in a given ratio. 


VIII. Pr. To divide a given finite straight line into two 
parts, so that the rectangle, contained by the whole line, and 
the difference of those two parts, shall be in a given ratio to 
the square of the less of the two patts. 
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IX. Pm. To divide a. given finite straight line into two 
parts, the less of which shall be in a given ratio to their differ. 
ence. 


X. Pm. To divide a given finite straight line into three 
parts, that shall be continual proportionale, and the square of 
the greatest of which shall be equal to the squares of the other 
two. | 


_ XI. Pr. To divide a given finite straight line into four 
parts, which shall be proportionals, according to a given ratio, 
and shall, also, be such, that, if the least be added to each of 


the three least, the greatest, and the three aggregates, shall be 
proportionals. : 


XII. Pr. To divide a given finite straight line into two 
parts, such that the aggregate of their squares shall be in a 
given ratio to a given square. 


XIII. Pr. To divide a given finite straight line into two 
parts, such that the difference of their squares shall be in a 
given ratio to a given square. 8 


XIV. Pr. To divide a given finite straight line into four 
proportionals, so that the aggregate of the extremes shall be in 
a given ratio to the aggregate of the means. 


XV. Pr. To divide a given finite straight line into four 
proportionals, so that the difference of the extremes shall be to 
the difference of the means, in a given ratio. 


XVI. Pm. Three points, in a given ‘straight line being 
given, to find, in that line, a fourth point, between the second 
and third, such that the rectangle confamed by the distance 
between the first and fourth, and the distance between the 
second and fourtb, shall be equal to the square of the distance 
between the third and the fourth points. 


XVII. Pm. Four points being given in the same straight 
line, to find, in that line, a fifth point between the second and 
third, auch that the square of the distance between the fret 
and the second, together with the squase of the distance be~ 
tween the first and the fifth, shall be to the square of the dis. 
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tance between the third and the fourth, together with the square 
of the distance between the fourth and the fifth, in a given 
ratio. 

XVIII. Pr. Two points being given, in & given finite 

ight line, to find a third intermediate point, such that the 
rectangle contained by the two parts into which the line is 
divided by the first given point, together with the square of 
the distance between that point and the third point, shal] be in 
à given ratio to the rectangle contained by the parts, into 
which the line is divided by the second given point, 
with the square of the distance between that point and the 
third point. 

XIX. Pr. The first of three continual proportionals being 
given, and also the aggregate of the other two, to find those 
other two. 

XX. Pr. To find two squares, the difference between 
which shall be in a given ratio to the difference between the 
less of them, and a given square. ' 

XXI Tu. Two unequal magnitudes being given, ay 
intermediate magnitude may be found, which shall be com- 
mensurable with a third given magnitude, of the same kind. 

XXII. Tu. Two incommensurable magnitudes being 
given, a third magnitude may be found, commensurable with 
ene of them, and the difference between which and the other, 
shall be less than any assigned magnitude, the magnitudes 
being all of the same kind. 

XXIII. Pr. Two unequal finite straight lines being given, 
to find another intermediate straight line which shall be in- 
commensurable with a third given finite straight line. 


Boox III. 


Pror. I. Tn. The two sides of a triangle are to one another, 
reciprocally, as the perpendiculars drawn to them from the 
bisection of the base. 
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II. Tn. If perpendiculars be drawn from the three angles 
of an acute-angled triangle, to the opposite aides, the rectangles 
contained by the several sides and their corresponding seg- 
ments, shall be equal: Also, the rectangle contained by the 
two segments of any one of the perpendiculars, shall be equal 
to the rectangle contained by the segments of any other of 
them. | 


IIT. Pr. From any of the angles of an equilateral paral- 
lelogram to draw a straight line, cutting the two lines, which 
contain the opposite angle, so that its segment, included be- 
tween those lines, may be equal to a given finite straight line. 


IV. Tu. If from any two points, in the semi-circum- 
ference of a given circle, straight lines be drawn to the ex- 
tremities of the diameter, which subtends the semi-circum- 
ference, the rectangle contained by the two, that are terminated 
in one extremity of the diameter, together with the rectangle 
` contained by the other two, shall be less than the square of the 


V. Tn. If from the bisection of any given arch of a 
circle, two straight lines be drawn, cutting the chord of the 
arch and the circumference, the four points of intersection 
shall also lie in the circumference of a circle. 


VI. Tu. If a given arch of a circle be divided into three 
equal parts, their chords shall, together, exceed the chord of 
the whole arch, by a straight line, which is to the chord of one 
of the equal parts as the square of that chord is to the square 
of the semi-diameter. 


VIL Tu. The side of an equilateral polygon, inscribed 
in a circle, is a mean proportional between the side of a similar 
polygon described about it, and the half of the side of an equi« 
lateral polygon of half the number of sides inscribed in the 
circle. 


VIII. Tu. If two tangents be drawn to a circle, from 
any given point without it, and if, from either of the two 
points of contact, there be drawn a perpendicular to that di- 
ameter, which passes through the other. point of contact, the 
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shall be bisected by the straight line joining the 
E a of the diameter. 


IX. Tu. The rectangle eontained under the tangent snd 
the sine, of any arch of a circle, is greater than the square of 
the chord of the arch. | 


X. Tn. If the diameter, passing through the extremity 
of a given arch of a circle, be produced, so that the part pro- 
duced shall be equal to the versed sine of the given arch, and 
if, from the end of the part produced, a tangent be drawn to. 
the circle, its square sball exceed the square of the versed sine, 
CC 


XI. Pn. Ines tides ers quodbilatenil sontilinsnl figure 
of which two are equal to one another, being given, to con- 
struct it, so thet the fourth side shall be the diameter of a 
citele described about the figure. uu 


XII. Pr. To describe the circumference of a circle, which 
shall pass through two given points, within a given circle, and 
shall cut the circumference of that circle in two points, the 
distance of whieh shall be equal to a given straight lime, not 
greater than the diameter.of the given circle. 


XIII. Pr. In the given straight line joining the centres 
of two circles, that lie wholly without one another, to find a 
point, sueh that if tangents be drawn from it to the two circles, 
the perpendiculars drawn from the points of contact, to that 
given line, shall cut off from the diameters two segments, 
which shall be to each other, as the diameters ave to each 
other. 


XIV. Pr. To draw a tangent to a given circle, to meet 
a given diameter produced, so that the tangent shall have a 
given ratio of inequality to the part produced of the diameter, 
which is terminated by the tangent. 


XV. Tx. If two unequal chords of a circle be terminated 
in the same given point, and if, from the other extremity of 
either of them, there be drawn a perpendicular to the diameter, 
which terminates in the given point, that chord shall be a 
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mean proportional between the other given chord, and the seg- 
ment cut off from it, by the perpendicular. 


XVI. Tn. The square of the side of an equilateral and 
equiangular octagon, inscribed in a given circle, and the 
square of the diameter of the circle, have no common mea- 
sure. i 


XVII. Pr. Ina given circle, to draw a chord parallel to 
a given straight line, so as that it shall be divided, by another 
given chord, into two parts, which shall be to one another in 
a given ratio of inequality. 

XVIII. Pn. To find a point, in the circumference ofa . 
given semi-circle, from which if a perpendicular be drawn to 
the diameter, it shall be divided, by the arch of another circle, 
which bas the semi-circle’s diameter for its chord, similarly to 
a given divided straight line. 

XIX. Pr. To divide the quadrant of the circumference 
of a circle, into two arches, such that the aggregate of their 
versed sine shall be equal to the right sine of the less. 


XX. Pn. To divide the quadrant of the circumference of 
a circle into two arches, such that the aggregate of the tan- 
gent, and the secant of the lesser arch, shall be equal to the 
diameter of the circle. 

XXI. Pr. In the given straight line joining the centres 
of two given circles, that lie wholly without each other, to find 
à point, such that the two tangents, drawn from it to the two 
given circles, shall be-to one another in a given ratio. 


XXII. Tu. If a trapezium, inscribed in a circle, have 
a diameter for one of its sides, the excess of the square of the 
be to the rectangle contained by the first and second of those 
sides, as the double of the third ef them is to the diameter of 
the cirele. 

XXIII. Pr. To divide the semi-circumference of a given 
circle into two arches, so that the square of the diameter, to- 
gether with the square of the chord of one of them, shall be in 
a given ratio to the square of the chord of the other. 
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XXIV. Pr. To divide the semi-circumference of a given 
circle into two arches, so that the square of the diameter shail 
be in a given ratio to the rectangle contained by the chords of 
those arches. 


XXV. Pr. To divide the semi-circumference of a given 
circle into two arches, so that the square of the chord of one 
of them shall be in a given ratio to the rectangle contained by 
the chord of the other, and the perpendicular drawn to the 
diameter from the point of division. 


XXVI. Pr. To divide the semi-circumference of a given 
circle into three arches, so that the diameter, and the chords 
of the three arches, shall be proportionals, according toa 
given ratio. 


XXVII. Pr. In a given semiccircle, to inscribe a tra- 
pesium, two of the opposite sides of which shall be equal to 
each other, and the square of either of them equal to the rect- 
angle contained by the diameter and the side opposite to it. 


XXVIII.. Pg. To divide the semi-circumference of a 
given circle into three arches, so that the rectangle, contained 
by the chords of the first and second of them, shall be equal 
to the square of the cbord of the third. 


Boox IV. 


Prop. I. Pr. The hypotenuse of a right-angled triangle, and 
the ratio of one of the two remaining sides to the perpendicular 
drawn to the hypotenusé from the right angle being given, to 
construct the triangle. 


II. Pr. One of the two sides about the right angle of a 
right-angled triangle being given, and a mean proportional 
between the other side about the right angle, and the aggre- 
gate of that other side and the hypotenuse, to construct the 
triangle. | 


e 
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HI. Pr. The hypotenuse of a right-angled triangle, and 
the ratio which the aggregate of the hypatenuse; and one 7 
the two remaining sides has to the third aide, being given, to 
construct the triangle. TE ar 


IV. Tu. Ifthe three aides of a tight-angled triangle be 
eontinual proportibnals, and if the greater of the two sides, 
about the right angle, be cut in extreme and mean ratio, its 
greater segment shall be equal to the perpendicular drawn to 
the hypotenuse from the right migle. 


V. Tn. If the three sides of a right-angled triangle be 
contihual proportionals, the straight line, which bisects the 
greater of the two acute angles, shall cut the opposite side in 
extreme and mean ratio. icr 


VI. Pr. To make an isosceles triangle, such that a per- 
pendicular drawn to either of the equal sides from the 
. opposite angle, shall cut that side in extreme and mean ratio. 


VII. Pr. From the summit of a given ttiangle, to draw 
a straight line to meet the base produced, so that the rectangle 
contained by that line and one of the two sides shall be in a 
given ratio to the square of the other side. 


VIII. Pr. The angle at the summit of a triangle, the 
perpendicular drawn from it to the base, and the ratio of the 
segments into which the perpendicular divides the base being 
given, to construct the triangle. 


IX. Pr. The diameter of a circle described about a tri- 
angle, the aggregate of the two sides, and the altitude of the 
triangle being given, to construct it. 

X. Pr. The altitude of a triangle, the rectangle contained 
by the base, and the aggregate of the two remaining sides, and 
the diameter of a circle inscribed in the triangle, being given, 
to construct, it. 


XI. Pm. The base of a triangle, the perpendicular drawn 
to it from the opposite angle, and a square equal to the rect- 
angle contained by the two remaining sides, being given, to 
construct the triangle. á | 

P 
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XII. Tn. The diameter ofa trapezium, which bas two 
parallel.sides, divides it into two triangles, which. are. ta one 
another an these parallel: sides. 

XIII. Pr. To divide a given trapesium, having two 
parallel sides, by a straight line passing. through a.given point 
of one of them, into two parts, which shali have to.one another 
ee 
XIV. Pr. From a given point, in the. base produced, of 
a given parallelogram, to draw a straight line, meeting the 
‘opposite side produced, sa as to: aut off, from the: parallel- 

ogram a trspesiem, which shall be in a given. ratio to the 
nee i ut by, the. segmant of the, oppenite side pro- 
duced, that of the side adjacent to it, asd that of the ening 
line. 

XV. Pa. To inscribe a square in a given triangle. 

XVI. Pr. Ina given triangle, to inscribe a rectangle, 
the sides . whieh aball ba. to each other in a given ratin 

XVII. Pr. In à given triangle, to inscribe a rectangle, 
which shall be equal to a given square. 

. XVIII Pa. Ina given triangle, to ingcribe.a rectangle, 
which shall be to. the triangle in a given ratio. 

XFX. Pm. In a given square, to inscribe m oblong, the 

two adjacent sides of which shall be to one another in a given 
ratio. 

XX. Pr. Ina given square, to inscribe an oblong: equal 
to a given rectilineal figure not greater than: the half of the 
axe. 

XXI. Pr. In a given square, to inscribe an oblong, 
‘which shall be to the square in 4 given rativ; not greater 
than that of one to two. . 


XXI. Pn. -In a given square, to inscribe a square which 
‘shall he to it in a given ratio, not less than that of one to two. 


-— — 2 7 
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Boox V. 


I. Ta. If from the right angle of a right-&hgled tri- 
angle, two straight lines be drawn, muking equal angles with 
either of the sides, the straight line, which is made up of the 
hypotenuse and the exterior segment, is cut harmonically by 
that side, and the straight line so drawn, which is within the 
triangle. | 

II. Pr. To find a third harmonic proportional to two 
given unequal straight lines. 


LIK Pa. To find an harménic mean proportional between 
two given unegaal straight lines. 

IV. Pp. To divide a given finite straight line in extreme 
and mean harmonic ratio. 


V. Tn. If from the extremities of a given straight line, 
which is divided harmonically, and from tie pothts uf division, 
straight lines be drawn, al] pemsigy through a given point, 
without the given liue, any straight lime, which is parallel to 
onb of them, considered as the first, and is terminated by the 
second and fourth, shall be bisected by the third of them. 


VI. Tu. If four given straight lines have a point common 
to them all, and if a straight line, drawn parallel to any one, 
considered as the first, and terminated by the second and 
fourth, be bisected by the third of them, any straight line, 
which cuts all the four given straight lines, shall be divided 
by them harmonically. | 


VII. Tu. If four given straight lines, having a point 
common to them all, cut a fifth straight line harmonically, any 
other straight line, which is cut by the four given straight. 
lines, shall be divided by them harmonicaly. 


VIII. Pr. To draw four straight lines, vo that any other 
straight line, which is cut by them all, shall be divided by 
them harmonically. 
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IX. Pr. To find four geometrically proportional straight 
lines, the differences of which shall be harmonic proportionals. 


. X. Pr. To find a square, which shall be an harmonic 
mean proportional, between two given unequal squares. 


XI. Pr. To find a square, which shall be a third har- 
monic proportional to two given unequal squares. 


XII. Pr. To find four geometrically proportional straight 
lines, the differences of the equares of which shall be harmonic 
proportionals. 


XIII. Tu. If the base of a triangle be prodnced, and if, 
from any point in the part produced, a straight line be drawn 
cutting the one side of the triangle and meeting the other, it 
shall be cut harmonically by the side of the triangle, and by 
the straight line drawn from the summit of the triangle, 
through the intersection of the two straight lines that join the 
angles at the base, and fhe points, in which the opposite sides 
are cut by the line itself so drawn. 


XIV. Tu. If straight lines be drawn, from the ex. 
tremities of the base of a triangle, through any the same point 

of the perpendicular, let fall from the summit on the base, the 

straight line joining the two points, in which they meet the 

sides, shall be divided, by the perpendicular, into two 

that subtend equal angles, at the point where the perpen- 

dicular meets the base. 


Boox VI. 


I. Tu. If two unequal arches of a circle be each of them 
less than a quadrant, the greater of them shall have to the less 
a greater ratio, than the supplement of the less has to the 
supplement of the greater. 


II. Tn. If two unequal arches of a circle be each of them 
less than a quadrant, the tangent of the greater shall have to 
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the tangent of the less, —  —m 
to the less. 


III. Tm. If two triangles have their vertical angles equal 

to one another, and have the two remaining angles in each, 

neither of which is obtuse, unequal, the side adjecent to the 

greater angle, in the one triangle, shall have to the base a less 

ratio, than that which the side adjacent to the eats 
angle, in the other triangle, has to the base. 


IV. Tu. If, from the greater of two unequal sides of a 
given triangle, be cut off a part equal to the less, that segment 
shall have to the remaining segment, a ratio greater than the 
ratio which the angle adjacent to the remaining segment, has 
to thé angle adjacent to the segment first cut off. 


V. Ta. If two unequal arches of a circle have a common 
extremity, the one being a part of the other, and if, from their 
two other extremities, any two parallela be drawn, to meet the 
diameter passing through the common extremity, the greater 
arch shall have to the less, a greater ratio than the parallel ter- 
minating the greater arch, has to the perallel terminating the 
less. 


VI. Tu. The tangent of the greater of two arches of a 
circle has to the tangent of the less, a greater ratio than the 
secant of the greater, has to the secant of the less. 


VII. Tu. The sine of the greater of two arches of a circle 
has to the sine of the less, a less ratio than the chord of the 
greater has to the chord of the less. 


VIII. Tu. The chord of the greater of two arches of a 
circle, has to the chord of the less, a less ratio than the versed 
sine of the greater, has to the versed sine of the less. 


IX. Tm. If the semi-circumference of a given circle be 
divided into any two unequal arches, the semi-circumference 


has to the greater arch, a greater ratio than the less arch has 
to its sine. 


X. Tu. If from any point in the diameter, produced, of 
a semi-circle, two straight lines be drawn to the concave cir- 
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cumferenoe, the greater of them shall have to the less, a less 
ratio than that, which the greater of the two arches.cut off by 
them, has to the lese. 


Xl. Tu. If any given arch.of a circle, aud its chord, be 
each ef them divided into twe unequal parts, by the eame 
straight line drawn from the centre of the circle, the gventer 

of the arch shall have to the Jess a greater ratio, than 
that which the greater segment of the chont has to the leas. 


XII. Pr. If the two angles, at the base of a triangle be 
unequal, the greater has te the less, a greater ratio then that, 
which the side opposite to the greater has to the side oppasite 
te the less. 


XIII. Tu. If the two angles at the base of a triangle be 
unequal, and if a straight line be drawn bisecting she vertical 
angle, and cutting che base, of the two angles, at te base, the 
greater has to the lees, a greater ratio thas tut which the 
grenter segment of the base has to the less. 


XIV. Ta. If a straight lino be drawn from the summit of 
' a given isosceles triangle, which divides the angle, at the 
summit, into two unequal parts, it shall also divide the base 
into two unequal parts; and the greater segment of the angle, 
at the summit, shall have to the less a greater ratio, than that 
which the greater segment of the base has to the less. 


XV. Tn. If from the sammit of a given triangle, a per- 
pendicular be drawn to the base, produced if it be necessary, 
of the angles which it makes with the other two sides, the 
greater shall have to the less a less ratio, than that, which the 
greater segment of the base, or the base produced, hag to the 


less. 


XVI. Ts. If a perpendicular to the base of & soalene 
triangle, drawn from its summit, fall within the triangle, of 
the angles at the base, the greater has to the less, a less ratio, 
than that which the greater segment of the base has to the 


